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Classical EMT

In classical continuum mechanics the energy-momentum tensor

Tµν(x , t) =


T 00 T 01 T 02 T 03

T 10 T 11 T 12 T 13

T 20 T 21 T 22 T 23

T 30 T 31 T 32 T 33

 ,

where:
T 00 - energy density,
T ii - (not summed) represents pressure,
T ij - i 6= j represent shear stress,
T 0i - momentum flux,
T i0 - mass (energy) flux.
Classically Tµν = T νµ.
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The EMT in QCD

In QCD T̂µν
QCD is an operator. However its expectation value on

state is interpreted in the same way:

T µν(x) = Tr[T̂µν
QCD(x) ρ(~0 , ~P )] ,

where the Wigner distribution ρ on the proton state with average
momentum ~P and position ~X is

ρR,P =

∫
dP2

2π

∫
d4∆

(2π)4
2π δ(2P ·∆) 2π δ(P2 + ∆2

4 −M2)∣∣P − ∆
2

〉〈
P + ∆

2

∣∣ e−i∆·R .
E. P. Wigner, Phys.Rev.40 (1932) 749
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The EMT for unpolarized proton state

Then the expectation value of the EMT reads

T µν(x) =

∫
d3~∆

(2π)3
e i∆·x 〈〈Tµν

a (0)〉〉 ,

where for unpolarized proton state we get

〈〈Tµν
a (0)〉〉 =

1

2

∑
s=↑,↓

〈p′, s|T̂µν
QCD(0)|p, s〉√
2p′0 2p0

,

where ∆ = p′ − p, P =
1

2
(p′ + p) and t = ∆2.

M. V. Polyakov, Phys.Lett.B555 (2003) 57
C. Lorcé, L. Mantovani, B. Pasquini, Phys.Lett.B776 (2018) 38
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Matrix elements of the general local asymmetric
energy–momentum tensor for a spin-1/2 target read〈
p′, s ′

∣∣T̂µν
QCD(0)|p, s〉 =

= ū(p′, s ′)

{
PµPν

M
A(t) +

∆µ∆ν − ηµν∆2

M
C (t) + MηµνC̄ (t)

+
Pµiσνλ∆λ

4M

[
A(t) + B(t) + D(t)

]
+

Pν iσµλ∆λ

4M

[
A(t) + B(t)− D(t)

]}
u(p, s) .

X.-D. Ji, Phys.Rev.Lett.78 (1997) 610
B.L.G. Bakker, E. Leader, T.L. Trueman, Phys.Rev.D70 (2004) 114001
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Relation of EMT form-factors with GPDs

The study of the EMT became especially important after obtaining
by Ji a relation between the EMT and GPDs∫ 1

−1
dx x H(x , ξ, t) = A(t) + 4ξ2C (t) ,∫ 1

−1
dx x E (x , ξ, t) = B(t)− 4ξ2C (t) ,∫ 1

−1
dx H̃(x , 0, t) = −D(t) .

Beside this, C̄ (t) can be related to the scalar form factor.

X.-D. Ji, Phys.Rev.Lett.78 (1997) 610
C. Lorcé, L. Mantovani, B. Pasquini, Phys.Lett.B776 (2018) 38
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N N

�
�*l

l

x+� x-�

t

Q2

factorization

GPDs

X.-D. Ji, Phys.Rev.D55 (1997) 7114
H. Moutarde, P. Sznajder, J. Wagner, Eur.Phys.J.C78 (2018) 890
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Motivation

The study of the EMT is important because:

I Tµν is a fundamental quantity, which allows to access for
example a spin decomposition.

I DVCS gives a way to experimentally measure Tµν , e.g. JLab.

I Its form factors have a clear interpretation as spatial densities
(~∆ is related to ~r ).

I EMT form factors and GPDs constrain each other.

E. Leader, C. Lorcé, Phys.Rept.541 (2014) 163
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General EMT for unpolarized proton target

The unpolarized amplitude 〈〈Tµν
a (0)〉〉 =

=
P2 + MP0

P0N

{
PµPν

M
Aa(t) +

∆µ∆ν − ηµν∆2

M
Ca(t) + MηµνC̄a(t)

}
+

∆2

4P0N

{[
2PµPν

M
+ P{µην}0

]
Aa(t) + Ba(t)

2
+ P [µην]0 Da(t)

2

}
− ∆0

4P0N

{
P{µ∆ν} Aa(t) + Ba(t)

2
+ P [µ∆ν] Da(t)

2

}
.

where N =
√
p′0 + M

√
p0 + M and label a refers to contribution

from quarks or gluons.
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Mulipole model - definition

We adopt a simple multipole Ansatz for the GFFs

Fa(t) =
Fa(0)(

1− t/Λ2
Fa

)nF ,
which is supported by Goeke, et.al. calculations for |t| < 1 GeV2.

We adopt a standard dipole Ansatz (i.e. nF = 2) for Aa, C̄a and
Da, but for Ba and Ca we choose a tripole Ansatz (i.e. nF = 3) in
order for the energy and pressure distributions to be realistic.

K. Goeke, J. Grabis, J. Ossmann, M.V. Polyakov, P. Schweitzer, A. Silva, D.
Urbano, Phys.Rev.D75 (2007) 094021
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Mulipole model - parameters

Parameters for the multipole model of the GFFs, in the MS
scheme with renormalization scale µ = 2 GeV.

Fa nF Fq(0) ΛFq [GeV] FG (0) ΛFG
[GeV]

Aa 2 0 .55 0 .91 0 .45 0 .91
Ba 3 −0 .07 0 .8 0 .07 0 .8
Ca 3 −0 .32 0 .8 −0 .56 0 .8
C̄a 2 −0 .11 0 .91 0 .11 0 .91
Da 2 −0 .33 1.74 – –
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Normalizations in the quark sector

I Aq(0) is taken from the MMHT2014 analysis [EPJC75:204].

I Bq(0) is suggested by the AdS/QCD correspondence
[EPJC76:4], [EPJA53:237] and agrees in magnitude with
Lattice QCD [PRD91:014505], [arXiv:1810.04626].

I Cq(0) = dq
1 (0)/5 and dq

1 (0) is obtained in a dispersive
analysis of DVCS [PLB739:133] which is close to a recent
experimental extraction reported in [Nature557:396].

I C̄q(0) is given by a phenomenological estimate [EPJC78:120]
and is supported by a Lattice calculation [PRL121:212001].

I Dq(0) = −Gq
A(0) is obtained from a leading twist NNLO

analysis by the HERMES collaboration [PRD75:012007]
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Multipole masses in quark sector

I ΛAq and ΛC̄q
are motivated by results obtained in the chiral

quark-soliton model [PRD75:094021],[JHEP09:156].

I We estimated the tripole mass ΛCq by multiplying the
reported dipole mass in the chiral quark-soliton model with√

3

2
so as to leave the quantity

dCq(t)

dt

∣∣∣
t=0

unchanged.

I No ΛBq has been reported, so we simply choose ΛBq = ΛCq .

I ΛDq = ΛGq
A

is taken from a Lattice estimate [PRD96:054507].
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The gluon sector

I AG (0), BG (0) and C̄G (0) are determined by the sum rules:∑
a=q,G

Aa(0) = 1,
∑

a=q,G

Ba(0) = 0 ,
∑

a=q,G

C̄a(t) = 0 .

I As suggested in [PRD98:074003], we use the simple relation
CG (0) = 16

3nf
Cq(0) with nf = 3.

I Since we lack information about the gluon GFFs, we simply
set ΛFG

= ΛFq for F = A, B, C , C̄ .
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The unpolarized off-forward amplitude in the BF

In the Breit frame (BF) defined by P = 0 the EMT reduces to

〈〈Tµν
a (0)〉〉

∣∣
BF

= M
{
ηµ0ην0

[
Aa(t) +

t

4M2
Ba(t)

]
+ ηµν

[
C̄a(t)− t

M2
Ca(t)

]
+

∆µ∆ν

M2
Ca(t)

}
,

which (after the Fourier transform) has the same structure as the
EMT of an anisotropic-spherically symmetric compact star

Θµν(r) = [ε(r) + pt(r)] uµuν − pt(r)ηµν + [pr (r)− pt(r)]χµχν ,

for uµ = ηµ0, where uµ and χµ = xµ/r are unit timelike and
spacelike four-vectors orthogonal to each other (r = |r |).

S.S. Bayin, Astrophys.J.303 (1986) 101
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pr(r)

pt(r)

pt(r)

The tensor can alternatively be written as

Θµν(r) = [ε(r) + p(r)] uµuν − p(r)ηµν + s(r)

(
χµχν − 1

3
hµν
)

with hµν = uµuν − ηµν , where isotropic pressure p(r) and pressure
anisotropy s(r) are related to and pressures as follows

p(r) =
pr (r) + 2 pt(r)

3
, s(r) = pr (r)− pt(r) .
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Definitions

εa(r) = M

∫
d3∆

(2π)3
e−i∆·r

{
Aa(t) + C̄a(t) +

t

4M2
[Ba(t)− 4Ca(t)]

}
pr ,a(r) = M

∫
d3∆

(2π)3
e−i∆·r

{
−C̄a(t)− 4

r2

t−1/2

M2

d

dt

(
t3/2 Ca(t)

)}

pt,a(r) = M

∫
d3∆

(2π)3
e−i∆·r

{
−C̄a(t) +

4

r2

t−1/2

M2

d

dt

[
t

d

dt

(
t3/2 Ca(t)

)]}

pa(r) = M

∫
d3∆

(2π)3
e−i∆·r

{
−C̄a(t) +

2

3

t

M2
Ca(t)

}
sa(r) = M

∫
d3∆

(2π)3
e−i∆·r

{
− 4

r2

t−1/2

M2

d2

dt2

(
t5/2 Ca(t)

)}
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The energy density ε

q+G

q

G
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The radial pressure pr

q+G

q

G
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The tangential pressure pt
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G
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The isotropic pressure p
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The anisotropy pressure s

q+G

q

G
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The mass function m(r)

The energy density is always positive, thus it allows to define the
corresponding average squared mass radius as

R2
M =

1

M

∫
d3
r r2 ε(r) = 6

[
dA(t)

dt

∣∣∣
t=0
− 1

M2
C (0)

]
.

I RM = 0 .905 fm

I Re = 0 .879 fm [J.Phys.Chem.Ref.Data44:031203]

I Rµ = 0 .841 fm [Nature466:213], [Science353:669]

Also knowing the distribution of energy density, it is also easy to
derive the standard mass function

m(r) = 4π

∫ r

0
dr ′ r ′2 ε(r ′) .
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Mass m(r)

q+G

q 44%

G 56%
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The unpolarized off-forward amplitude in the FL

In the forward limit (FL) defined by ∆ = 0 the EMT reduces to

〈〈Tµν
a (0)〉〉

∣∣
FL

=
PµPν

EP
Aa(0) +

M2

EP
ηµνC̄a(0) ,

where EP =
√
M2 + P

2, which has the same structure as the
EMT of perfect fluid

θµν(r) = (ε̄+ p̄) uµuν − p̄ ηµν ,

where uµ = Pµ/M. This suggests that the following combinations

ε̄a(r) =
[
Aa(0) + C̄a(0)

] M2

EP

θ(r < RM)

V
,

p̄a(r) = −C̄a(0)
M2

EP

θ(r < RM)

V
.

C. Eckart, Phys.Rev. 58 (1940) 919
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Lorenze structure vs. Ji’s decomposition

The matrix element of the EMT in the FL can be decompose into
two ways (for P = 0)

〈Tµν
a (0)〉

∣∣
FL

= 2Aa(0)M2 ηµ0ην0 + 2 C̄a(0)M2 ηµν

= 2Aa(0)M2
[
ηµ0ην0 − 1

4
ηµν
]

+ [Aa(0) + 4C̄a(0)]
1

2
ηµν M2 ,

where
[
ηµ0ην0 − 1

4η
µν
]

- traceless part.

Ji’s coefficients aa = Aa and ba = Aa + 4C̄a.

X.D. Ji, Phys.Rev.Lett.74 (1995) 1071
X.D. Ji, Phys.Rev.D52 (1995) 271
C. Lorcé, Eur.Phys.J.C78 (2018) 120
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The unpolarized off-forward amplitude in the EF

In the elastic frame (EF) defined by P ·∆ = 0 the EMT reduces to

〈〈Tµν
a (0)〉〉

∣∣
EF

=

=

[
1− P

2

N2

]{
PµPν

M
Aa(t) +

∆µ
⊥∆ν
⊥ + ηµν∆2

⊥
M

Ca(t) + MηµνC̄a(t)

}

−∆2
⊥

4N2

{[
2PµPν

M
+ P{µην}0

]
Aa(t) + Ba(t)

2
+ P [µην]0 Da(t)

2

}

where P0 =

√
P

2 +
∆2

⊥
4 + M2, N2 = P0(P0 + M) and

∆0
⊥ = ∆

‖
⊥ = 0.

C. Lorcé, L. Mantovani, B. Pasquini, Phys.Lett.B776 (2018) 38
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Interpretation of D(t)

The EMT in the EF is not symmetric,

〈〈T [µν](0)〉〉
∣∣
EF

=
∆2
⊥

4N2
D(t) η0µPν = −i∆λ

〈
Sλµν

〉
,

where the spin tensor reads〈
Sλµν

〉
= −i GA(t)

4N2
ελµνσεσ0αβP

α∆β .

Thus D(t) = −GA(t) and

S(x⊥) = −i
∫

d2∆⊥
(2π)2

e−i∆⊥·x⊥
D(t)

4N2
(P ×∆⊥)

∣∣∣
EF
.

= (P × ∂⊥)

∫
d2∆⊥
(2π)2

e−i∆⊥·x⊥
D(t)

4N2

C. Lorcé, L. Mantovani, B. Pasquini, Phys.Lett.B776 (2018) 38
C. Lorcé, Eur.Phys.J.C78 (2018) 785
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Spin density S(b⊥)
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The 2D Fourier transform of the EMT in EF has structure of an
anisotropic axially symmetric compact star in two dimensions

tαβ(b⊥;Pz) = [γ2ρ(b,Pz) + σt(b,Pz)] vαvβ

− σt(b,Pz) ηαβ

+ [σr (b,Pz)− σt(b,Pz)]χαχβ ,

where vα = (1, 0⊥) and χα = (0 ,b⊥/b).

The condition P ·∆ = 0 for P = (0⊥,Pz) means that ∆z = 0.
The condition ∆z = 0 is equivalent to integration over z .
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Projection

Figure: ρq(b, 0) =
∫

dz εq(r)
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Integrating the EMT in BF over z allows us to express 2D energy
density and pressures as follows

ρa(b, 0) =

∫
dz εa(r) ,

σr ,a(b, 0) =

∫
dz

b2pr ,a(r) + z2pt,a(r)

r2
,

σt,a(b, 0) =

∫
dz pt,a(r) ,

σa(b, 0) =

∫
dz

[
pa(r) +

b2 − 2z2

6r2
sa(r)

]
,

Πa(b, 0) =

∫
dz

b2

r2
sa(r) ,

with r =
√
b2 + z2.
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Energy density ρ
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The radial pressure σr
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The tangential pressure σt
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The isotropic pressure σ
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The anisotropy pressure Π
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Energy density in the IMF
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Figure: ρa(b,Pz) ≈ M Aa(b), others properties are the same.
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Stability conditions

Energy momentum tensor
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Stability conditions

For a stable system, it is expected that

1. ε(0) <∞, p(0) <∞ and s(0) = 0 ;

2. ε(r) > 0 and pr (r) > 0 ;

3. dε(r)
dr < 0 and dpr (r)

dr < 0 .

The fulfilled these requirements potentially gives new constrains on
GPDs.
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PARTONS software

http://partons.cea.fr
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SUMMARY

I The formulas for energy and pressures densities are model
independent.

I Simple multipole model provides reasonable results.

I Stability condition gives new constrains on GPDs.
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