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Outline!

@ Motivation and otlook

@ Computational pipeline: from time series to test
verdict

© Signature kernel for time series
@ Quantum embedding kernel (QEK)
@ Circuit optimization and independence tests

@ Experiments E1-E4, including measurements on IBM
Heron
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Limitations of classical dependence measures

Pearson correlation coefficient r ,
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@ for time series, the order of events
matters, not accounted for by
pointwise measures.

Szurnicki, Gawron, Bednorz (CAMKPAN) QML4Causal TS

WMLQ 2026
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Technical review |®| Check for updates

Causal inference for time series
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Q@ Observational SCM
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Aim of the work

Reference work — Manten and Casolo (2025)
Combining the signature kernel (RBF) with statistical (HSIC, SDCIT) tests allows recovering
causal structures in complex time-dependant systems. )

Scope of the work

© Replacement of the RBF static kernel with a quantum embedding kernel (QEK) implemented
by a variational circuit.

@ Circuit optimization (SPSA with Adam optimizer) to maximizing test power.

© Influence of the number of qubits (W = 4,6, 8) on test power.

@ Execution of computations on an IBM Heron quantum processor. )

Research question: is there a quantum advantage in the considered application?
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Synthetic data generation

dX; =—aX;dt +odW,;

Coupled linear SDEs

A system with controlled causal structure: a8

AN

dXt = AXtdt + th, Xt € RP S 0

X,

Two-variable case:
dX = -05Xdt+dW; 04

X
dY = (a1 X —05Y)dt +dW, \/\/\\v’\ J\\/J\/\/
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@ a1 #0 = X — Y, causal structure known a ¢ ¢

RO Independent realizations of a single process.

@ a; = —0.5: self-drift (Ornstein—Uhlenbeck process);

@ n trajectories observed at m time points on [0, 1].
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Kernel methods

(a) input space R (b) feature space

. Jelass-1
class +#1°

@ Linear classifier for complex data. s

@ Kernel trick: computing the inner product
without explicitly performing the embedding ®.

k(xi, x;) = (@(x;)|P(x)) Ay
-2
@ Gaussian kernel — a common example .
-3 -2 -1 0 1 2 3
krpr(xi, X)) = exp| — Ixi—x 1
RBF\Xi5 2 202 Linear classification after mapping into higher-dimensional

space.
@ data transformation to infinite-dimensional

feature space.
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Signature kernel

A sample is not a point, but an entire trajectory. A
representation that accounts for the order of events is the
path signature

S(X) = (1, XM, x®) )

computed via the kernel trick as the solution of the
equation .

T pT
Hsig(x",xf):1+/o/0 F(t,t") fgtar (ke ) dt dt’,

EARIES

f(0,-) = f(-,0) = 1; solver: sigkerax.
Static kernel computed between points of two

trajectories, inside the solver.
In the reference work rstat is RBF — we replace it with a quantum

Subject of modification
kernel. J
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Gram matrix as a representation of the process

Wiener process, n = 4, m = 10:

. 1 1 . 1 n ~ _

”“g(X_ X5) “Slg(x_ X7) 1.00 0.65 0.70 0.49

Kxx = : : jRBF_ 065 1.00 0.97 0.81

Ksig( X", X)) oo Rgg(X7, X™) ~[0.70 0.97 1.00 0.78

049 0.81 0.78 1.00]

o symmetry: K =K', [1.00 0.48 0.56 0.41]

@ positive semi—definitezness: KQEK _ 81512 (l)gg (1)8(2) 82;
T — . . ) > . . . . .

c'Ke =3 ce()|" =0 041 0.65 0.62 1.00]

@ Mercer’'s theorem — admissibility criterion for

. Both matrices indicate the same pair as most similar and
replacing the kernel.

the same pair as least similar; they differ in the scale of
The QEK kernel satisfies both conditions by values.
construction, as the squared modulus of the inner

product of quantum states.
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Quantum embedding kernel (QEK)

T

ko(u,v) = | (6(V)|6(w)) | 1T
U(u,0) | | Ut(v,0

:‘<0"'0|UT(V,H)U(u,9)|0...0>‘2 o |0 )

Lk

Single embedding layer U(x,0), W = 4:

0 R

~

@ u,v — data to be embedded;

@ O — free parameters of the circuit; . ot H o) [ Rettee

@ kernel value = probability of measuring 0
|0---0); 10 Rz(xs) H Rv(00.2) H Ret12) f——t

o feature space dimension grows Hadamard gate, data encoding Rz(x;), rotation Ry (fp ;) and an
exponentially with the number of qubits; entangling layer CRZ(01 ). In the thesis L = 2 layers.

@ for u = v, circuits cancel and k; = 1: the
diagonal of the Gram matrix is unity by
construction.
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Optimization of circuit parameters

Cost function: standardized HSIC statistic

L(6) = — SNR(0) = — T51C0bs(0) — mun(6)

Unull(e)

scale-free — invariant under rescaling of the
Gram matrix;

rewards only the deviation of the statistic from
its permutation distribution;

fixed data portions, split into training and
validation sets.

v

SPSA: gradient-free optimization

L(0+ cA) — L(0 — cA)

2(0) = -

A, Ae{-1;

@ gradient estimate from two cost function
evaluations;

@ parameters 6 appear inside the solver, after
normalization and permutation statistics, which
makes differentiation difficult;

@ estimate passed to the Adam optimizer.

Optimization does not build a predictive model — it modifies the geometry of the similarity relation
induced by the kernel.
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Independence tests: HSIC and SDCIT

HSIC — correlation of two similarity matrices: SDCIT — hypothesis X Ll Z | Y. Permuting z
- o ~ only between rows with similar y; the test statistic
_ 1 _ 2
HSIC =  tr (KxxKyy), K = HKH is MMD (D, D).

from the data, solely from the Gram matrices.
Test power — the primary metric of the thesis:

chain collider

P-value computed via permutations (500
permutations); the null distribution is constructed @_,@_,@@/@\@

fork
power = Pr (p < « | true dependence)
Chain and fork have identical marginal dependence
Reported together with the rejection rate on patterns; only a conditional test distinguishes them.
independent data, which serves as a control for the
Type | error rate.
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E1-E2: verification of implementation correctness

E1l: two processes, n=20, m=20; median over E2: three graphs, n=200, m=32, a=2.0; RBF

10 repetitions.

321:1.5 32120
RBF 0.008 (9/10) 0.386 (1/10)
QEK W=4 0.015 (8/10) 0.515 (1/10)
expected verdict dependent independent

Both kernels lead to the correct verdict in both
variants.
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kernel.

graph XY YZ XZ X1 z|Y

chain 0.000 0.000 0.000 0.565
fork 0.000 0.000 0.000 0.276
collider  0.000 0.000 0.277 0.006

The Gram matrices also carry conditional
information: SDCIT corrects the marginal picture in
the chain and fork, and reveals the dependence
induced by conditioning in the collider.




E3: test power as a function of kernel variant

" variant  power rejections  mean off-diag.
] RBF 0.48 0.12 —
g4 0.20 0.16 0.33
gAtr 0.28 0.08 0.47
q6 0.20 0.16 0.35
q6t* 0.24 0.20 0.33
o q8 0.20 0.24 0.26
00 q8tr 0.20 0.16 0.28

REF Qeka

Qeke Qeke Qeks Qeks
trained trained

accs
az1=1, n=20, m=20, 25 repetitions; red points — rejection rate on @ c|assical kernel significantly more powerful;

independent data (=0.05). @ optimization brings improvement, largest for the
smallest register (g4: 0.20 — 0.28 with a
decrease in the false rejection rate);

@ increasing the number of qubits amplifies
concentration of the Gram matrix and worsens
trainability.
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E4: measurements on the IBM Heron processor

sym. sym.

(shot noise)  (noise model)

IBM hardware . Gu — wariant zalezny (a;, =2)

correlation with exact 0.992 0.986
mean |Ak| 0.030 0.069
p, dependent variant 0.004 0.008
p, independent variant 0.65 0.29

0.967

0.095

0.013
0.12

@ ibm_marrakesh, 156 qubits, 64 shots per pair; over
18 thousand circuits within a 10-minute time

budget;

o CRZ(G) = Rzz(—0/2) (I (%9 Rz(9/2)) Rz is a
virtual gate, Rzz is native (fractional gates), giving

W two-qubit operations per layer without
decomposition into CX;

@ both verdicts correct despite system noise.

Szurnicki, Gawron, Bednorz (CAMKPAN)

E4: macierze Grama sciezek (pomiar ibm)

G, — wariant zalezny (ax = 2)

3
a

10
n

G, — warient niezalezny (az, =0)

Gaa — wariant niezalezny (a1 = 0)

9 101 012345678901

k (skala do maks. pozadiagonalnego; diagonala

1)

Gram matrices reconstructed from raw hardware data:

dependent variant (left) and independent variant (right).
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Conclusions

@ A complete pipeline for testing independence of stochastic processes was built with an
exchangeable static kernel (RBF <+ QEK); correctness was verified by reproducing the
reference result and a full set of correct marginal and conditional verdicts on the three
canonical graphs.

@ On the data studied, the classical kernel remains more powerful (0.48 versus 0.20-0.28 at
n=20); in the regime studied, no quantum advantage was found, consistent with literature
predictions for fidelity kernels.

© Optimization of circuit parameters by maximizing the standardized HSIC statistic (SPSA with
Adam optimizer) brings measurable improvement for small registers and counteracts Gram
matrix concentration.

@ The influence of register width qualitatively confirms predictions regarding trainability: as the
number of qubits increases, the initial signal-to-noise ratio decreases (2.59 — 1.91) and the
rate of improvement slows (40.35 — +0.05 over 12 steps).

© The kernel computation was executed on the IBM Heron processor; high agreement with
simulations was obtained, and the independence test on the fully hardware-computed Gra
matrix yielded correct verdicts.
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Directions for future research

The absence of advantage in the studied regime does
not exhaust the issue: the QEK kernel was chosen for s
its simplicity and represents one of many variants 1T
being developed. Directions for future work include:

E4: krzywe uczenia (s zamrozone = 1)

N
o

walidacyjny SNR
N
IS

@ systematic scanning of the coupling strength a and
sample size n;

N
N}

[
o

@ increasing the number of layers L and extending S

the training procedure; 0 2 4 6 8 10 12
krok SPSA
@ alternative quantum kernel constructions — the
result depends primarily on the quality of the SPSA optimization progress; slowing of improvement
embedding, whose optimality quantumness of the for wider registers is visible.

model alone does not guarantee;

@ kernels with local instead of global cost, alleviating
the concentration problem.
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Thank you for your attention

Piotr Gawron
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@ piotr@piotrgawron.eu
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