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Wald’s magnetosphere (1)
Let ξα be a Killing vector: ∇αξβ +∇βξα = 0, and let us consider
the electromagnetic 4-potential Aα = ξα

For the electromagnetic field tensor we obtain

Fαβ = ∇αξβ −∇βξα = −2∇βξα =⇒ ∇µFαµ = −2∇µ∇µξα

At the same time, from the relation (∇α∇β −∇β∇α)ξγ = Rγµαβξ
µ

involving the Riemann tensor, one can deduce that

∇µ∇µξα = −Rαµξ
µ,

where Rαβ denotes the Ricci tensor
If the electromagnetic field is generated by an electric 4-current jα,
then they are linked via the Maxwell equation:

∇µFαµ = 4πjα

Combining the above relations, we find

jα =
1

2π
Rαµξ

µ
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Wald’s magnetosphere (2)

In vacuum, Rαβ = 0, so ξα is a solution to the Maxwell equation for
jα = 0

If the spacetime is stationary and axisymmetric, with the respective
Killing vectors kα and ηα, then Wald’s magnetosphere is given by

Aα = akα + bηα ,

where a and b are constants
Asymptotically, it corresponds to a uniform magnetic field of
strength 2b

It serves as a toy model of black holes magnetospheres
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Generalization to non-vacuum spacetimes

We consider stationary, axisymmetric and circular spacetimes, and
work in cylindrical coordinates (t, ρ, ζ, φ):

ds2 = gttdt
2 + 2gtφdtdφ+ gρρdρ

2 + gζζdζ
2 + gφφdφ

2,

where gαβ = gαβ(ρ, ζ)

The Killing vectors are kα = (1, 0, 0, 0), ηα = (0, 0, 0, 1)

As the gravitational source, we take a rotating perfect fluid with the
energy-momentum tensor

T pf
αβ := (ε+ p)uαuβ + pgαβ

and uρ = uζ = 0
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Electric 4-current

The Einstein equation reads

Rαβ = 8π

(
T pf
αβ − 1

2
T pfgαβ

)
= 8π

[
(ε+ p)uαuβ +

1

2
(ε− p)gαβ

]
,

where we have used T pf :=
(
T pf

)µ
µ
= −ε+ 3p

Recalling that jα = (2π)−1Rαµξ
µ, for ξα = akα + bηα we get

jα = 4

[
(ε+ p)uµξ

µuα +
1

2
(ε− p)ξα

]
= 4

[
(ε+ p)(aut + buφ)uα +

1

2
(ε− p)(akα + bηα)

]
Note that we treat Wald’s magnetosphere as a (gravitationally) test
field: it is coupled to the fluid via the Maxwell equation and
energy-momentum conservation, but not Einstein equation
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Relativistic Ohm’s law

We can orthogonally decompose the electric 4-current as

jα =: ρeuα + Jα, uµJ
µ = 0,

where ρe = −uµj
µ and Jα are, respectively, the electric charge and

current densities in a comoving frame

Relativistic Ohm’s law states that Jα = σEα, where Eα denotes
the electric field measured by a comoving observer,

Eα := Fαµu
µ,

and the proportionality factor σ is called the electric conductivity
In standard ideal magnetohydrodynamics, Eα = 0 and σ = ∞
(perfect conductor model)
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Consistency conditions

Under the assumption of relativistic Ohm’s law, one can show that
Jα = 0, i.e.

jα = ρeuα

For our numerical solutions, Eα ̸= 0, so Jα = σEα = 0 implies
σ = 0: the fluid is a perfect insulator
Combining the above expression for jα with the previous one, we
come to (ε− p)(auφ − but) = 0; hence, either ε = p (ultra-stiff
equation of state), or

Ω :=
uφ

ut
=

b

a
= const (rigid rotation);

for the remainder of the talk, we focus on the latter case
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Energy-momentum conservation
The energy-momentum conservation equation reads

∇µ
(
T pf
αµ + T em

αµ

)
= 0,

where T em
αβ := 1

4π

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
is the electromagnetic

energy-momentum tensor

After some calculations, we can write this condition as

∂αp− (ε+ p)∂α lnut − 2a2(ε+ 3p)∂α(u
t)−2 = 0 (∗)

We assume a barotropic equation of state ε = ε(ρb), where ρb
denotes the baryonic mass-energy density, and introduce the specific
enthalpy h := (ε+ p)/ρb satisfying dp = ρbdh; we also postulate
that h = h(ut)

Then (∗) becomes

h′ − h

ut
+

4a2

(ut)3

(
h+

2p

ρb

)
= 0

with h′ := dh/dut

Paweł Doruchowski Relativistic figures of equilibrium in the Wald magnetosphere



Energy-momentum conservation
The energy-momentum conservation equation reads

∇µ
(
T pf
αµ + T em

αµ

)
= 0,

where T em
αβ := 1

4π

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
is the electromagnetic

energy-momentum tensor
After some calculations, we can write this condition as

∂αp− (ε+ p)∂α lnut − 2a2(ε+ 3p)∂α(u
t)−2 = 0 (∗)

We assume a barotropic equation of state ε = ε(ρb), where ρb
denotes the baryonic mass-energy density, and introduce the specific
enthalpy h := (ε+ p)/ρb satisfying dp = ρbdh; we also postulate
that h = h(ut)

Then (∗) becomes

h′ − h

ut
+

4a2

(ut)3

(
h+

2p

ρb

)
= 0

with h′ := dh/dut

Paweł Doruchowski Relativistic figures of equilibrium in the Wald magnetosphere



Energy-momentum conservation
The energy-momentum conservation equation reads

∇µ
(
T pf
αµ + T em

αµ

)
= 0,

where T em
αβ := 1

4π

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
is the electromagnetic

energy-momentum tensor
After some calculations, we can write this condition as

∂αp− (ε+ p)∂α lnut − 2a2(ε+ 3p)∂α(u
t)−2 = 0 (∗)

We assume a barotropic equation of state ε = ε(ρb), where ρb
denotes the baryonic mass-energy density, and introduce the specific
enthalpy h := (ε+ p)/ρb satisfying dp = ρbdh; we also postulate
that h = h(ut)

Then (∗) becomes

h′ − h

ut
+

4a2

(ut)3

(
h+

2p

ρb

)
= 0

with h′ := dh/dut

Paweł Doruchowski Relativistic figures of equilibrium in the Wald magnetosphere



Energy-momentum conservation
The energy-momentum conservation equation reads

∇µ
(
T pf
αµ + T em

αµ

)
= 0,

where T em
αβ := 1

4π

(
FµαF

µ
β − 1

4FµνF
µνgαβ

)
is the electromagnetic

energy-momentum tensor
After some calculations, we can write this condition as

∂αp− (ε+ p)∂α lnut − 2a2(ε+ 3p)∂α(u
t)−2 = 0 (∗)

We assume a barotropic equation of state ε = ε(ρb), where ρb
denotes the baryonic mass-energy density, and introduce the specific
enthalpy h := (ε+ p)/ρb satisfying dp = ρbdh; we also postulate
that h = h(ut)

Then (∗) becomes

h′ − h

ut
+

4a2

(ut)3

(
h+

2p

ρb

)
= 0

with h′ := dh/dut

Paweł Doruchowski Relativistic figures of equilibrium in the Wald magnetosphere



Example 1: Constant energy density

If ε = const in the fluid region, we have d lnh = dp/(ε+ p) =
d ln(ε+ p), so that h ∝ ε+ p, or equivalently ρb = const

Choosing ρb = ε, we get p/ρb = h− 1, which leads to the equation

h′ − h

ut
+

4a2

(ut)3
(3h− 2) = 0

The solution is

h = − 1

18a

[√
6πut erf(U)eU

2

− 12a
]
+ CuteU

2

with

U :=

√
6a

ut
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Example 2: Polytrope
The polytropic equation of state reads ε(ρb) = ρb +KρΓb /(Γ − 1),
where K and Γ are constants, so we find

h =
dε

dρb
= 1 +

ΓK

Γ − 1
ρΓ−1
b , p = −ε+ ρbh = KρΓb

Hence p/ρb = (Γ − 1)(h− 1)/Γ , which leads to the equation

h′ − h

ut
+

4a2

(ut)3
(3Γ − 2)h− 2(Γ − 1)

Γ
= 0

The solution is

h = −
(Γ − 1)

[√
2πΓut erf(U)eU

2 − 4a
√
3Γ − 2

]
2a(3Γ − 2)3/2

+ CuteU
2

with

U :=

√
2(3Γ − 2)

Γ

a

ut
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Example 3: MIT bag model

In the MIT bag model one postulates ε(ρb) = Aρ
4/3
b +B, where

A := (9/4)π2/3ℏm−4/3
b , and B is called the bag constant

Here we find

h =
4

3
Aρ

1/3
b , p =

1

3
Aρ

4/3
b −B =

1

3
(ε− 4B),

so that p/ρb = h/4−B[4A/(3h)]3, and we get the equation

h′ − h

ut
+

4a2

(ut)3

[
3

2
h− 2B

(
4A

3h

)3
]
= 0

The solution is

h =
1

3
√
3|a|

{
2304a4A3B + 384a2A3B(ut)2

+
[
32A3B + 729Ca4e12a

2/(ut)2
]
(ut)4

}1/4
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h =
4

3
Aρ

1/3
b , p =

1

3
Aρ

4/3
b −B =

1

3
(ε− 4B),

so that p/ρb = h/4−B[4A/(3h)]3, and we get the equation

h′ − h

ut
+

4a2

(ut)3

[
3

2
h− 2B

(
4A

3h

)3
]
= 0

The solution is

h =
1

3
√
3|a|

{
2304a4A3B + 384a2A3B(ut)2

+
[
32A3B + 729Ca4e12a

2/(ut)2
]
(ut)4

}1/4
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AKM code

The following numerical solutions were obtained thanks to the
pseudospectral code by Ansorg, Kleinwächter, and Meinel, freely
available at www.tpi.uni-jena.de/gravity/relastro/rfe/

The code provides very accurate solutions for spheroidal
configurations (rigidly rotating stars) by solving 4 elliptic equations
for the metric functions
The hydrodynamic part has been modified to take into account the
electromagnetic field, with h = Cut replaced by h as found above
The numerical grid consists of two parts: the star and outside
region, both mapped to coordinates (s, t) ∈ [0, 1]× [0, 1]

The metric functions are expanded in Chebyshev polynomials in s, t,
and a set of equations for the coefficients is solved via the
Newton–Raphson method
A series of solutions is produced by increasing the value of a (starting
from a = 0), where each solution serves as the initial data for the
next one; the values of two selected quantities can be prescribed
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Numerical results (1)

Pressure (left) and electric charge density (in the ZAMO frame; right) for a
sample homogeneous configuration
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Numerical results (2)

Electric (left) and magnetic (right) field lines in the ZAMO frame for the same
homogeneous configuration
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Numerical results (3)

Variation of the star surface with respect to a for two sample polytropic
configurations (left: Γ = 2, right: Γ = 5/3)
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Summary

Wald’s magnetosphere can be compatible with non-vacuum
spacetimes, in particular for rigidly rotating perfect fluids

For constant energy density or polytropic equation of state, the
energy-momentum conservation equation is analytically integrable
The shape of a star may change in different ways when the
electromagnetic field is “added”
Possible next steps: analysis of the solution space, more
sophisticated equations of state, relaxation of Ohm’s law
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