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Kolmogorov system and Lyapunov function

Assume G(w, z) = H(w,z) = 0 and Kolmogorov local assumptions
H(x,z) <0 and G,(w,y) > 0 for the system

X' = g(x)G(x,y),
y'=h(y)H(x,y).

Moreover, assume global assumptions H, < 0 and G, < 0 while the

functions —H(x, z)/g(x) and G(w, y)/h(y) are nondecreasing with
primitives H and G, resp. We have a Lyapunov function

L=H+G+ C.
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Kolmogorov legacy

[Kol36] Kolmogorov, A.N.: Sulla teoria di Volterra della lotta per Pesistenza.
Giornale Istituto Ital. Attuari, 7, 74-80 (1936)
[Kol72] Kolmogorov, A.N.: The quantitative measurement of mathematical

models in the dynamics of populations (in Russian). Problems of Cy-
berneties, 25, 100-106 (1972)
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Kolmogorov heritage

During his childhood, Andrei Nikolaievitch Kolmogorov found biology very
interesting. In fact, in the book Kolmogorov in Perspective, one can read that
he made the following comment about himself as a schoolboy:

“I was one of the best in my class in mathematics, but my real scientific
passions were, first of all biology, and then russian history” ([Kol00], p. 5)

He kept these centers of interest for the rest of his life. Thus, in 1940,
Kolmogorov dared to confront the feared Lysenko by defending Mendel’s laws
— a very dangerous move to make in the middle of Stalin’s regime. And,
according to V. L. Arnold, the last research done by Kolmogorov [KB67],
published in 1967, was motivated by biological ideas about the structure of
the brain ([Kol00], p. 94).

In fact, Kolmogorov made only a few isolated contributions to biomath-
ematics; but they all demonstrate, as one would expect, a remarkable origi-
nality. In particular, the short note [Kol36] about the predator-prey equation
is a model of perspicacity and has had great influence on the deterministic
theory of population dynamics. It is one of the rare articles that Kolmogorov
published in Italian, doubtlessly in honor of the mathematician Vito Volterra
who inaugurated what would later be called The Golden Age of biomathemat-
ics [SZ78]. Kolmogorov’s note represents a qualitative jump in the theory of
predator-prey systems.

Kolmogorov and population dynamics by Karl Sigmund (Vienna)
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Lyapunov function proof

Proof. Multiply by H' = —H(x,z)/g(x) and G’ = G(w,y)/h(y)

X' = g(x)G(x,y),
y' = h(y)H(x,y).

Add the above and for L = H + G + C obtain
U'=(=G(x,y) + G(w,y))H(x,2) + G(w,y)(=H(x, 2) + H(x,y)) -
Hence
L' = Gu(w = x)(H(x,2) = H(w,2)) + (G(w,y) — G(w, 2))H,(y — 2).

Thus we get the claim L' = — G Hy(w — x)? + G,H,(y — z)? < 0.
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Astrophysical nonrelativistic model

For nonrelativistic astrophysical model
X =y—-—x=G,
Y =y(2-x)=yH,

we get Lyapunov function

L=(x—2)?+2y—4logy+C.
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Smoluchowski—Poisson eq. for a cloud of self-gravitating particles
0c =V - (P/(e07) (0P (00~#/%)V 0 + 0¥ (8) o))

with equation of state binding the density ¢ and the temperature 6 with
the pressure p via relation

p= 0d/2+1P(997d/2) )

As a special, easiest case one can consider P = Id yielding p = 6p. If we
look for radial, stationary solutions in integrated density variables, we end
up with the system of ODE's

and look for the heteroclinic trajectory linking (0, 0) with (2, 2) to find the
density profile o related to x for given mass M = m(R) and radius of the

system R.
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Form t£4dz to Wroctaw, Rzewuski-Krzywicki-Biler-Stanczy

 [1] S. Faedo, Condizioni necessarie par la semicontinuita di un muovo lipo di
funzionali, Ann. di Mab. 23 (1944), p. 69-121. ) )
(2] A. Krzywicki, J. Rzewuski, J. Zamorski, A. Zieba, Non-local
problems in the caloulus of wariations (I), Ann. Pol. Math. 2 (1955), P- 77-96.
[3] E. Noether, Invariante Variationsprobleme, Nachr. Ges. Gottingen (1918),
p. 235-237.
! (4] J. Rzewuski, Differential conservation laws in non-local field theories,

Nuovo Cimento 10 (1953), p. 784-802.

Article

Radially symmetric solutions of the Poisson-Boltzmann
equation

A. Krzywicki, T. Nadzieja

First published: May/June 1989 | https://doi.org/10.1002/mma.1670110307 |

Stariczy-Przeradzki-Nowak-Wtodarski-Mazur-Banach-Steinhaus-Hilbert
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Astrophysical relativistic model

In relativistic astrophysics we model mass distribution by
X =y—-—x=G,
Y'(1=x)=y(2-3x) - y* = yH(1 - x),

we get Lyapunov function centered at (1/2,1/2)

2L = —6x —3log(l — x)+2y —logy + C.
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Tolman—Oppenheimer—Volkoff

@ Tolman—Oppenheimer—Volkoff eq.

P G(o(r)c® + P(r))(m(r)c? + 4nr3P(r))

dr rc?(rc? —2Gm(r))
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Tolman—Oppenheimer—Volkoff

@ Tolman—Oppenheimer—Volkoff eq.

dP _ Glo(r)e? + P(r))(m(r)c? + 4rr*P(r))

dr rc?(rc? —2Gm(r))

o for static, symmetric Einstein eq.

Ric(g) — %R(g)g =T
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Tolman—Oppenheimer—Volkoff

@ Tolman—Oppenheimer—Volkoff eq.

dP _ Glo(r)e? + P(r))(m(r)c? + 4rr*P(r))

dr rc?(rc? —2Gm(r))

o for static, symmetric Einstein eq.
_ 1
Ric(g) - sR(g)g =T

2Gm r) 8Gnrlo(r) m(r)

 Y(logr) = =580, L = [s%o(s)ds

x(logr) =
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Tolman—Oppenheimer—Volkoff
@ Tolman—Oppenheimer—Volkoff eq.

dP _ Glo(r)e? + P(r))(m(r)c? + 4rr*P(r))

dr rc?(rc? —2Gm(r))

o for static, symmetric Einstein eq.
_ 1
Ric(g) - sR(g)g =T

2Gm r) 8Gnrlo(r) m(r)

, y(logr) = =585, T8 fosg s)ds
oMiIne:x:y—x,y—Zy y(x+y)/(1—=x)if P=c?p

e x(logr) =
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Tolman—Oppenheimer—Volkoff
@ Tolman—Oppenheimer—Volkoff eq.

dP _ Glo(r)e? + P(r))(m(r)c? + 4rr*P(r))

dr rc?(rc? —2Gm(r))

o for static, symmetric Einstein eq.
_ 1
Ric(g) - sR(g)g =T

2Gm r) 8Gnrlo(r) m(r)

, y(logr) = =585, T8 fosg s)ds
oMiIne:x:y—x,y—2y y(x+y)/(1—=x)if P=c?p

e x(logr) =

@ Lyapunov function

2L =2y — log(y) — 6x — 3log(1 — x) + C
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Lyapunov function level sets

Lyapunov function centered at (1/2,1/2) and singular as x approaches 1

Bounds for heteroclinic connection following from Lyapunov function levels

O 3 = = T 9ac




Heteroclinic connection and geometric invariance

@ Heteroclinic trajectory, unstable, iso Y'=0, iso X'=0, Lyapunov
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Derivation of a priori bounds for rescaled mass

Define for y’ = 0 the non-increasing isocline s by

H(s(y),y) =0

and assume that it intersects tangent to unstable manifold at Y > 0.
Then the upper bound for rescaled mass x can be estimated by

X =H"G(Y))

defined by
H(X) +G(2) = H(w) +6(Y),

where (w, z) corresponds to stationary solution and

g()H'(x) = —H(x,2), h(y)G'(y) = G(w, y).
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Nonrelativistic case

In the case a(x) =2 — x and b(x) = 0 we obtain the upper bound X for
the x variable of the heteroclinic trajectory joining (0,0) and (2,2) as

X = H|[_2}oo) (4 —2log3)),
where 2 (x) = (x — 2)2,x > 2, whence H][_zloo)(y) =2++2y,y >0.

Thus
X=2+4+2¢2—-log3.
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Relativistic case

In the case a(x) = % and b(x) = 1£X we have the upper bound for the
x variable of heteroclinic trajectory joining (0,0) and (1/2,1/2) as

2H(X) = log z — 2z 4+ 2(a(0) + 1)w — log((a(0) + 1)w),

where the function H is defined as
2H(x) = —6x — 3log(1 — x) +3 —3log2,1/2 < x < 1. Thus

2X =2+ W(—2exp(—4/3 —2/3 log2)) =2+ W (—21/354/3) ,
where W is Lambert function, productlog, i.e. inverse of (-)exp(-) and

X < 0.69342.
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Predator-prey model application

Phase portrait with heteroclinic connection 1Lzapunov function level sets, nullclines, heteroclinic
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Figure: Typical phase portrait demonstrating the intersection of the isoclines at
the equilibrium (w, z). Isocline y’ = 0 intersects unstable tangent to heteroclinic.
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Crash course in ODE's

/ J—

o p'=—pp(l)=0

=] & = E DA
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Crash course in ODE's

o p'=—p,p(1)=0
e p=p(lle 1 =0

=] & = E DA
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Crash course in ODE's

o p'=—p,p(1)=0
e p=p(lle 1 =0
o p=—

2,/p; p(1) =0

=] & = E DA
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Crash course in ODE's

o p'=—p,p(1)=0
e p=p(lle 1 =0
° p/ = _2\/57[3(1) =0
op=(1—-tP2orp=0

=] & = E DA
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Crash course in ODE's

p'=-p,p(l)=0
p=p(l)e =0
p=-2p,p(1)=0
p=(1—-t2orp=0
p' = plog(p),p(1) =0
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Crash course in ODE's

p'=—p,p(l)=0
p=p(l)e =0
p'=-2/p,p(1)=0
p=(1—-t2orp=0
p' = plog(p),p(1) =0
J21/(plog(p)) dp = oo
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Crash course in ODE's

p'=-p,p(1)=0
p=p(l)e =0
p=-2p,p(1)=0
p=(1—-t2orp=0
p' = plog(p),p(1) =0

J21/(plog(p)) dp = o
integrability of the inverse of RHS at 0
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Crash course in ODE's

p'=-p,p(1)=0

p=p(l)e =0
p'=-2/p,p(l)=0
p=(1—-t2orp=0

p' = plog(p),p(1) =0
J21/(plog(p)) dp = o

integrability of the inverse of RHS at 0

not Lipschitz regularity is all that matters
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Tolman—Oppenheimer—Volkoff Equation

o —r(r—2m)p = (p+ p(p))(m+ pr®) where m = [ pr?

=] & = E DA
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Tolman—Oppenheimer—Volkoff Equation

o —r(r—2m)p = (p+ p(p))(m+ pr®) where m = [ pr?
o p' < Cr(p+ p(p))(C + p)
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Tolman—Oppenheimer—Volkoff Equation

o —r(r—2m)p = (p+ p(p))(m+ pr®) where m = [ pr?
o p' < Cr(p+ p(p))(C + p)
@ Uniqueness of zero solution: Osgood - divergent enthalpy

/0 1+ plp)) dp = o0
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Tolman—Oppenheimer—Volkoff Equation

—r(r—2m)p' = (p+ p(p))(m + pr®) where m = [ pr?
p' < Cr’(p+ p(p))(C +p)
Uniqueness of zero solution: Osgood - divergent enthalpy

/0 1+ plp)) dp = o0

Equation of State
p=p(p)
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Tolman—Oppenheimer—Volkoff Equation

—r(r—2m)p' = (p+ p(p))(m + pr®) where m = [ pr?
p' < Cr’(p+ p(p))(C +p)
Uniqueness of zero solution: Osgood - divergent enthalpy

/0 1+ plp)) dp = o0

Equation of State
p=p(p)
Synge—Jiittner and Fermi-Dirac p ~ p
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Tolman—Oppenheimer—Volkoff Equation

o —r(r—2m)p = (p+ p(p))(m+ pr®) where m = [ pr?
o p' < Cr¥(p+ p(p))(C + p)
@ Uniqueness of zero solution: Osgood - divergent enthalpy

| 16+ oo dp =

e Equation of State
p=p(p)
Synge—Jiittner and Fermi-Dirac p ~ p
Michie-King and RAR p ~ p®/7

Robert Stariczy Uniwersytet Wroctawski Generalized Kolmogorov System Bedlewo, XII PoToR 2026 18 /39



Tolman—Oppenheimer—Volkoff Equation

o —r(r—2m)p = (p+ p(p))(m+ pr®) where m = [ pr?
o p' < Cr¥(p+ p(p))(C + p)
@ Uniqueness of zero solution: Osgood - divergent enthalpy

| 16+ oo dp =

e Equation of State
p=p(p)
Synge—Juttner and Fermi-Dirac p ~ p
Michie-King and RAR p ~ p®/7
e p(R) = 0 implies unique zero solution for S-J, F-D, not for M-K, RAR
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Theorem (Krasnosielskii Cone Expansion)

Let X be a real Banach space, let K C X be a cone, and let 0 < 1 < [a.
Define Qg, := {u e X : ||u|| < Bi}, i =1,2. Suppose that

T:-Kn (ﬁﬁz\Qﬁl) — K
is completely continuous and satisfies
I Tull < flull = 81,  ue KNy,

and
[ Tull > |lull = B2,  u€ KNI,

Then T possesses a fixed point Tu, = u,, u. € KN (Qg, \ Qp,) -
In particular, 51 < ||ui|| < B2, and hence u, # 0.
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Let R
(Hu)(r) == / Fu(s) ds,

where
Fo(s) = my(s) + 4rs3p(u(s))

s[s — 2my(s)]
The associated density operator is

(Tu)(r) := p((Hu)(r))-

A fixed point
u="Tu

determines the enthalpy profile

Robert Stariczy Uniwersytet Wroctawski Generalized Kolmogorov System
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Fix 0 < a<1and u > 0. Define a cone
u >0, uis nonincreasing,
r
Cop = ueX: / s2u(s)ds < rPu(r), 0<r<aR,
0

my(aR) = pR®|ullo

e monotonicity < (m“—(r)) > 0.

r

@ Harnack - no concentration at 0 - cone expansion
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Theorem
Assume the following conditions:
o the equation-of-state asymptotics assumptions p ~ p’/® at 0

@ the constants a, i, q, B> satisfy
O<axl, 0<g<l, 0 < B2 < Bmaxi

the derived constants ¢, and -y, satisfy e, < 1, Vi > %;

the mass-spread constant satisfies
41
O<u< 3 a%;

@ the outer expansion condition 32 > Bexp(R) holds.

Then there exists 51 € (0, 32) and a nonzero fixed point of the density
operator T

Uy € Ca7u N (ﬁlg2 \le)
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The associated enthalpy

satisfies

and, together with
r
my(r) = 477/ s2u,(s) ds,
0
solves the TOV system
mi(r) = 4mr?p(h.(r)),

pon o me(r)+ 47rr3P(h*(r))
hilr) = - fTr — 2m, ()]

Moreover,
q (—‘”*(r)) >0, 0<r<aR,
dr r

2m,
m(aR) = R oo, 270

<g<l1, 0<r<R.
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Asymptotics and properties of Michie-King model

Note that as r ~ 0 then for ¢ = 27 (p(0) + p(0))(p(0) + p(0)/3) we have

p(r) ~ p(0) — cr?

while
p(r) ~ C(R = r)"/?

for C = (2RMx/7(R — 2M))"/? with p(p) ~ xp°/7 at 0.
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Unstable

manifold trajectory for Fermi—Dirac distribution
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Figure: The orbit starting from (0,0) along unstable manifold
or «F = z wace




Unstable manifold trajectory for Michie-King distribution
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Figure: The orbit from (0,0) along unstable manifold for a=0.2,0.1 resp.
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Mass vs radius limits

@ 1 stands for the definition of the Schwarzschild radius i.e.

2GM/Rc? < 1
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Mass vs radius limits

@ 1 stands for the definition of the Schwarzschild radius i.e.
2GM/Rc* < 1

e 8/9 =0.97 TOV, Buchdahl, Schwarzschild
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Mass vs radius limits

1 stands for the definition of the Schwarzschild radius i.e.

2GM/Rc* < 1

8/9 = 0.97 TOV, Buchdahl, Schwarzschild
12y/2 — 16 = 0.95 Bondi for o > 0

3/4 = 0.75 Bors, Stariczy o = p

0.64 Bondi provided that o > 3p
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Mass vs radius limits

1 stands for the definition of the Schwarzschild radius i.e.

2GM/Rc* < 1

8/9 = 0.97 TOV, Buchdahl, Schwarzschild
12y/2 — 16 = 0.95 Bondi for o > 0

3/4 = 0.75 Bors, Stariczy o = p

0.64 Bondi provided that o > 3p

0.55 numeric Chavanis, Bors, Stanczy
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Koposov - S5 HVS1; Calcada - ESO S2
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Linear equation of state P = kc?p with mass bound X

We can depict the non-monotone dependence of X on k with the pictures.
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Figure: Dependence of the bound X of x of the heteroclinic trajectory on.x.
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In the case a(x) =2 — HEX = W with x € (0,1] and
_ 1tk 1

b(x) = 5" 1= we have
25(1 — x)(a(x) — xb(x)) = 4k — x(k% + 6k + 1)

thus
4k

SRl CES T
Moreover, we have
1+5k 1+r4r+(1+r)3
T 28 2k 4kt (1+r)
where D,; is chosen, so that A(z) = zB(z), in fact A(z) =0 and
B(z) =0, i.e.

zB(x) — A(x) =

1+5k +1+/€4/§;+(1+/€)3|0 (1-2)
= z -z
2K 26 4k + (14 k)? & ’

Dy

whence

K

_ 2(1+45k) 1+kdk+ (1 +r)3 (1+k)?
S A4k+(L+ k)2 2k 4r+ (14 k)2 4k + (1 + K)?
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Furthermore, solving
2k(1 — x)(a(x) — x(a(0) + 1)b(x)) = 4x — x(3k* + 8k +1) =0
gives
w = 4k/(3k% + 8k + 1).

Hence, the upper bound for the x variable of the heteroclinic trajectory
joining (0,0) and (z, z) follows and is equal to

26 4k + (14 k)2
X:1+W<—aneXP <_O[H_(E“_DH)1—|—/€4IQ+(1+"3)3 fo

with
_ 1+5k4k+ (1+ k)

R 4k + (1 + k)3’
where E; = (a(0) + 1)w — z — zlog((a(0) + 1)w/z) and W is Lambert
function or productlog, i.e. inverse of (-)exp(-). In fact

B 125 4k B 4K op (3 185 +3
3624+ 8k+1 dk+(1+rK)?2 dr+(1+k)2 \ 32 r8ntl )"
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General linear case
For linear pressure p = kp. we have

X'(s) = =x(s) + y(s),

y'(s) =2y(s) - 12+_: ) y(S)(;(_SinS';y(S)) )

(x ) = 4K 4K
oY) = (1+ k)2 +4x" (1+K)2+ 4K

L=2y—(5+1/k)x — 2xx log (y(l - x)5“> + G
where the exponent d, is defined by

8k%5, = (5k + 1)(k + 1)?

while the constant G, = (3 + 1/k)x. + 2x log (x(1 — x.:)%)
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Appendix - Relativistic Equation of State for fermionic
Michie—King distribution

@ The energy—mass density

= [ (128 e
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Appendix - Relativistic Equation of State for fermionic
Michie—King distribution

@ The energy—mass density
2m [ e(p)
= — f. 1
p= [ (14 28 ) o

o relativistic Michie—King distibution

(1 exp((e(p) — c)/KT)
fo(p) = ( exp((=(p) — /)/KT) 11 )
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@ The energy—mass density
2m [ e(p)
= — f. 1
p= [ (14 28 ) o

o relativistic Michie—King distibution

(1 exp((e(p) — c)/KT)
fo(p) = ( exp((=(p) — /)/KT) 11 )

@ the pressure

Y 1+ e(p)/2mc?
P || P T
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Appendix - Relativistic Equation of State for fermionic
Michie—King distribution

@ The energy—mass density
2m [ e(p)
= — f. 1
p= [ (14 28 ) o

o relativistic Michie—King distibution

(1 exp((e(p) — c)/KT)
fo(p) = ( exp((=(p) — /)/KT) 11 )

@ the pressure

Y 1+ e(p)/2mc?
P || P T

@ the kinetic energy

e(p) = V/c2p? + m2c* — mc2.
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Appendix - relativistic Equation of State for fermionic
Michie-King distribution - RAR

_ 8V2r3k32mt ry _1/2 2 Kx/2 1/2 1—exp(x—y)
o p= BRI A (15 +1) (25 +1) T i
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Appendix - relativistic Equation of State for fermionic
Michie-King distribution - RAR

_ 8V2r3k32mt ry _1/2 2 Kx/2 1/2 1—exp(x—y)
o p= BRI A (15 +1) (25 +1) T i

o P—1p <ﬁ>5/2 ek (n_x " 2>3/2 LepCy) g

1-ky I+x exp(x—y)
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Appendix - relativistic Equation of State for fermionic
Michie-King distribution - RAR
wc3k3/2m? K 2 [ kx/2 12 1 exp(x—
°p= 8;,3[2(12:},)3/2 nyl/z (1—);y + 1) (1—£y + 1) 1+xe>F<);§(x—y)2) dx
. 5/2 . 3/2 1 —exp(x—
°oP= n (l—ny> ({X?’/z (1—2}/ + 2) 1+Xe>F()F()(x—y)2) dx,

@ As y ~ 0 we have

8v2rmi3/2

p(y) T

(%) [ "Ry — x)dx = poy®?

and P(y) ~ poy”/? hence as p ~ 0 then P(p) ~ Po(p/,oo)7/5.
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Appendix - relativistic Equation of State for fermionic
Michie-King distribution - RAR

_ 8V2r3k32mt ry _1/2 2 Kx/2 1/2 4 exp(x—y)
o p= BRI A (15 +1) (25 +1) T i

5/2 3/2
32 (s 1—exp(x—y)
e P=n (1 ,gy> ({ / (1—2y + 2> 1+xe>l<)p(x—yy) dx,

@ As y ~ 0 we have

8v2rmi3/2

p(y) ~ T

(%) [ "Ry — x)dx = poy®?

and P(y) ~ poy”/? hence as p ~ 0 then P(p) ~ Po(p/,oo)7/5.

@ as y ~ 1/k then p(y) ~ Aoy and

lny

=8nc’m w3 1 —exp((w —1)/k) w
=t [

while P(y) ~ . Thus as p ~ oo we have P(p) ~ c?p/3.

3(1 ﬁy)
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