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Bianchi

The Bianchi identity leads to the equation
vV, TF=0.
If we can define a fluid four-velocity u* then
TH = 8rGTHY 4 THV — ghVA\,
where (ideal fluid)

T = (p+ P)utu” + gh”P.



p has the meaning of the energy-density and P is the pressure.
The Bianchi identity (1) gives an equation for the “fluids”

810,GT) +8rGV, T} —0,N+V, Xl =0. (4)
Assume the metric

dP? = g dx'dx” = goodt? + yjxdxldx* = —|goo|dt? + yjxdx/dxk.
(5)



The model of the gas is simple in FLRW metric
d? = —di? + a2((1 — kr?)"Ldr? + r2(d6? + sin? 0d¢2)>. (6)
Then Bianchi is
810:(Gp) + 247w GH(p + P) + 0:A =0 (7)

This looks like a local form of dE + pdV



Non-conserved energy-momentum:relativistic diffusion

We have the phase space distribution Q for a microscopic
(statistical) description. Then,

T = \/E/dppo_lp“p”Q (8)

where pg is determined from the mass-shell condition p,p" = -m?

We can also define the conserved particle current (Vi N# = 0)

NH = Jé/dppo_lp“ﬂ- (9)



The diffusion equation is
(p"oy — I‘pr“p”a,’:)Q = rk?AQQ, (10)

where k2 is the diffusion constant.



The operator Ay is the Laplace-Beltrami operator on the mass
hyperboloid H

1 .
Ay = —0P WV hoP, 11
=750 (11)
where . . .
WE = mPJ + plpk, (12)

0f = 5 and h = det(h) = m™* det(yj)wy * is the determinant

of the metric hjx, wg = \/m? + vjp/ pk

If kK # 0 then the energy-momentum is not conserved but

VETH = 3k*N”. (13)



The equation for p from Bianchi can be solved if P = wp.
p(t) = 3na=3WH)(To 4 2 [ a(s)> ds) (14)
From thermodynamics this equation defines the temperature

T =a3"(To + K2A). (15)

where

A= /t a(s)*"ds

to



For an exponential expansion a = exp(Ht) we have

2 2

K K
H -
S SPBWH)) + 3

T = exp(—3wHt)<T0 -

For a power-law expansion a = t“ we get

2
1+3wa

T=(To— tg 3wy rSwe 4

1+3wa L.



Varying cosmological constants
if A = const then
G~ (To +K*A)7!

In general, in terms of entropy S
G ~ exp(—5)

If G = const
t
/\:/\O—an/ a3
to
as in unimodular gravity
Solutions of Einstein equations( for large time):
a(t) ~ exp(Aot) if Ag >0
and
a(t) ~ Ktif A\g=0
(coasting cosmology)



Thermodynamics in an expanding universe

First law of thermodynamics

dp s s
TdS = dE + pdV = ZZVAT +(p+ p)dV = T(52dT + a‘/cé\l/gj

Assume that in the diffusive system the entropy is the sum
S= Sst + Sdissa (17)

where Sg; is the constant fixed first for k = 0 and then required to
be constant for Kk # 0



For the relativistic diffusion

T0:Saiss = V(0¢p) + V710:Vp(1 + w) = V3k2na=3

= 3/€2n\/0 (18)

Then

t
d
Sdiss = 3K2nV0/ ° + C =3nVW |n(T0 + K,zA) + C, (19)

w 1(5)



Statistical physics:solutions of the diffusion equation

The solution with the Jittner initial distribution in de Sitter space

is
= i(HZH_ 3 exp(—+/a2p? + m2Hrk?). (20)

8
The solutions of massless equation

Q;

2
_n 2 \—3 __a|p|
Q= g (To+w2A) Pexp ( T A ) (21)

where



We consider a covariant form of first law of thermodynamics. We
introduce the inverse temperature § as a four-vector S* = Su*
The entropy density o* as the four-vector

ot = out. (23)
We express the first law of thermodynamics of a moving fluid as

BV, TH = —V,0", (24)



For a diffusing system of particles having a phase space distribution
Q we can calculate the statistical physics (microscopic) entropy o*

ot = —\/E/dppolp“QInQ = out. (25)

In the comoving frame o = ¢°

o=—g[dpQInQ =3na3In(To + k?A) — a>(nInn — 3n).
(26)
n- particle density
time ~ exp S



Integrated Bianchi identity

810:Gp + 8nG(0rp + 3H(p + P)) + 0:\ = 0. (27)

After integration

J dx\/7(0:Gp + GOep) + G [ dx(p+ P)d\ /7 (28)
= —g [ dx /7O

We can identify here the first law of thermodynamics

dE + PdV = dQ = TdS. (29)



When we define the mass as

M = /dxﬁp
then
MO, G + G(9:M + [ dxPO;\/7) = —g= [ dx\/7ON
In terms of the entropy

MO:G + GT9,S = — & [ dx\/7O,N.



'TdS = dM

or
1_,08
T oM

then

MOLG +TGOM = — & [ dx\/7OeN.

Usually, I =1 (also for P = 0) then

0:(MG) = —&& [ dx,/70:A.

(33)

(34)



If we chose another integration with a time-independent factor v

J dt(R10:G + GO + [ dxvpdey/7)
— — L [ dt [ dx,/AvON

with M = i dx,/yvp. The only change would involve a change of
measure /7y — v,/7 in the definition of the mass and in entropy

5= / dx/Fvo (35)



Black hole radiation and entropy
Quantum radiation law (Stefan-Boltzmann-Planck) which follows
from thermodynamics

A the area dM

— = -\T*A

= , (36)
The BH formula is 5

Tgy = ———

BH = 8rGm (37)

and 4

SgH = %WG (38)

If instead we use Tpgy for varying G (with [ = 1)
dS =T Tg,dM (39)

then the formula for the entropy is

S = 8% / GMdM. (40)



Black hole evaporation

T ~ (MG)~! and A ~ (GM)?
dM

= —haM™2G 2
dt “ ’

If GM ~ const then for A = const

M, = Mo — haMy Gy 2(t — to),
If T =1 and A is time-dependent

MG = GoMp — fto = [ dx/7OsN.

Then,

M = M, h/td (GI\/I /Tds/dx\ff)/\)_
= — ha T - —
0 o 01VI0 o 8 %

(42)

(43)

(44)



For the BH entropy (I = % ) Bianchi reads

3MOLG + GOM + &= [ dx\/70:\ = 0. (45)



The general option : with A = const and I # 0, [ # %)

_1
M= Mo(1 - (3 2M)haGy My 3(t — t0)) " = MyZ5r, (46)

r

G = Go(1—(3—2r)7m<;0—2/\//0—3(1r—to))_ﬁ = GoZ T . (47)



Summarize: A = const

r \ T,L time
0 < T <1 | increasing to infinity | finite
=1 constant all time

1<l < % decreasing to zero | finite
[ > 5 | decreasing to zero | infinite

For ' > % the mass, the temperature and the luminosity tend to
zero asymptotically in time.

Conclusion:if evaporation is treated with varying G and A (classical
thermodynamics+classical Einstein equations) then we obtain
different results then in Hawking's approach.



