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Introduction

The goal of the talk is to present a non-standard version of the
Einstein constraints, which originates from a Hamiltonian
formulation of the Teleparallel Equivalent of GR (TEGR).

This non-standard version uses a coframe (¢'), I € {1,2,3}, on
a Cauchy surface and a collection (r)), J € {1,2,3}, of two-forms
as the initial data.

The coframe is orthonormal w.r.t. the spatial metric:
q=2010" =6’

— there is a local SO(3)-gauge freedom.

This freedom can be used to reduce the order of the
constraints—one can remove all the second order derivatives
appearing in the scalar constraint imposed on (#', r,).
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A Hamiltonian formulation of TEGR

The phase space:
(5179J7rK7CL)> I7J7K>L€{17273}7

—for each value of the index ¢/ is a zero-form, 67 a one-form, ri a
two-form, (; a three-form on a 3-dim. manifold X.
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A Hamiltonian formulation of TEGR

The phase space:
(5179J7rK7<L)a I7J7K>L€{17273}7
—for each value of the index ¢/ is a zero-form, 67 a one-form, ri a
two-form, (; a three-form on a 3-dim. manifold X.

r; is the momentum conjugate to #”, ¢; is the momentum
conjugate to &/

(0" constitute a coframe on ¥ such that the spatial metric reads

B B §1€ I o nJ
q= (5U 71—*‘5”5/(&1)9 ® 6.
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Constraints and Hamiltonian

There are six primary constraints which generate Lorentz
(gauge) transformations on the phase space.
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Constraints and Hamiltonian

There are six primary constraints which generate Lorentz
(gauge) transformations on the phase space.

The secondary constraints are a vector and a scalar constraints.

All the constraints are of the first class and the Hamiltonian is a
sum of the constraints smeared with appropriate fields.



The constraints

The constraints (in a smeared form):

B(a) = /z (- f(g;g@’ N H(dET A O) + qub’ A xdo’+

+0'3¢) +€’f/),
R(b) / bA (0" Axr + qude! A 67),
>

V(W) = /z de! n NGl — do' A (o) — (N6 A dr

Here x is the Hodge “star” given by the spatial metric g, 0" is a
vector field obtained from 6’ by raising up its index by the metric
dual to g, the indices /, J, K, ... are raised up (lowered) by 5"

(01y), and €% = /1 + K.
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The constraints

s = [ (500 9J) Aol NO') = 50 A O) A ey A 0)-

—d(07.0)) =& N+ 57 d(&0") NESOT AR(d(ExO") AELOM)+

L1
2(£0)?
S(qude? A0"+&d0") A OK A (dOk A ELON)+

(50)
d(&0") A ES07 A x(dOk A OF)—

(SO)
+ Ede, A7 A (dOy A0 — Zd@, NG A (dO) A ef)),
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The constraints

SURYRIE eJ) Aol NO') = 50 A O) A ey A 0)-

—d(07.0)) =& N+ 57 d(&0") NESOT AR(d(ExO") AELOM)+

L1
2(£0)?
S(qude? A0"+&d0") A OK A (dOk A ELON)+

(50)
d(&0") A ES07 A x(dOk A OF)—

(50)
+ Ede, A7 A (dOy A0 — Zde, NG A (dO) A ef)),

# Is it possible to zero (¢/) by gauge transformations?
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Gauge ¢/ =0

# A Lorentzian boost of (&),04,r%,¢?): a curve

A (€N, 07 (M), ric(N), CL(N)

being the solution of

d d

5 = (€ B0} = (), Ok = {0, BaO)),

J r
% = {67, B(a(\))} = €’a(N), ‘;—f = {rx, B(a(A\))},

with the initial value (£, 04, r%.¢?,) at A = 0.
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/ -
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Gauge ¢/ =0
# A Lorentzian boost of (&),04,r%,¢?): a curve

A (€N, 07 (M), ric(N), CL(N)

being the solution of

I —

‘C% — (¢!, B(a(\)} = 0" 2a(N), ‘;—C; = {¢L. B(a(V)},
J Iq

O =0 BN =), T = {r, Ba(N)}.

with the initial value (£, 04, r%.¢?,) at A = 0.

& Is it possible to find a(\) such that £/(\ = 1) = 0 on the whole
Y7

& Yes! = Each point (&},03,r%,¢?,) can be gauge-transformed
to (¢/' =0,07,rk,CL,).
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Gauge ¢/ =0
& The constraints (in the not smeared form):

0" 3¢+ 0, A xdf? =0,
0'r =0,
dr! +do' A7 =0,
1
(A ODNx(rs A 0T)] = Sl A 0P+

20l(0 A *d8) + [+(d0) A 0)][=(d0 1 6')] — S[+(d0h 6 = 0.
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Gauge ¢/ =0
& The constraints (in the not smeared form):

0" ¢ + 05 A xd6? =0,
gl_nr/ =0,

dr’ +do' A67ur =0,
[y A 0 )][e(rs A 0] — S 1 8P+
20l(0 A *d8) + [+(d0) A 0)][=(d0 1 6')] — S[+(d0h 6 = 0.

# (#") is now an orthonormal coframe of q.
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Gauge ¢/ =0
The constraints (in the not smeared form):
JIJC[ +6, A xdo? =0,
§7Jr/ =0,
er + d@l A H_UJI’[ = 0,
1
(A ODNx(rs A 0T)] = Sl A 0P+
1
+25d(0; A +d6”) + [+(d0) A 07)][(d; A 0")] = S [+(dby 7 0")]2 = 0.

(6") is now an orthonormal coframe of q.

This suggests to express the constraints in terms of the
components of r; and df’ in the coframe and decompose the
components into irreducible representations of the SO(3) group
preserving the metric q.
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Let ¢ be the volume form on ¥ given by g.



9/17
The decomposition
& Let € be the volume form on X given by q.
& The components:
r' =1 0! 20X, do' = B! 07 ® 0K,
¢ = CukL 0’ @ 0K @ 6, e =ep 0 @ 0K @0t



9/17
The decomposition
& Let € be the volume form on X given by q.
& The components:
r' =1 0! 20X, do' = B! 07 ® 0K,
¢ = CukL 0’ @ 0K @ 6, e =ep 0 @ 0K @0t

# The decomposition of (') and (d6”):

1 o 1 I
o = ErlLﬁLJKa TSR AN 1) ST ngK(; ’

1 ° 1
Bk = EﬁlLGLJKa gt = gl et = gt 4 gt 1 gﬁKwa,
1

pUtl = g, B = §€/JK5JK~
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The constraints

& In terms of the irreducible components:

1
CuKL + Zﬁ/éJKL =0,
Ml = 0,
2 o
3 K 420+ 30M By, +- r’Mﬁ//\/6 m =0,
(e} o ]‘
iy — 2 () + 86+ 66'5) + 3Y5y - f(/BK )? =0.

Here f; = &/f, where (g/) is the frame dual to (0').
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1
ClukL + 21/3/€JKL =0,
I — 0,

3" 4 2pM +3FJMﬁm+f’M5/N6 m =0,

Py — é(f k) +86' 1 +653'B + B8, - *(5K > =0.

Here f; = &/f, where (g/) is the frame dual to (0').

The boost constraint can be neglected—once we know a
solution to the remaining constraints we can easily solve the boost
constraint for (Ciki)-
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The constraints

In terms of the irreducible components:

1
ClukL + 1/3/€JKL =0,
I — 0,

gr J+2?J —|-3rJMﬁ/\/]+rIMB//\/6 m =0,
o 1
My — g(f k) +83  +653'p + 898, - *(5K )?> =0.

Here f; = &/f, where (g/) is the frame dual to (0').

The boost constraint can be neglected—once we know a
solution to the remaining constraints we can easily solve the boost
constraint for (Ciki)-

The rotation constraint forces the antisymmetric part of (r/) to
vanish.



The TEGR constraints vs the standard ones
& By analyzing the origin of the momenta (r;) we get
L 1 1 x
ry =2(Ky — K-101y), Ky = ST =g r K01,
rt = —4K"h, = 2f<IJ;

—K = Ki;0' @ 67 is the extrinsic curvature of ¥.
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The TEGR constraints vs the standard ones
By analyzing the origin of the momenta (r;) we get
L 1 1 x
ry = 2(Ky — K= 161y), Ky = ST =g r K01,
rt = —4K"h, = 2f<IJ;

—K = Ki;0' @ 67 is the extrinsic curvature of ¥.
If R, is the Ricci scalar of g, then

85" K + 66 Bk + fnc — £(8Kk)? = 4R,

Direct calculations show that the TEGR constraints in the gauge
¢! =0 are equivalent to the standard vacuum Einstein constraints
with zero cosmological constant.
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Reducing the order of the constraints

Both the TEGR and the standard constraints form a system of
PDE's of second order:

° ° 1 (e} o ]_
Py — g(rKK)2 +88' +68'8 + 5”8, - 6(5KK)2 = 0.
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Reducing the order of the constraints

Both the TEGR and the standard constraints form a system of
PDE's of second order:

° ° 1 (e} o 1
- g(rKK)2 +88"  +68'8 + BB - E(BKK)2 = 0.

Is it possible to use the remaining gauge freedom to annihilate
/3 without spoiling the gauge ¢/ = 07?

A simpler question: does every Riemannian metric in the
dimension 3 admit an orthonormal coframe ('), for which 3, = 0?



Reducing the order of the constraints

& B; = 0iff any of the following conditions holds:

87 = 0; A xdf' =0, 07/ ([e1,eJ]) = 0,
L.,E= 0 L. e=0, divge; =0,
d(#' A6’y =0, sd 0 =0, r/,=0.

Here £ = ¢1 A2 Aes, and (I k) are the LC connection
coefficients in (/).
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Reducing the order of the constraints

51 = 0 iff any of the following conditions holds:

/BJ[JZO, 9//\*d0’ =0, HJ([E/,E_/]):O,
L., =0, L. e=0, divge; =0,
d(6' A 67) =0, w«dx6 =0, ,=o.

Here £ = ¢1 A2 Aes, and (I k) are the LC connection
coefficients in (/).

The coframe (#'), which satisfies  d * §/ = 0, is said to be
coclosed.

Theorem (R. Bryant)

Let q be a real-analytic Riemannian metric defined on a
3-dimensional manifold. Then there exists locally an orthonormal
coframe of the metric that is coclosed.



14/17

The first order system of constraints

If a real-analytic metric g and an extrinsic curvature K satisfy
the vacuum Einstein constraints, then the corresponding coclosed
o.n. coframe (') and the momenta (r;) satisfy

2 ) o

B =0, §fKK7J +2M y + PMBne™ = 0,
o o (e} (e} 1

= o, PRy — 2 (k) + BY By — 6(5KK)2 =0.

and vice versa.
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The first order system of constraints

If a real-analytic metric g and an extrinsic curvature K satisfy
the vacuum Einstein constraints, then the corresponding coclosed
o.n. coframe (') and the momenta (r;) satisfy

2 ) o

B =0, §fKK7J +2M y + PMBne™ = 0,
e 1 oo 1

= o, Fry — 6(rKK)2 + 881, - 6(5KK)2 =0.

and vice versa.

Since SIM = MK 3y the equations (except the vector constr.)
s =o,
e 1 - 1
=0, PHEy — g(fKK)2 + 881 - 6(5KK)2 =0

are invariant w.r.t. the replacement (r;) <> (d6;).
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Other results

A general (local) solution to the equation
x«d*0' =0

((0") = a metric g = 6, 0' ® 6/ = the Hodge “star” x). The
solution is explicit up to six (one-dim.) integrals.
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Other results

A general (local) solution to the equation
x«d*0' =0
((0") = a metric ¢ = §,,0' ©® 7 = the Hodge “star” x). The
solution is explicit up to six (one-dim.) integrals.
A method for generating new solutions of the constraints: if (')
is coclosed and (', r)) satisfy the constraints, then

(0", Ary+ kdB)), Nk €ER,

satisfy the vector and the rotation constraints. In some cases the
scalar constraint can be easily solved by the appropriate choice of
the constants A and k.



16/17

Summary

The vacuum Einstein constraints with zero cosmological
constant were expressed in terms of differential forms, which
include an orthonormal coframe of the spatial metric.
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Summary

The vacuum Einstein constraints with zero cosmological
constant were expressed in terms of differential forms, which
include an orthonormal coframe of the spatial metric.

If the spatial metric is real-analytic, then we can (locally)
remove all second derivatives from the constraints requiring that
the orthonormal coframe is coclosed.



17/17

References

[§ A.O. 2024 Constraints of the Teleparallel Equivalent of
General Relativity in a gauge J. Math. Phys. 65 102502
E-print arXiv:2312.15991

[@ A.O. and J.Sz. 2026 The Einstein constraints and differential
forms Gen. Rel. Grav. 58 23 E-print arXiv:2511.19129



