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What and Why?

Kerr-de Sitter spacetime: a solution of the vacuum Einstein
field equations
Rap — %Rgab +Agap =0, A>0,

describing a rotating black hole.

Main properties:
@ depends on three parameters: cosmological constant A,
mass m and angular momentum J,

@ admits two Killing fields,

V(aKb) =0.
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What and Why?

Conserved quantities for geodesic motion:

@ energy E,
@ axial angular momentum L,

@ Carter constant C.

Carter constant and hidden symmetry: Kerr-de Sitter metric
also admits a Killing tensor K,

v(aKbc) =0

such that C := K,,p?p®, where p is the four-momentum.
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What and Why?

Origin of the hidden symmetry:
closed Conformal Killing-Yano (cCKY) 2-form Q,

VaQbe + 3855V Qqa = 0.
Killing tensor can be obtained by squaring xQ.

The most general solution of the vacuum Einstein field equations
with cosmological constant that admits a non-degenerate cCKY
tensor is the Kerr—-NUT—(anti-)de Sitter metric.

(Not closed) Conformal Killing-Yano (CKY) equation
VaQbe — V[ac‘?bc] + %ga[bdec]d =0.
CKY equation is conformally invariant under

g— %, Q— Q3Q

1P. Krtoug, V. P. Frolov, and D. Kubiziidk, Hidden symmetries of higher dimensional black holes and
uniqueness of the Kerr-NUT-(A)dS spacetime, Phys. Rev. D 78, 2008.
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What and Why?

Expected late-time behavior of black holes

Dynamical black holes settle down to a stationary final state
described by the Kerr-de Sitter solution

I

Generic black hole is an asymptotically Kerr-de Sitter spacetime

What necessary conditions must the spacetime satisfy to be
asymptotically Kerr—de Sitter?

Local characterization of Kerr-de Sitter spacetimes?
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Closed conformal Killing-Yano (cCKY) tensor

Kerr-de Sitter metric admits a cCKY 2-form Q satisfying

ﬁaébc + %ga[b@déc]d =0

Asymptotically (local) Kerr-de Sitter spacetime
Let M be a compactification of a spacetime satisfying:

@ conformal boundary ¥ of M has the same local intrinsic
conformal geometry as ¥ Kerr-de Sitter

@ there exists an asymptotic solution of the cCKY equation Q
such that s
Q = QKerr—de Sitter

¥ .
where = denotes equality on .

@ A > 0 and stress-energy tensor T vanishes on &
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What obstructs a spacetime from being locally asymptotically
Kerr-de Sitter? J

Compactification of a spacetime (M,g): (M, g,0), where

@ M is a compact manifold with boundary

e g := [g] is a conformal class of metrics

@ o := [p] is a conformal class of defining functions of the
boundary

Then
E=0""g

solves the Einstein field equations.
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cCKY equations corresponding to the physical metric g:

%a ébc - 6[a 6bc] + %Ea[b%déc]d =0, 6[a 6bc] =0.

@ Assume that the cCKY equations hold only asymptotically

@ Write the system in terms of the unphysical conformal class
of metrics and the conformal class of defining functions

@ Couple it to the Einstein field equations with stress-energy
tensor that vanishes on the conformal boundary

@ Look at constraints for solving the Einstein-cCKY system
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Conformal approach to Einstein-cCKY system

Let

Tap = 0Tap,

where 7,5 extends smoothly to >.

Normalization: A = 3.

Conformal Einstein system coupled to o

VaV50 +0Pab — 38ab(A0 + Pef0) = 30°Tab,
(V0)(Va0) — (A0 + Py?o) + 1= o7,

where P,y := Rap — %Rgab and ° denotes a trace-free part.
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Conformal approach to Einstein-cCKY system

6a§bc - %[a 6bc] + %Ea[bﬁdéc]d = 0(0)7
v[ach] = 0(o),

Conformal version coupled to o:

VaQpe — v[a ch] + %ga[bdeC]d = 0(04)7
Jv[;:'ch] - 3(v[aa—)(‘?bc] = O(US)'
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Constraints arising from Einstein-cCKY system
Conformally covariant Einstein-cCKY system coupled to o
To be solved for o and Q:

asymptotic [ VaVb0 + 0Pay — 18ab(A0 + Pc0) = 30° %,
(V°0) (Vo) = $(Bo + Po) + 1= %o’

vacuum Einstein

asymptotic | VaQbe — V3 Qb + %ga[bvd Qqa = O(*),
<CKY |0V}, Qb — 3(V10) Qs = O(0°)

subject to Kerr-de Sitter boundary conditions at ¥.

Schematically, each equation has the following form:
£,.(0,Q)=0(c%), keN.

Constraints on ¥: Apply a conformally covariant normal deriva-
tive operator of normal order < k, evaluate on X:

(Vi+.)o0& (0.Q) =0, i<k,

where 1 is the unit normal vector to X.
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Conformal fundamental forms of ¥

Asymptotic vacuum Einstein system:
VaV0 +0Pab — 38ab(A0 + Peo) = 50 Fap,
(vaa)(v«aa) - %(AU + PaaO') +1= %0'37—

Constraints on the conformal boundary ¥

Subcritical conformal fundamental forms of ¥ vanish:
@ trace-free extrinsic curvature: Il,p,

@ electric part of the Weyl tensor: Wi,sp.

Fourth conformal fundamental form IV satisfies,

7b o z . _ —
V IV, = lim (0 17,;2) — %VaT,
c—0

where T is the projection onto Y, and is otherwise undetermined.

Boundary data for vacuum conformal Einstein system:
g and \Y
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Constraints arising from Einstein-cCKY system

Asymptotic cCKY equations

VaQpe — V[aC\)bc] + %ga[bdeC]d = 0(04)7
Uv[ach] - 3(v[aU)ch] = 0(05)'

At the second normal order,

o _ e >
2Iva[bQ—\rﬁ|c] + 8ap IVz:]erzvl—d =0, J

Algebraic constraint on the boundary data V.
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Determining 1\

Given
X
Q - QKerr—de Sitter

we can solve the algebraic constraint on IV to obtain
IV, = FARS,

where AK9S is a trace-free tensor determined by the geometry of

> and F is a function constrained by
=bre, I | _
VIV = lim (cr lTﬁa) - %VQT.
o—0

Vacuum solution. If 7,5, = 0, then F is constant,

-2
F:2m<1—|—§2> .
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Relation to quasi-local charges

Quasi-local charge 2

1 Q — .
CelM = — /N (.5 + 178,5) €27°N,

where £ is a conformal Killing vector, N a closed surface of ¥ and
7 is the unit normal to N in ¥.

Boyer-Lindquist chart (t,r,0,¢): Charges corresponding to 0;
and 0, evaluated on t = const. spheres S; can be written as

—2
quasi-local mass := Cp,[S:] = s%r/ (F +3 (1 + Jiz) ) ds?,
s2 m

quasi-local angular momentum := C% [St] = — 163nJ7 / Fsin?0dS?,

where dS? is the volume element of the unit sphere.

2A. Ashtekar, B. Bonga and A. Kesavan, Asymptotics with a positive cosmological constant: |. Basic frame-
work, Class. Quant. Grav. 32, 025004, 2015.
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Summary:

@ In asymptotically locally Kerr—de Sitter spacetimes, the
asymptotic cCKY equations impose an algebraic constraint on
the boundary-data tensor 1V,

e This constraint reduces IV to a single scalar function that
enters the definitions of the quasi-local mass and angular
momentum.

Based on:

Samuel Blitz and JK, Asymptotia of Kerr-de Sitter Black Holes,
Class. Quantum Grav. 42 20LT02, 2025.

Thank you!
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