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AQFT Algebraic QFT...
... and beyond

Algebraic quantum field theory

@ A convenient framework to investigate conceptual problems in QFT is
Algebraic Quantum Field Theory.
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AQFT Algebraic QFT...
... and beyond

Algebraic quantum field theory

@ A convenient framework to investigate conceptual problems in QFT is
Algebraic Quantum Field Theory.

@ Axiomatic framework of Haag-Kastler: a model is defined by associating to
each region O of Minkowski spacetime M an algebra 2/(O) (C*-algebra, more
generally a topological x-algebra) of observables that can be measured in O.

@ The physical notion of subsystems is realized by the condition of isotony, i.e.:
Oy C Oz = A(04) C A(O2). We obtain a net of algebras.

D)
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AQFT Algebraic QFT...
... and beyond

Further properties we want

One can also ask for further, physically motivated properties: causality and
time-slice axiom.

@ Causality: If Oy, 0> C M are spacelike separated (no causal curve joining
them)
then [A(O1),A(02)] = {0},
where [.,.] is the commutator in the sense of 2(O3), where O3 contains O
and Os.
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AQFT Algebraic QFT...
... and beyond

Further properties we want

One can also ask for further, physically motivated properties: causality and
time-slice axiom.

@ Causality: If Oy, 0> C M are spacelike separated (no causal curve joining
them)
then [A(O1),A(02)] = {0},
where [.,.] is the commutator in the sense of 2(O3), where O3 contains O
and Os.

@ Time-slice axiom: If V' is a neighborhood of a Cauchy-surface in O, then
AN) = A(0).
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AQFT Algebraic QFT...
... and beyond

QFT on curved spacetimes

@ Consider situations where GR has to be taken into
account but the quantum gravity effects are small.
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@ Consider situations where GR has to be taken into
account but the quantum gravity effects are small.

@ Replace M with another background M, e.g.
Schwarzschild, FLRW, de Sitter, .. ..
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QFT on curved spacetimes

@ Consider situations where GR has to be taken into
account but the quantum gravity effects are small.

@ Replace M with another background M, e.g.
Schwarzschild, FLRW, de Sitter, .. ..

@ Assign algebras 2((O) to regions O C M. Einstein
causality and time-slice axiom still hold.
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AQFT Algebraic QFT...
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QFT on curved spacetimes

@ Consider situations where GR has to be taken into
account but the quantum gravity effects are small.

@ Replace M with another background M, e.g.
Schwarzschild, FLRW, de Sitter, . ...

@ Assign algebras 2((O) to regions O C M. Einstein
causality and time-slice axiom still hold.

@ One can also assign algebras of observables to
globally hyperbolic spacetimes in a covariant way

@ For constructing physical models we often use
. More on that here: Perturbative
algebraic quantum field theory. An introduction for
mathematicians,
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AQFT Algebraic QFT.
... and beyond

What is the point?

@ In GR, individual points in manifolds have no
physical meaning.
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@ In GR, individual points in manifolds have no
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@ In (perturbative) QG this can be taken into account
by considering diffeomorphism-invariant
observables.
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What is the point?

@ In GR, individual points in manifolds have no
physical meaning.

@ In (perturbative) QG this can be taken into account
by considering diffeomorphism-invariant
observables.

@ As an example, consider relational observables.

@ Analogously, if we consider a background
spacetime with a given metric, points have
operational meaning up to transformations by
isometries rather than arbitrary diffeomorphisms
(discussed later).
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What is the point?

@ In GR, individual points in manifolds have no
physical meaning.

@ In (perturbative) QG this can be taken into account
by considering diffeomorphism-invariant
observables.

@ As an example, consider relational observables.

@ Analogously, if we consider a background
spacetime with a given metric, points have
operational meaning up to transformations by
isometries rather than arbitrary diffeomorphisms
(discussed later).

@ To fix this ambiguity we need a reference frame.
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AQFT Algebraic QFT.
... and beyond

What is the point?

@ In GR, individual points in manifolds have no
physical meaning.

@ In (perturbative) QG this can be taken into account
by considering diffeomorphism-invariant
observables.

@ As an example, consider relational observables.

@ Analogously, if we consider a background
spacetime with a given metric, points have
operational meaning up to transformations by
isometries rather than arbitrary diffeomorphisms
(discussed later).

@ To fix this ambiguity we need a reference frame.
@ And now we make it all quantum!
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AQFT Algebraic QFT.
... and beyond

Towards the full diffeomorphism invariance

@ Diffeomorphism invariant observables in perturbative quantum gravity from
pAQFT perspective have been introduced in [Brunetti-Fredenhagen-KR 2015].
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@ Diffeomorphism invariant observables in perturbative quantum gravity from
pAQFT perspective have been introduced in [Brunetti-Fredenhagen-KR 2015].

@ Consider gravity coupled to matter fields, collectively denoted by ¢. The
variables are I' = (g, ), where g is the metric.
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Towards the full diffeomorphism invariance

@ Diffeomorphism invariant observables in perturbative quantum gravity from
pAQFT perspective have been introduced in [Brunetti-Fredenhagen-KR 2015].

@ Consider gravity coupled to matter fields, collectively denoted by ¢. The
variables are I' = (g, ), where g is the metric.

@ Consider four scalars X}, n =0, ..., 3 which will parametrize points of

spacetime. The fields X! transform under diffeomorphisms x as
X)’(’;r =X'ox,
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AQFT Algebraic QFT.
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Towards the full diffeomorphism invariance

@ Diffeomorphism invariant observables in perturbative quantum gravity from
pAQFT perspective have been introduced in [Brunetti-Fredenhagen-KR 2015].

@ Consider gravity coupled to matter fields, collectively denoted by ¢. The
variables are I' = (g, ), where g is the metric.

@ Consider four scalars X}, n =0, ..., 3 which will parametrize points of

spacetime. The fields X! transform under diffeomorphisms x as
X)’(’;r = X[’f ox,
@ One can think of the choice of dynamical local coordinates X* as the

. See also [Donelly-Freidel 2016], earlier works
by [Dittrich, Giesel, Rovelli, Thiemann, Bergmann-Komar, Brown-Kuchar. .. ].
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AQFT Algebraic QFT.
... and beyond

Towards the full diffeomorphism invariance

@ Diffeomorphism invariant observables in perturbative quantum gravity from
pAQFT perspective have been introduced in [Brunetti-Fredenhagen-KR 2015].

@ Consider gravity coupled to matter fields, collectively denoted by ¢. The
variables are I' = (g, ), where g is the metric.

@ Consider four scalars X}, n =0, ..., 3 which will parametrize points of

spacetime. The fields X! transform under diffeomorphisms x as
X)’(’;r =X'ox,
@ One can think of the choice of dynamical local coordinates X* as the
. See also [Donelly-Freidel 2016], earlier works

by [Dittrich, Giesel, Rovelli, Thiemann, Bergmann-Komar, Brown-Kuchar. .. ].
@ Fix a background 'y such that the map

Xrg i X (XE - XE)

is injective.
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AQFT Algebraic QFT.
... and beyond

Relational observables

@ Take I' =y + v sufficiently near to 'y and set

ar = X" o X, .
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AQFT Algebraic QFT.
... and beyond

Relational observables

@ Take I' =y + v sufficiently near to 'y and set
ar = X" o X, .

@ qar transforms under diffeomorphisms as

1
Qyxr =X ocar.
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Relational observables

AQFT Algebraic QFT.
... and beyond

@ Take I' =y + v sufficiently near to 'y and set
ar = X" o X, .

@ qar transforms under diffeomorphisms as
Qy+[ = )(1 oar.
@ Take another local field Ar(x) (e.g. a metric scalar).
Then Ar := Ar o ar is invariant under diffeomorphisms.
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Relational observables

AQFT Algebraic QFT.
... and beyond

@ Take I' =y + v sufficiently near to 'y and set
ar = X" o X, .

@ qar transforms under diffeomorphisms as
Qy+[ = )(1 oar.
@ Take another local field Ar(x) (e.g. a metric scalar).
Then Ar := Ar o ar is invariant under diffeomorphisms.

@ Such semi-local observables have been quantized in the
framework of pAQFT.
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Relational observables

AQFT Algebraic QFT.

... and beyond

@ Take I' =y + v sufficiently near to 'y and set
ar = X" o X, .

@ or transforms under diffeomorphisms as
Qy+[ = )(1 oar.
@ Take another local field Ar(x) (e.g. a metric scalar).
Then Ar := Ar o ar is invariant under diffeomorphisms.
@ Such semi-local observables have been quantized in the
framework of pAQFT.

@ Under construction: phrase this in the language of
operational QRFs.
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AQFT Algebraic QFT.
... and beyond

Examples

@ On generic backgrounds gy, without matter, one can use traces of the powers
of the Ricci operator:

X§ = Tr(R®), ae{1,2,3,4}
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@ More examples: [Bergmann 61, Bergmann-Komar 60].
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@ On generic backgrounds gy, without matter, one can use traces of the powers
of the Ricci operator:

X§ = Tr(R®), ae{1,2,3,4}

@ More examples: [Bergmann 61, Bergmann-Komar 60].

@ When matter fields are present in the model, also these can serve as
coordinates, e.g. the dust fields in the Brown-Kuchaf model [Brown-Kuchaf 95];
four scalar fields coupled to the metric.
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AQFT Algebraic QFT.
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Examples

@ On generic backgrounds gy, without matter, one can use traces of the powers
of the Ricci operator:

X§ = Tr(R®), ae{1,2,3,4}

@ More examples: [Bergmann 61, Bergmann-Komar 60].

@ When matter fields are present in the model, also these can serve as
coordinates, e.g. the dust fields in the Brown-Kuchaf model [Brown-Kuchaf 95];
four scalar fields coupled to the metric.

@ For an explicit construction on a cosmological background see my work with
R. Brunetti, K. Fredenhagen, T.-P. Hack and N. Pinnamonti: Cosmological
perturbation theory and quantum gravity, [JHEP 2016].
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AQFT Algebraic QFT.
... and beyond

Examples

@ On generic backgrounds gy, without matter, one can use traces of the powers
of the Ricci operator:

Xga := Tr(R?), ae{1,2,3,4}

@ More examples: [Bergmann 61, Bergmann-Komar 60].

@ When matter fields are present in the model, also these can serve as
coordinates, e.g. the dust fields in the Brown-Kuchaf model [Brown-Kuchaf 95];
four scalar fields coupled to the metric.

@ For an explicit construction on a cosmological background see my work with
R. Brunetti, K. Fredenhagen, T.-P. Hack and N. Pinnamonti: Cosmological
perturbation theory and quantum gravity, [JHEP 2016].

@ See also papers by Fréb et. al. [JCAP 2017, CQG 2018].
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AQFT Algebraic QFT.

... and beyond

The (p)AQFT perspective on quantum observables

Perturbative algebraic quantum field theory (pAQFT) is a
framework that allows to build interacting QFT models
on curved spacetimes using

From classical to quantum

pAQFT is a machinery to turn functionals of classical
field configurations (classical observables) into quantum
observables.

The choice of diffeomorphism invariant objects is made
on the classical level.
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AQFT Algebraic QFT.
... and beyond

Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.
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AQFT Algebraic QFT.
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Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.

@ Configuration space £(M): choice of objects we want to study in our theory
(scalars, vectors, tensors,...).
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curves.
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@ Typically £(M) is a space of smooth sections of some vector bundle E = M
over M.
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Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.

@ Configuration space £(M): choice of objects we want to study in our theory
(scalars, vectors, tensors,...).

@ Typically £(M) is a space of smooth sections of some vector bundle E = M
over M.
e For the scalar field: £(M) = C*°(M,R).
e For Yang-Mills with trivial bundle: £(M) = Q'(M, ¢), where t is a Lie algebra of a
compact Lie group.
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AQFT Algebraic QFT.
... and beyond

Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.

@ Configuration space £(M): choice of objects we want to study in our theory
(scalars, vectors, tensors,...).

@ Typically £(M) is a space of smooth sections of some vector bundle E = M
over M.
e For the scalar field: £(M) = C*°(M,R).
e For Yang-Mills with trivial bundle: £(M) = Q'(M, ¢), where t is a Lie algebra of a
compact Lie group.
o For effective QG: (M) = I((T*M)%2).
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AQFT Algebraic QFT.
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Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.

@ Configuration space £(M): choice of objects we want to study in our theory
(scalars, vectors, tensors,...).
@ Typically £(M) is a space of smooth sections of some vector bundle E = M
over M.
e For the scalar field: £(M) = C*°(M,R).
e For Yang-Mills with trivial bundle: £(M) = Q'(M, ¢), where t is a Lie algebra of a
compact Lie group.
o For effective QG: (M) = I((T*M)%2).
@ Classical observables are functions on £(M) itself, i.e. elements of
C*(E(M),C). For simplicity of notation we drop M from notation.
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AQFT Algebraic QFT.
... and beyond

Physical input

@ A globally hyperbolic spacetime M (has a Cauchy surface, i.e. intial value
problem makes sense). On such spacetimes there are no closed causal
curves.

@ Configuration space £(M): choice of objects we want to study in our theory
(scalars, vectors, tensors,...).
@ Typically £(M) is a space of smooth sections of some vector bundle E = M
over M.
e For the scalar field: £(M) = C*°(M,R).
e For Yang-Mills with trivial bundle: £(M) = Q'(M, ¢), where t is a Lie algebra of a
compact Lie group.
o For effective QG: (M) = I((T*M)%2).
@ Classical observables are functions on £(M) itself, i.e. elements of
C*(E(M),C). For simplicity of notation we drop M from notation.

@ Dynamics: we use a modification of the Lagrangian formalism (fully covariant).

Kasia Rejzner Relational observables and quantum reference frames



AQFT Algebraic QFT.
... and beyond

Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of
M).
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Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of
M).

@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).
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AQFT Algebraic QFT.
... and beyond

Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of
M).

@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).

@ Examples:
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AQFT Algebraic QFT.
... and beyond

Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of

M).
@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).
@ Examples:
1 1
° L(f)¥l =/<§w2+gvusﬂv“s@)fdug,

M
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Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of

M).
@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).
@ Examples:
1 1
° L(f)¥l =/<§w2+gvusﬂv“s@)fdug,

M
o L(N[A = —% / f tr(F A +F), F being field strength for A,
M
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AQFT Algebraic QFT.
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Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of

M).
@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).
@ Examples:
1 1
° L(f)¥l =/<§w2+gvusﬂv“s@)fdug,

M
o L(N[A = —% / f tr(F A +F), F being field strength for A,

M
° L(flg) = [ Alo]fduy
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AQFT Algebraic QFT.
... and beyond

Dynamics

@ Dynamics is introduced by a generalized lagrangian L, which is a Lagrangian
density integrated with a cutoff (to avoid problems with non-compactness of

M).
@ More precisely, L : D — Fioc, Where D(M) = C5°(M, R).
@ Examples:
1 1
° L(f)¥l =/<§w2+gvusﬂv“s@)fdug,

M
o L(N[A = —% / f tr(F A +F), F being field strength for A,

M
° L(flg) = [ Alo]fduy

@ Note: In the dynamical coordinate approach, f depends on the dynamical
coordinates!
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AQFT Algebraic QFT.
... and beyond

Classical Dynamics

@ Let L be a generalized Lagrangian and ¢ € £.
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AQFT Algebraic QFT.
... and beyond

Classical Dynamics

@ Let L be a generalized Lagrangian and ¢ € £.
@ The Euler-Lagrange derivative of L is a 1-form on £ defined by

(o)) = [ 5200 (o)),

where pg € £, ¢ € Ecand f =1 on supp .
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AQFT Algebraic QFT.
... and beyond

Classical Dynamics

@ Let L be a generalized Lagrangian and ¢ € £.
@ The Euler-Lagrange derivative of L is a 1-form on £ defined by
. OL(f)

(dLipo).v) = [ 5500,

where pg € £, ¢ € Ecand f =1 on supp .
@ The field equation is:

dL(¢) =0,
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AQFT Algebraic QFT.
... and beyond

Classical Dynamics

@ Let L be a generalized Lagrangian and ¢ € £.
@ The Euler-Lagrange derivative of L is a 1-form on £ defined by
. OL(f)

(dLipo).v) = [ 5500,

where pg € £, ¢ € Ecand f =1 on supp .
@ The field equation is:

dL(¢) =0,
@ ltis a differential equation (i.e. local) and we assume that it is normally
hyperbolic (essentially a wave equation).
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AQFT Algebraic QFT.
... and beyond

Propagators

@ Start with a globally hyperbolic spacetime M and a quadratic Lagrangian L,
leading to a normally hyperbolic linear PDE: Py = 0.
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Propagators

@ Start with a globally hyperbolic spacetime M and a quadratic Lagrangian L,
leading to a normally hyperbolic linear PDE: Py = 0.

@ In this case, we our disposal retarded and advanced Green functions AAR
and their difference is the commutator function A = AR — AA,
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Propagators

@ Start with a globally hyperbolic spacetime M and a quadratic Lagrangian L,
leading to a normally hyperbolic linear PDE: Py = 0.

@ In this case, we our disposal retarded and advanced Green functions AAR
and their difference is the commutator function A = AR — AA,

@ We add to éA a symmetric distribution H with PyH(x,y) =0 = P,H(x,y), so

that the resulting W = éA + H is of positive type and has a particularly nice

singluarity structure (it ends up being the 2-point function of a Hadamard state
for the quantized theory).
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AQFT Algebraic QFT.
... and beyond

Propagators

@ Start with a globally hyperbolic spacetime M and a quadratic Lagrangian L,
leading to a normally hyperbolic linear PDE: Py = 0.

@ In this case, we our disposal retarded and advanced Green functions AAR
and their difference is the commutator function A = AR — AA,

@ We add to éA a symmetric distribution H with PyH(x,y) =0 = P,H(x,y), so

that the resulting W = éA + H is of positive type and has a particularly nice

singluarity structure (it ends up being the 2-point function of a Hadamard state
for the quantized theory).

@ We introduce the Feynman propagator A" = é(AR + A™) + H. This is much
more singular than W! this is the source of divergences in QFT.
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AQFT Algebraic QFT.
... and beyond

Time-ordered product

@ Denote D; = <hAF,
0pidp;
supports define their time-ordered product by

Ta(Fi @@ Fo)(e) =exp( > Dy)(Fi(1). .. Fa(en))

1<i<j<n

> and for Fq,..., Fn € Foc With pariwise disjoint

P1==pp=ep
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supports define their time-ordered product by

Ta(Fi @@ Fo)(e) =exp( > Dy)(Fi(1). .. Fa(en))

1<i<j<n

> and for Fq,..., Fn € Foc With pariwise disjoint

P1==pp=ep

@ This has to be extended to arguments with arbitrary support and is done by
means of Epstein-Glaser renormalization.
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Time-ordered product

@ Denote D; = <hAF,
0pidp;
supports define their time-ordered product by

Ta(Fi @@ Fo)(e) =exp( > Dy)(Fi(1). .. Fa(en))

1<i<j<n

> and for Fq,..., Fn € Foc With pariwise disjoint

P1==pp=ep

@ This has to be extended to arguments with arbitrary support and is done by
means of Epstein-Glaser renormalization.

@ In Epstein-Glaser (EG) renormalization one constructs 7, inductively (in n)
and at each step 7,s are required to satisfy the Epstein-Glaser axioms.
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AQFT Algebraic QFT.
... and beyond

Time-ordered product

@ Denote D; = <hAF,
0pidp;
supports define their time-ordered product by

Ta(Fi @@ Fo)(e) =exp( > Dy)(Fi(1). .. Fa(en))

1<i<j<n

> and for Fq,..., Fn € Foc With pariwise disjoint

P1==pp=ep

@ This has to be extended to arguments with arbitrary support and is done by
means of Epstein-Glaser renormalization.

@ In Epstein-Glaser (EG) renormalization one constructs 7, inductively (in n)
and at each step 7,s are required to satisfy the Epstein-Glaser axioms.

@ One of the crucial axioms is Causal factorisation property:

771(V17"‘7Vn) :77((V17"‘7Vk)*ﬁ)*k(vk+1u"'vvﬂ)7
if supp V1, ...,supp V, not later than supp Vi, ..., supp V.
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... and beyond

S-matrix and interacting fields

@ Define the time-ordered product by:

FrG=T(T'F-TG)
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AQFT Algebraic QFT.
... and beyond

S-matrix and interacting fields

@ Define the time-ordered product by:

FrG=T(T'F-TG)

iF /h

@ Define S-matrices S(F) = e/, fro local F
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AQFT Algebraic QFT.
... and beyond

S-matrix and interacting fields

@ Define the time-ordered product by:

FrG=T(T'F-TG)

o Define S-matrices S(F) — €/", fro local F

@ This also works for relational semi-local observables, seen as formal power
series in the perturbation field and in #.
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AQFT Algebraic QFT.
... and beyond

S-matrix and interacting fields

@ Define the time-ordered product by:

FrG=T(T'F-TG)

o Define S-matrices S(F) — €/", fro local F

@ This also works for relational semi-local observables, seen as formal power
series in the perturbation field and in #.

@ Define interacting fields: Rr(G) = (egf/f”)‘1 * (ef/f” -7 G) is the interacting
quantum observable corresponding to a classical observable G, where the
interaction is given by F.
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AQFT Algebraic QFT.
... and beyond

S-matrix and interacting fields

@ Define the time-ordered product by:

FrG=T(T'F-TG)

o Define S-matrices S(F) — €/", fro local F

@ This also works for relational semi-local observables, seen as formal power
series in the perturbation field and in #.

@ Define interacting fields: Rr(G) = (egf/f”)‘1 * (ef/f” -7 G) is the interacting
quantum observable corresponding to a classical observable G, where the
interaction is given by F.

@ Relational observables quantised! To do: connection to QRFs.
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QRFs and measurement
QRFs QRFs from quantum fields

Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].

@ Couple 2 to some probe QFT B in compact coupling
zone K C M to obtain the coupled theory €. We also
have the uncoupled theory $ = 20 ® 8. Because of the
time-slice axiom there are maps 7 : (M) — ¢(M).
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].

@ Couple 2 to some probe QFT B in compact coupling
zone K C M to obtain the coupled theory €. We also
have the uncoupled theory $ = 20 ® 8. Because of the
time-slice axiom there are maps 7 : (M) — ¢(M).

@ Probe field is prepared in some initial state uncorrelated
to 2 state in pre-coupling region.
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].

@ Couple 2 to some probe QFT B in compact coupling
zone K C M to obtain the coupled theory €. We also
have the uncoupled theory $ = 20 ® 8. Because of the
time-slice axiom there are maps 7= : (M) — ¢(M).

@ Probe field is prepared in some initial state uncorrelated
to 2 state in pre-coupling region.

@ Probe observable B measured in post-coupling region.
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].

@ Couple 2 to some probe QFT B in compact coupling
zone K C M to obtain the coupled theory €. We also
have the uncoupled theory $ = 20 ® 8. Because of the
time-slice axiom there are maps 7= : (M) — ¢(M).

@ Probe field is prepared in some initial state uncorrelated
to 2 state in pre-coupling region.

@ Probe observable B measured in post-coupling region.

@ Expectation value of B corresponds to expectation value
of induced system observable A localisable in region
containing K.
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Measurement in QF T

How to perform a measurement for some QFT 2( on a spacetime M? [Fewster and
Verch 2020].

@ Couple 2 to some probe QFT B in compact coupling
zone K C M to obtain the coupled theory €. We also
have the uncoupled theory $ = 20 ® 8. Because of the
time-slice axiom there are maps 7= : (M) — ¢(M).

@ Probe field is prepared in some initial state uncorrelated
to 2 state in pre-coupling region.

@ Probe observable B measured in post-coupling region.

@ Expectation value of B corresponds to expectation value
of induced system observable A localisable in region
containing K.

@ Such scheme is interpreted as measurement of A.
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Measurement and background symmetry

@ Given G a symmetry group of the spacetime
metric (isometry group), assume 2 and B
respect this symmetry (they are
G-covariant). However, the coupling in K
typically breaks the symmetry.

Kasia Rejzner

Relational observables and quantum reference frames



QRFs and measurement
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Measurement and background symmetry

@ Given G a symmetry group of the spacetime
metric (isometry group), assume 2l and B
respect this symmetry (they are
G-covariant). However, the coupling in K
typically breaks the symmetry.

@ Action of g € G transforms coupled theory to
‘translated’ coupled theory with coupling
zone g.K. In Minkowski, we could think of
moving our experiment somewhere else or
performing it at a different time.
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Measurement and background symmetry

@ Given G a symmetry group of the spacetime
metric (isometry group), assume 2l and B
respect this symmetry (they are
G-covariant). However, the coupling in K
typically breaks the symmetry.

@ Action of g € G transforms coupled theory to
‘translated’ coupled theory with coupling
zone g.K. In Minkowski, we could think of
moving our experiment somewhere else or
performing it at a different time.

@ A transformation of the measurement
scheme leads to covariant transformation of
induced system observable A — a(g)A.
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Labelling the measurement schemes

@ The coupled theory can only be distinguished from the
g-transformed one by specifying a physical system (that
transforms under G) to act as a reference frame.
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Labelling the measurement schemes

@ The coupled theory can only be distinguished from the
g-transformed one by specifying a physical system (that
transforms under G) to act as a reference frame.

@ For a fully quantum description we need a quantum reference
frame (QRF), so measurement of quantum fields in
spacetimes with symmetry requires the specification of a
QRF, with a G-covariant observable.
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Labelling the measurement schemes

@ The coupled theory can only be distinguished from the
g-transformed one by specifying a physical system (that
transforms under G) to act as a reference frame.

@ For a fully quantum description we need a quantum reference
frame (QRF), so measurement of quantum fields in
spacetimes with symmetry requires the specification of a
QRF, with a G-covariant observable.

@ Physical observables are elements of the combined
observable algebra of the system and reference frames that
are invariant under the combined actions of G, i.e.

(As ® AR)C.
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Labelling the measurement schemes

@ The coupled theory can only be distinguished from the
g-transformed one by specifying a physical system (that
transforms under G) to act as a reference frame.

@ For a fully quantum description we need a quantum reference
frame (QRF), so measurement of quantum fields in
spacetimes with symmetry requires the specification of a
QRF, with a G-covariant observable.

@ Physical observables are elements of the combined
observable algebra of the system and reference frames that
are invariant under the combined actions of G, i.e.

(As ® AR)C.

@ Approaches to QRFs
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)

@ H a separable Hilbert space,
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)

@ H a separable Hilbert space,

@ E : Bor(X) — B(*) a normalised positive operator valued measure (POVM)
with ¥ = G/H a topological G-space with H C G closed,
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)

@ H a separable Hilbert space,

@ E : Bor(X) — B(*) a normalised positive operator valued measure (POVM)
with ¥ = G/H a topological G-space with H C G closed,

@ U: G — U(H) a strongly continuous unitary rep. of G,
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)

@ H a separable Hilbert space,

@ E : Bor(X) — B(*) a normalised positive operator valued measure (POVM)
with ¥ = G/H a topological G-space with H C G closed,

@ U: G — U(H) a strongly continuous unitary rep. of G,
such that for all X € Bor(X), g € G we have

U(9)E(X)U(9)* = E(9-X).
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Operational quantum reference frames

Following the approach of CGL [Carette, Glowacki, Loveridge 2023] we define an
operational QRF for a ‘sufficiently nice’ group G as a triple (U, E, H)

@ H a separable Hilbert space,

@ E : Bor(X) — B(*) a normalised positive operator valued measure (POVM)
with ¥ = G/H a topological G-space with H C G closed,

@ U: G — U(H) a strongly continuous unitary rep. of G,
such that for all X € Bor(X), g € G we have

U(9)E(X)U(9)* = E(9-X).

A QREF is called sharp if E is a PVM (and unsharp otherwise). It is compactly
stabilised if H is compact.
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Example: particle on a line

X
A QRF (A, P, H) for translation group R (with ¥ = R)

H=L2R), QW) =vx—y).  (PX))(x) = xx(x)p(x).

Here P the spectral (projection valued) measure of position operator x and
A(y) = exp(—ipy) left translation generated by momentum. Formally, we thus have

AYPX)AY)" = P(X +y) < [x,p] =i
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Current and future research

Examples of QRFs in (p)AQFT:

@ Another QM system, e.g. a single particle, harmonic
oscillator, etc. [Fewster-Janssen-Loveridge-KR-Waldron, CMP 2024],
generalizing [Chandrasekaran-Longo-Penington-Witten 2023]. Similar
methods apply also to QFT on Schwarzschild spacetime
exterior or the Rindler wedge.
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Current and future research

Examples of QRFs in (p)AQFT:

@ Another QM system, e.g. a single particle, harmonic
oscillator, etc. [Fewster-Janssen-Loveridge-KR-Waldron, CMP 2024],
generalizing [Chandrasekaran-Longo-Penington-Witten 2023]. Similar
methods apply also to QFT on Schwarzschild spacetime
exterior or the Rindler wedge.

@ Another QFT [Fewster-Janssen-KR, arXiv:2508.20939], where QRF

is given by edge modes in electromagnetism on a spacetime
with boundary.
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Current and future research

Examples of QRFs in (p)AQFT:

@ Another QM system, e.g. a single particle, harmonic
oscillator, etc. [Fewster-Janssen-Loveridge-KR-Waldron, CMP 2024],
generalizing [Chandrasekaran-Longo-Penington-Witten 2023]. Similar
methods apply also to QFT on Schwarzschild spacetime
exterior or the Rindler wedge.

@ Another QFT [Fewster-Janssen-KR, arXiv:2508.20939], where QRF
is given by edge modes in electromagnetism on a spacetime
with boundary.

@ Asymptotic degrees of freedom (work in progress, related to
older ideas by Herdegen, Staruszkiewicz).
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Current and future research

Examples of QRFs in (p)AQFT:

@ Another QM system, e.g. a single particle, harmonic
oscillator, etc. [Fewster-Janssen-Loveridge-KR-Waldron, CMP 2024],
generalizing [Chandrasekaran-Longo-Penington-Witten 2023]. Similar
methods apply also to QFT on Schwarzschild spacetime
exterior or the Rindler wedge.

@ Another QFT [Fewster-Janssen-KR, arXiv:2508.20939], where QRF
is given by edge modes in electromagnetism on a spacetime
with boundary.

@ Asymptotic degrees of freedom (work in progress, related to
older ideas by Herdegen, Staruszkiewicz).

@ Dynamical coordinate fields [Brunetti-Fredenhagen-KR, CMP 2016].
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EM on spacetimes with corners

We consider electromagnetism on spacetimes with boundaries and corners.
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EM on spacetimes with corners

We consider electromagnetism on spacetimes with boundaries and corners.

Finite Cauchy lens compact spacetlme N with boundary ON = T UL and
(smooth) corner /N = stnT —ox°

>
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QRFs for EM corner symmetries

@ Given external current J, fields are 1-forms A € Q'(N), with action

S(A):—/;dA/\*dA+A/\*J.
N
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QRFs for EM corner symmetries

@ Given external current J, fields are 1-forms A € Q'(N), with action

S(A):—/;dA/\*dA+A/\*J.
N

@ The solution space for the equations of motion is
SolY(N) = {A e Q'(N) : —d*dA = J}.
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QRFs for EM corner symmetries

@ Given external current J, fields are 1-forms A € Q'(N), with action

S(A) = —/;dA/\*dA+A/\*J.
N
° The solution space for the equations of motion is
SolY(N) = {A e Q'(N) : —d*dA = J}.
@ We quotient by gauge symmetries that vanish at the corner
¢(N) =d{A e Q°N):A | =0} and obtain Sol(N) = Sol’(N)/4(N)
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QRFs for EM corner symmetries

@ Given external current J, fields are 1-forms A € Q'(N), with action

1
S(A) = —/2dA/\*dA+A/\*J.
N
° The solution space for the equations of motion is
SolY(N) = {A e Q'(N) : —d*dA = J}.
@ We quotient by gauge symmetries that vanish at the corner
¢(N) =d{A e Q°N):A | =0} and obtain Sol(N) = Sol’(N)/4(N)
@ The remaining gauge directions are form a group of corner symmetries
[dA] € 9,(N) = Q' (N)/9(N),
with non-vanishing Noether charges [A] — (n,sE. A ) . measuring electric
fluxes through the corner ZN.
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QRFs for EM corner symmetries

@ Given external current J, fields are 1-forms A € Q'(N), with action

S(A) = —/;dA/\*dA+A/\*J.
N
° The solution space for the equations of motion is
SolY(N) = {A e Q'(N) : —d*dA = J}.
@ We quotient by gauge symmetries that vanish at the corner
¢(N) =d{A e Q°N):A | =0} and obtain Sol(N) = Sol’(N)/4(N)
@ The remaining gauge directions are form a group of corner symmetries

[dA] € 9,(N) = Q'(N)/%(N),
with non-vanishing Noether charges [A] — (n,sE. A ) . measuring electric

fluxes through the corner ZN.
@ We want a QRF for this group!
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Classical observables

Classical observables given by smearing of initial data on ¥ ¢ N.
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Classical observables

Classical observables given by smearing of initial data on ¥ ¢ N.

Smearing the vector potential A at ¥ with
co-closed F € Q}.(X)
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Classical observables

Classical observables given by smearing of initial data on ¥ ¢ N.

Smearing the vector potential A at Y with  Smearing the electric field E at ¥ with
co-closed F € Q}. (%) forms H € Q' (%)
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Classical observables

Classical observables given by smearing of initial data on ¥ ¢ N.

Smearing the vector potential A at Y with  Smearing the electric field E at ¥ with
co-closed F € Q}. (%) forms H € Q' (%)

These ‘equal-time’ observables satisfy {A(F), E(H)} = (F. H)s 1.
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QRFs for EM corner symmetries

@ The algebra of semi-local observables is the Weyl C*-algebra
of the symplectic space of observables, i.e.
Asioc(N) =2 Weyl(Sol,(N), o).
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QRFs for EM corner symmetries

@ The algebra of semi-local observables is the Weyl C*-algebra
of the symplectic space of observables, i.e.

Asioc(N) =2 Weyl(Sol,(N), o).

@ For ‘sufficiently nice’ N, the algebra 2/(N) admits a Hadamard
state (singularity structure similar to the Minkowski vacuum),
yielding Fock space representation = : 2A(N) — B(?) and von

Neumann algebra 7(2(N))".
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QRFs for EM corner symmetries

@ The algebra of semi-local observables is the Weyl C*-algebra
of the symplectic space of observables, i.e.

Asioc(N) =2 Weyl(Sol,(N), o).

@ For ‘sufficiently nice’ N, the algebra 2/(N) admits a Hadamard
state (singularity structure similar to the Minkowski vacuum),
yielding Fock space representation = : 2A(N) — B(#) and von

Neumann algebra 7(2(N))".
@ Auxiliary surface fields ¢ € Q°(9X) play the role of QRF.
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QRFs for EM corner symmetries

@ The algebra of semi-local observables is the Weyl C*-algebra
of the symplectic space of observables, i.e.
Asioc(N) =2 Weyl(Sol,(N), o).

@ For ‘sufficiently nice’ N, the algebra 2/(N) admits a Hadamard
state (singularity structure similar to the Minkowski vacuum),
yielding Fock space representation 7 : 2(N) — B(H) and von

Neumann algebra 7(2(N))".
@ Auxiliary surface fields ¢ € Q°(9X) play the role of QRF.

@ Given a QRF and a “bare” observable a, there is a map ¥
that assigns to it the relativised (dressed) observables ¥ (a).
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Relativised observables

@ Relativisation (open loop) = attaching the open loop to the corner QRF.
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Relativised observables

(-

@ Relativisation (open loop) = attaching the open loop to the corner QRF.
@ Another interpretation: gluing two pieces of a cut loop.
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Relativised observables

@ Relativisation (open loop) = attaching the open loop to the corner QRF.
@ Another interpretation: gluing two pieces of a cut loop.

@ Loops in partition 2 act as a QRF for loops in partition 1 and we construct the
gluing map:

¥ : A(Ny) = ™1 (Usioc(N1))” @ m2(Asioc(N2))”,

injective C*-algebra homeomorphism.
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