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Gravitational Instantons

Gravitational Instantons (Hawking 1977): solutions to the four-dimensional
Einstein or Einstein–Maxwell equations in Riemannian signature which give
complete metrics and asymptotically ‘look-like’ flat space.

Semiclassical (WKB) insight into quantum gravity. Only requires the
validity of GR as a low energy theory.

Some instantons are analytic continuations of Lorentzian black–hole
solutions (e. g. Euclidean Schwarzschild).

This talk: review some old and new examples. Present a new
gravitational instanton in Einstein–Maxwell theory which disproves
the Riemannian ‘black hole uniqueness’ conjecture in
Einstein–Maxwell theory.

Einstein–Maxwell theory (M, g,A ∈ Λ1(M))

F = dA, d ⋆g F = 0, Ricci = 2F+ ◦ F−

where F± ≡ 1

2
(F ± ⋆gF ), (G ◦H)ab ≡ GacHb

c.
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Euclidean Reissner–Nordström Instanton

Reissner–Nordström (RN) metric (Reissner 1916)

g = f−1dr2 − fdt2 + r2(dθ2 + sin2 θdϕ2), A =
Q

r
dt

f = 1− 2m

r
+

Q2

r2

=
1

r2
(r − r+)(r − r−), r± = m±

√
m2 −Q2, |Q| ≤ m.

Removable singularity at r = r+ (outer event horizon), and r = r−
(inner Cauchy horizon). Essential singularity at r = 0.

RN instanton: t = iτ, F → ⋆F, r+ < r < ∞. Near r = r+

g ≈ dρ2 + κ+
2ρ2dτ2 + r+

2(dθ2 + sin2 θdϕ2), where

κ+ =
1

2
f ′(r+), ρ2 = 2

r − r+
κ+

, τ ∼ τ +
2π

κ+
.

Kerr–Newman black holes → Euclidean Kerr–Newman instantons.
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RN thermodynamics, THawking = const× κ+

Q = 0. Schwarzschild black hole. τ ∼ τ + 8πm.

|Q| = m. Extremal RN. τ not–periodic, THawking = 0.

Bardeen, Carter, Hawking, (1973): Third law of black hole
thermodynamics: Its is not possible to achieve extremal RN in
gravitational collapse.
Kehle and Unger (2022). Yes it is.
τ not periodic. Set ρ = m2/(r −m). H2 × S2 near r = m.

g ∼ m2
[ (r −m)2

m4
dτ2 +

1

(r −m)2
dr2 + (dθ2 + sin2 θdϕ2)

]
.
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ALF metrics

A complete regular four-dimensional Riemannian manifold (M, g)
which solves the Λ = 0 Einstein equations is called ALF
(asymptotically locally flat) if it approaches S1 bundle over S2 at
infinity.

lim
r→∞

g = (dτ + 2n cos θdϕ)2 + dr2 + r2(dθ2 + sin θ2dϕ2).

Asymptotically flat (AF)= the S1 bundle is trivial (so n = 0). E.g.
Euclidean Schwarzschild and Euclidean Kerr.

Lorentzian black hole uniqueness (Hawking, Carter, D. Robinson, . . . ).

Riemannian ‘black hole uniqueness’ conjecture: Euclidean
Schwarzschild and Kerr are the only AF gravitational instantons.
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The Chen–Teo instanton

Chen–Teo (2011, 2015) arXiv:1107.0763, arXiv:1504.01235:
Riemannian ‘black hole uniqueness’ conjecture is wrong.

Five parameter family of toric (two commuting Killing vectors)
Riemannian Ricci flat metrics containing a two–parameter sub–family
of AF gravitational instantons.

Exploits lack of positivity (needed for the Mazur identity) of the
harmonic map formulation: Riemannian target SL(2,R)/SO(2) in
(3 + 1), Lorentzian target SL(2,R)/SO(1, 1) in (4, 0).

One–sided type D (Aksteiner-Andersson 2024), Asymptotic charges
(Kunduri-Lucietti 2021), Twistor Theory (MD-Tod 2024), Rigidity
(Biquard–Gauduchon 2023), Tip of the iceberg (Li-Sun 2025).

Question: Does there exist an Einstein–Maxwell AF analogue?
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Some EM instantons: IWP metrics

ALF multicentered EM instantons

g =
1

U+U−
(dτ + ω)2 + U+U−dx

2

F = U+U− ⋆3 d(U
−1
+ + U−1

− )− 1

2
d(U−1

+ − U−
−1) ∧ (dτ + ω)

U± =
4π

β±
+

N±∑
m=1

(a±)m
|x− (x±)m|

, dω = U− ⋆3 dU+ − U+ ⋆3 dU−.

Regularity: need β+ = β− and

∑
(a+)m −N+ =

∑
(a−)n −N−

U±((x
∓)n)(a

∓)n = 1 ∀n, c1 = N+ −N−, AF iff N+ = N−

N± = 1, U+ = U−: Extreme Reissner–Nordström instanton.

Theorem (MD-Hartnoll CQG 2007): Riemannian IWP are the most
general EM instantons with super-covariantly constant Killing spinor.
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New Einstein-Maxwell AF Instantons

Riemannian black hole uniqueness conjecture in Einstein–Maxwell
theory: Any AF Einstein–Maxwell instanton belongs to the
Kerr–Newman, or Riemannian IWP family of solutions.

MD-Bernardo Araneda (PRL 2025): This conjecture is wrong:

Six–parameter family of toric, ALF, Einstein–Maxwell metrics.
Three–parameter sub–family (Q, ν, k) of toric, AF, one–sided type D
Einstein–Maxwell instantons. Q = 0: Chen-Teo’s Ricci-flat instantons.

Integrability techniques

Riemannian Harrison transformation of Chen–Teo Ricci–flat metrics.
Conformal to Kähler: special SU(∞) Toda monopole.
Reductions of anti–self–dual Yang–Mills equations with SL(3,C) gauge
group : twistor theory and harmonic maps.
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theory: Any AF Einstein–Maxwell instanton belongs to the
Kerr–Newman, or Riemannian IWP family of solutions.

MD-Bernardo Araneda (PRL 2025): This conjecture is wrong:

Six–parameter family of toric, ALF, Einstein–Maxwell metrics.
Three–parameter sub–family (Q, ν, k) of toric, AF, one–sided type D
Einstein–Maxwell instantons. Q = 0: Chen-Teo’s Ricci-flat instantons.

Integrability techniques
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Details (more than you wish for)

A quartic f with four real roots. Set

f = f(ξ) = a4ξ
4 + a3ξ

3 + a2ξ
2 + a1ξ + a0

Φ = f(x)y2 − f(y)x2

H = (νx+ y)[(νx− y +Q(x+ y))(a1 − a3xy)

−(2(1− ν)− 4Q)(a0 − a4x
2y2)]

G = [ν2a0 + 2νa3y
3 + (2ν − 1)a4y

4

−Q(νa1y + (2ν − 1)a3y
3 + 2(ν − 1)a4y

4)]f(x)

+[(1− 2ν)a0 − 2νa1x− ν2a4x
4

+Q(2(ν − 1)a0 + (2ν − 1)a1x+ νa3x
3)]f(y) + a2ν

2Φ.

Einstein–Maxwell metric

g =
kH

(x− y)3

( dx2

f(x)
− dy2

f(y)
−f(x)f(y)

kΦ
dϕ2

)
+

1

ΦH(x− y)
(Φdτ+Gdϕ)2.
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Rods and regularity

Torus action Ki = ∂/∂ϕi where ϕi = (ϕ, τ),

g = Ω2(dr2 + dz2) +Gijdϕ
idϕj , i, j = 1, 2

r2 = det(G) and ∗2dz = dr.

rank(G(0, z)) = 1 or 0 at turning points where Ki vanish.

Rod structure

Eliminate conical and orbifold singularities at the rods.

Make sure that
∫
M |F |2volg < ∞.

3–dimensional (Q, k, ν) moduli space of AF Einstein–Maxwell
instantons on M = CP2 \ S1.
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AF Einstein–Maxwell instantons.

Real roots of f : r1 < r2 < r3 < r4

,

r2 = −1, r3 =
(1− ν)(1 + r1)Q− ν2 + 2νr1 − 1

(1 + r1)((ν − 1)Q− 2ν)
, r4 = 0

r1
2 + 2

ν(Q+ ν)

Qν − 2ν − 1
r1 +

ν
(
Qν + ν2 −Q+ 1

)
(Q+ ν)

(Qν − 2ν − 1) (Qν −Q− 2ν)
= 0.
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Projective structures and Einstein metrics

P = [P 1, P 2, P 3] ∈ RP2, L = [L1, L2, L3] ∈ RP2
∗. Incidence relation

P · L ≡
∑
α

PαLα = 0 (I).

Conformal structure on X = RP2 × RP2
∗ \ I = SL(3,R)/GL(2,R):

(P,L) and (P̃ , L̃) lie on a null cone iff P, P̃ , L ∩ L̃ are colinear in X.

(P · L)(P̃ · L̃)− (P · L̃)(P̃ · L) = 0.

Infinitesimal: (2, 2) Einstein (R ̸= 0) metric with ASD Weyl tensor.

G = (P · L)−1dP · dL− (P · L)−2(L · dP )(P · dL) =
f−2(Φ+dΦ−dE+ +Φ−dΦ+dE− − (E− + E+)dΦ+dΦ− − dE+dE−)

where P = [Φ−, E−, 1], L = [−Φ+, 1, E+], f = P · L.

Projective structure: An equivalence class of affine connections
sharing the same unparametrised geodesics. Theorem (MD-Mettler
JGA 2018). There is a (2, 2) ASD Einstein metric associated to any
projective structure.
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Integrable techniques: U(1) symmetry.

EM, one Killing vector K. → Ernst potentials Ψ = (Φ+,Φ−, E+, E−)

dΦ± = 2K F±, dE± =
1

2
(d|K|2 ± ⋆gK ∧ dK) + Φ∓dΦ±.

3D Space of orbits (N,h)

g = f−1h+ f(dτ + η)2, f ≡ g(K,K), η ∈ Λ1(N)

Critical points Ψ : (N,h) → (X,G) of

E[h,Ψ] =

∫
N
(Rh + Trh(Ψ

∗G))volh. SL(3,R) : (h,Ψ) → (h,Ψ′).

Apply an isometry R∗ ⊂ SL(3,R) to Ricci–flat Chen–Teo with
F− = 0 and F+ = conf. to Kähler form. Group parameter=charge.

Special cases: extremal RN→ geodesics in (X,G).
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Integrable techniques: U(1)× U(1) symmetry.

Harmonic maps: ∃(r, z, ϕ1, ϕ2),Ω(r, z), G = Gij(r, z) such that

g = Ω2(dr2 + dz2) +Gijdϕ
idϕj , F± = dA±, A± = (A±)idϕ

i

0 = r−1∂r(rJ
−1∂rJ) + ∂z(J

−1∂zJ). (J)

where det J = r2 and

J =

−G11 − 2(A−)1(A+)1 −G12 − 2(A−)1(A+)2
√
2i(A−)1

−G12 − 2(A−)2(A+)1 −G22 − 2(A−)2(A+)2
√
2i(A−)2√

2i(A+)1
√
2i(A+)2 1

 .

Twistor Theory: (J) is symmetry reductions of self–dual Yang–Mills
with G = SL(3,C). Ward transform: Holomorphic vector bundles
over CP3 \ CP1 trivial on twistor lines . Programme: classify 3× 3
patching matrices for such vector bundles.
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Outlook

‘Modern view’ on gravitational instantons: volume growth of a ball of
large radius R: ALE: R4, ALF: R3, ALG: R2, ALH: R or R4/3.

Conjecture (Gibbons–Nakajima): All ALE Ricci–flat instantons are
hyper–Kähler. Search for counter–examples using integrability
(D-Mason-Tod, in progress).

Classify toric AF Einstein Maxwell instantons.

Find an analogue of (Einstein–Maxwell) Chen-Teo with Λ ̸= 0.
Integrability breaks down.

Thank You
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