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Theorem (PTC, Raphaela Wutte (2026))

Consider a 4d asymptotically locally AdS spacetime (.#, g) solving the Einstein
equations with N = —3, with sources decaying sufficiently fast and satisfying
the dominant energy condition. Suppose:

1. The conformal boundary at infinity .# admits either spherical sections, or
toroidal sections with compatible spin structure

2. # contains a complete spacelike hypersurface S
3. The conformal boundary .% is conformally static

Then the weighted holographic energy is non-negative:

QIS N .7, e "(g) = —/ e dSa > 0
S
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Setup

» We consider four-dimensional spacetimes (.#, g) solving the
Einstein equations with A < 0, and with matter fields,
decaying sufficiently fast, that satisfy the dominant energy
condition.

» We assume that spacetime admits a conformal completion,
with timelike 7.

» We assume .# contains a complete spacelike hypersurface S,
possibly with black hole boundaries

» We introduce a time coordinate such that S = {t = 0}
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which
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where §45 is the boundary metric, .# = {x = 0}, (y*) = (t,y?)

(2) ° ° . . N
> Yag = —(RAB — %RMB) determined by yag

3 . .
> (V)AB: globally defined; trace-free and divergence-free
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Holographic energy-momentum

Near .# = {x = 0} there exist Fefferman-Graham coordinates in
which

_ R (2) (3)
g=x"7 (dX2 + (’YAB + 325 ag + X2 ap + O(X4))dyAdyB)

. 3 (3
Holographic energy-momentum tensor: tag = Tox Y AB
7r

Holographic charges: Q[C, X](g) = —/’”yACtCBXBdSA

C
given vector field X on .# and a section C of .# [Papadimitriou,
Skenderis, '05]
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We have the identity, for ¢ > O:

L (0P + o+ o)) — S0 ) = / B(v) ds
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A S\{x<(}

where
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Vi=Vitsr,  BY)= (VY Vi)

With dominant energy condition and when ’yj@jd) =0:

OS/\WJIQduS?R/ B
S oS

Thus, when the Witten equation holds, a finite boundary integral,
together with a finite contribution of the matter fields, implies
square-integrability of WLM Conversely, square-integrability of
W@M together with a finite contribution of the matter fields implies
a finite boundary integral.
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Asymptotic expansion of solutions of the SLSWGHHP
equation
We use the orthonormal frame!
&3 =x0x, e;=x(&;+xf;)
with f; smooth on conformally completed manifold. In this frame

W06y = x 2 (Wi () + xx(x, %)

with x a bounded, polyhomogeneous spinor field.

The exponent —1/2 arises from the indicial exponents of the
Fuchsian SLSWGHHP equation

YV =0.

IHatted indices are frame indices here and in the following
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Finiteness of boundary integral, space-dimension three

|V| = O(x11€), € > 0, is necessary and sufficient for a finite
boundary integral when the matter fields provide a finite
contribution, e.g. in vacuum. One finds

p(x, y*) :Xfl/ziﬁ_%(yA)—I—Xl/zw%(yA)—i—... (1)

(1- ’.73)7,[)_% =0, f)ééiﬁ_% + ivs
where D is the spinor covariant derivative of Ya5.

By multiplying (2) with 4% we have 1[)% = —éyéﬁééw_%. Inserting
back into (2) yields
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1. Siklos waves at .# (later)
2. Conformally static .# (coming up)
3. Else?
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Solution to the twistor equation

Suppose the conformal class at . contains a static representative,
which can be chosen to be wultrastatic:

Y = —dt? + 5. dx?dx®,  Orap =0

Then 757"325551[)_% = 0 is the twistor equation on
(Z:={t=0} C 7, %)

This equation is conformally covariant. If we write, on X,
Y 1Ty
Yab = € Yab

where ¥ has constant scalar curvature, we have

P

="y 1, PP Ded_s = e 2Py Pe

N[

Solutions exist on S?, and T? with trivial spin structure



Solution to the Witten equation

Given the asymptotic values 1_ 1 and 1/11 determined so far we
would now like to find a solutlon to

YV =0.
Write

P06 y") = x V20 () 205 () + 606, v%),

’}/J@J(b = —’yjﬁj(xflpibi% +X1/2¢%) .

As the right-hand side is in L?(S), one can show that a solution
¢ € L2(8S) exists, s.t. the contribution of ¢ to the boundary term
vanishes (cf. [Bartnik, Chrusciel '05], [Chrusciel, Herzlich '03]).



Boundary integral
All calculations have already been done by Cheng and Skenderis arXiv:hep-th/0506123

The Witten boundary integral, before passing to x — 0, gives:

xR (6_3)T[(7"Pa)? + (Rea — $552)7"7A | w_y dis
SN{x=e}

+ Q[S N, X](g) +o(1)
with XA = (1_1)1094_,

When the asymptotic conditions are satisfied by :
» The first, seemingly divergent, term vanishes
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Boundary integral
All calculations have already been done by Cheng and Skenderis arXiv:hep-th/0506123

The Witten boundary integral, before passing to x — 0, gives:

| { }(w_%)f |(77Pa)? + (Rox — £350) 7| v_y dus
N{x=e

+ Q[S N, X](g) +o(1)
with XA = (1_1)1094_,

When the asymptotic conditions are satisfied by :
» The first, seemingly divergent, term vanishes

» The finite term Q[S N .#, X](g) is the holographic charge
associated with the boundary vector-field XA


arXiv:hep-th/0506123

Boundary integral = Holographic Charge

R [ Bi(y)dS = Q[SN.7, X](g)
o8
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» Under 3,5 = e2”$ab, the vector field transforms as
XA = e uXA
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Boundary integral = Holographic Charge

R [ Bi(y)dS = Q[SN.7, X](g)
o8
with XA = (w,%)w%%,%

» Under 3,5 = e2”$ab, the vector field transforms as
XA — e—U)?A
> XAisa Killing vector of Anti-de Sitter or a quotient thereof in
the case of toroidal conformal boundary
> XO future directed (e.g. X° = (1/1_%)Tw_% =[y_1[?>0)
> When XA = O¢, this is the holographic energy weighted by
e*U
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The main result

Theorem (PTC, Raphaela Wutte (2026))

Consider a 4d asymptotically locally AdS spacetime (.#, g) solving the Einstein
equations with N = —3, with sources decaying sufficiently fast and satisfying
the dominant energy condition. Suppose that:

1. The conformal boundary .% is conformally static

2. Z admits either spherical sections, or toroidal sections with compatible
spin structure

3. .# contains a complete spacelike hypersurface S

Then the weighted holographic energy is non-negative:

QSN .7, Xe “(g) := — / t*5XBe " dSp >0
S

Here 5.4 = e2“§ab with ; of constant curvature, when using an
ultrastatic representative § = —dt? + S, dx?dXxP, 0¥, =0
X causal, arises from spinor fields (e.g. 0¢)



In fact
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Ul = V(12 + (2?2 + ()2, ete.




In fact

In case of a spherical .#, letting 1)_1 run over all possible solutions
of the twistor equations above one concludes, that in the
zero-space-momentum frame the energy m, center of mass ¢, and
angular momentum fsatisfy

m> \JIER + [ +20e x 1, 3)

where € x fis the vector product, while
Ul = V(12 + (2?2 + ()2, ete.

For a toroidal .# with trivial induced spin structure one has instead

m> |, =2+ (2)?;
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Comments

QSN I, e "I](g) >0

» For any conformal Killing vector X of the conformal geometry
at infinity the integral

Qs N7, X](g)

is time-independent
» e Y0; is not a conformal Killing vector unless u is constant
» When u is not constant, 0;@ does not have to vanish: the
weighted energy can be radiated away, but there is a lower
bound by zero in any case
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A perturbative inequality

QSN .7,e "0:](g)>0

» At the Anti-de Sitter metric & we have DZQ|E > 0 (Abbott,
Deser .

> By continuity D?Q|z > 0 at nearby metrics.
> It follows that when g and g share the same conformal
infinity, are both close to anti-de Sitter g, with g # &,
vacuum, g static, it holds that
QSN .7,0:](g) > QIEN .7, 0:(g) - (4)

sign? <0




Relation between holographic and Hamiltonian energy

Our positivity bound does not require existence of a static
background metric

When 7 is conformally static, g, g are vacuum, and g satisfies
static vacuum equations to sufficiently high order

» The relative holographic energy equals the Hamiltonian energy
[Chrusciel, RW "26]:

QSN I, 0:(g) — QIS NI, 8:](g) = HI[S, 01 8l(g)



