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Outline

• GW lensing across different lensing regimes: methodological framework and 
some computational challenges 

• GW lensing and cosmology – the (partial) story so far…and looking ahead…
 -  Constraining dark matter profiles with gravitational waves

 -  Detecting signatures of microlensing in strongly-lensed GW events

 -  Constraining the Hubble expansion with strongly-lensed dark sirens

• Into the 2030s with LISA and 3G detectors:

 -  (Multi-messenger) challenges: weak lensing of GW sirens

 -  Multi-messenger opportunities: constraining higher dimensions

• Conclusions

With thanks to: Mick Wright, Eungwang Seo, Zhaofeng Wu, Charlie Mpetha, Justin Janquart, Otto Hannuksela, Xikai Shan, 
Rachel Gray, Bin Hu, Zhuotao Li, Andy Taylor, Guiseppe Congedo, Max Corman, Celia Rivera, Lok Chan, Lan Nguyen, Tjonnie Li
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Credit: Laura E. Uronen, CUHK
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Gravitational-wave lensing regimes

- Strong lensing

• Caused by large-mass objects (𝑀𝑙
𝑧 ≳ 108M⨀) 

  (e.g. galaxies and galaxy clusters)

• Geometrical optics is valid (Lens equation can be solved)

• Produces multiple signals (“images”)

• Large magnification

Credit: A. Field (STScI)

[Seo+’ 2022]

Microlensing

- Weak lensing

• Produces no multiple signals

• Moderate magnification

- Microlensing

• Caused by small-mass objects (𝑀𝑙
𝑧 < 105M⨀) 

  (e.g., stars, compact objects, and star clusters)

• Dominated by wave optics

• Beating patterns arise due to short time delays 

between lensed signals.

Credit: Eungwang Seo (2026) 10
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Adapted from Smith et al. (2025)

Wave optics treatment essential 

for compact, point-like lenses, in 

both the GW strong lensing and 

microlensing cases

Extensive literature on this, over 

several decades:

See also Smith et al (2025) for a review.

https://arxiv.org/abs/astro-ph/0305055
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Dimensionless deflections:

 
Lensed wave amplitude:

Lensed GW signal:

where

or, in fully dimensionless arguments

with dimensionless frequency

Dimensionless time delay, from

Projected 
lensing potential

Credit: Eungwang Seo (2026)
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Dimensionless deflections:

 
Lensed wave amplitude:

Lensed GW signal:

where

For an axially symmetric lens model:

Minimum arrival time 
of  unlensed signal

Credit: Eungwang Seo (2026)
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Dimensionless deflections:

 
Lensed wave amplitude:

Lensed GW signal:

where

For                  the phase factor                                 becomes highly oscillatory, and contributions from different regions of the 
lens plane interfere destructively – except at stationary points of                .

GEOMETRIC OPTICS APPROXIMATION:  amplification factor 
            reduces to a discrete sum over the geometric images

Credit: Eungwang Seo (2026)
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Q: What happens when a GW is strongly lensed?

A:  We would observe multiple (typically N = 2 or 4) repeated events, with same 

      frequency evolution, connected by three lensing parameters

Credit: Justin Janquart (2021) 16



Credit: Eungwang Seo (2026) 17



Credit: Eungwang Seo (2026)

represents time delay surface:

Hessian:

Jacobian of lens 
equation
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Searching for lensing candidates: the basic idea

• Look for events with consistent posterior distributions

• Compute posterior odds ratio of lensed / 

     unlensed hypothesis

Significant computational challenge!

Haris et al. https://arxiv.org/pdf/1807.07062 

O3

O4

Credit: Justin Janquart

Bayes factor
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We need to accelerate the analysis of possible lensed pairs… 

IDEA: use the posteriors of the first image 
analysis as priors for the second image

See Janquart et al. https://arxiv.org/abs/2105.04536

Coherence ratio

To recover the full Bayes factor, we need to account for selection effects; see e.g. Lo & Magana-Hernandez (2023)   

Adapted from Justin Janquart (2021) 20



Credit: Justin Janquart (2021)
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We need to accelerate the analysis of possible lensed pairs… 



Example: GW150914-like simulated event, at a 
luminosity distance of 410 Mpc, lensed by an 
isolated 1000-solar mass point-mass lens. 

22Credit: Mick Wright (2024)



GRAVELAMPS has now been 
combined with GOLUM….

Wright, Janquart & Hendry, ApJ, 959, 70 (2023)

https://arxiv.org/abs/2307.07852

….allowing rapid Bayesian model comparison of 
different lens models… 

       [e.g. injection set of 100 SIS model lensing events]
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https://arxiv.org/abs/2307.07852


….and rapid parameter estimation for lensing candidates 

GRAVELAMPS-GOLUM analysis of GW191230-LGW200104, the lensing 
candidate with the highest Bayes factor in the O3 LVK lensing search, 
https://arxiv.org/abs/2304.08393 .

GRAVELAMPS has now been 
combined with GOLUM….

Wright, Janquart & Hendry, ApJ, 959, 70 (2023)

https://arxiv.org/abs/2307.07852
24

Relative Magnification, μ

https://arxiv.org/abs/2304.08393
https://arxiv.org/abs/2307.07852


GRAVELAMPS has also been used to search for candidates lensed by point-mass objects, 
in the latest published LVK lensing results (for O4a)…. Abac et al (2025): https://arxiv.org/abs/2512.16347

See also Abac et al (2025): https://arxiv.org/abs/2507.08219

Lensing candidate of interest: GW231123

25

Caveats and issues:

• PE dependence on waveform approximants
• Broader posteriors, but reduced discrepancies
• Only isolated point-mass lens model considered
• Is astrophysical background representative?...

https://arxiv.org/abs/2512.16347
https://arxiv.org/abs/2507.08219


What about composite situations, where both macro- and microlensing is present?

.

Following Eungwang Seo (2025)

Investigation

Credit: Eungwang Seo (2025) 26

Seo et al., ApJ, 988, 159 (2025)

https://arxiv.org/abs/2503.02186
 

https://arxiv.org/abs/2503.02186


Credit: Eungwang Seo (2025)
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Credit: Eungwang Seo (2025)
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Adapted from Eungwang Seo (2025)



Credit: Eungwang Seo (2025)
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Adapted from Eungwang Seo (2025)
31

With our realistic population of lensed GW events, we would not expect current detectors to be able to identify weaker microlensed 

events.   We therefore check the efficacy of the residual test applied only to microlensed events with higher mismatch values, 

which should be more readily distinguishable with current detectors. 



Credit: Eungwang Seo (2025)
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Schutz, “Determining the Hubble Constant 
from gravitational wave observation”
Nature, 323, 310 (1986) 

Cosmology with Standard Sirens

Independent route to 
the Hubble Constant

33
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Following Rachel Gray (2023)

Related method: cross-correlation of large-scale 
structure distribution with siren information. See 
e.g. Mukherjee et al. (2024), arXiv:2203.03643, 
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Abbott et al., “A gravitational-wave measurement of the Hubble constant 
following the second observing run of Advanced LIGO and Virgo”, 
http://arxiv.org/abs/1908.06060  

Dominated by 
GW170817

Related method: cross-correlation of large-scale 
structure distribution with siren information. See 
e.g. Mukherjee et al. (2024), arXiv:2203.03643, 

Following Rachel Gray (2023)
36

http://arxiv.org/abs/1901.01540


We can also use “dark sirens” – no explicit EM counterpart

We ‘marginalise’ over the redshifts of possible host galaxies

LSC et al., “GWTC-5.0: Constraints on the cosmic expansion rate and 
modified gravitational-wave propagation”, https://arxiv.org/abs/2605.27227 

From GWTC-5.0
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Impact of strong lensing on Hubble constant measurement?

Seo et al., ApJS, 284, 20 (2026):   https://arxiv.org/abs/2603.01321 

Two case studies:

1. Single dark siren lensed by double- or quadruple-lensed system

2. Multiple lensed dark sirens + galaxy catalog

       →  extend GWCOSMO pipeline to include lensed events

• Generate mock unlensed and lensed catalogs, derived from 
MICECATv2 catalog (Fosalba et al. 2014), assuming SIE lenses

38

https://arxiv.org/abs/2603.01321


Single dark siren lensed by double- or 
quadruple-lensed system

• Infer GW source parameters and lensing 
observables from GW observations:

      -  relative magnifications, time delays, Morse factors 

• Convert GW lensing observables into (model-
dependent) lens parameters  [using “Rejection 
Sampling” method (Seo et al. 2024)]

      -  for SIE model: velocity dispersion, axis ratio, 
         elliptical angle, redshifted lens mass 

• Identify candidate lensed galaxies within the 
GW sky localisation area.

• Use observed EM properties of these candidate 

galaxies to narrow down the possible GW hosts.

• Compare lens model parameters with EM 
properties of potential host galaxies to further 
narrow down GW host and improve inference 
of luminosity distance.

Seo et al., ApJS, 284, 20 (2026):   https://arxiv.org/abs/2603.01321 39

https://arxiv.org/abs/2603.01321


Single dark siren lensed by double- or 
quadruple-lensed system

• Infer GW source parameters and lensing 
observables from GW observations:

      -  relative magnifications, time delays, Morse factors 

• Convert GW lensing observables into (model-
dependent) lens parameters  [using “Rejection 
Sampling” method (Seo et al. 2024)]

      -  for SIE model: velocity dispersion, axis ratio, 
         elliptical angle, redshifted lens mass 

• Identify candidate lensed galaxies within the 
GW sky localisation area.

• Use observed EM properties of these candidate 

galaxies to narrow down the possible GW hosts.

• Compare lens model parameters with EM 
properties of potential host galaxies to further 
narrow down GW host and improve inference 
of luminosity distance.

Seo et al., ApJS, 284, 20 (2026):   https://arxiv.org/abs/2603.01321 

Joint inference of lensing magnifications 

and ‘true’ luminosity distance =  de-lensing

40

https://arxiv.org/abs/2603.01321


Single dark siren lensed by double- or 
quadruple-lensed system

• Infer GW source parameters and lensing 
observables from GW observations:

      -  relative magnifications, time delays, Morse factors 

• Convert GW lensing observables into (model-
dependent) lens parameters  [using “Rejection 
Sampling” method (Seo et al. 2024)]

      -  for SIE model: velocity dispersion, axis ratio, 
         elliptical angle, redshifted lens mass 

• Identify candidate lensed galaxies within the 
GW sky localisation area.

• Use observed EM properties of these candidate 

galaxies to narrow down the possible GW hosts.

• Compare lens model parameters with EM 
properties of potential host galaxies to further 
narrow down GW host and improve inference 
of luminosity distance.

41Seo et al., ApJS, 284, 20 (2026):   https://arxiv.org/abs/2603.01321 

https://arxiv.org/abs/2603.01321


Multiple lensed dark sirens

• Adapt GWCOSMO analysis pipeline (Gray et al. 
2020) to include lensed GW sources.

• Create magnitude-limited catalog 
        (approx. 50% completeness)

        Basic formalism:

 where

probability of detecting lensed GW event, 
given data          and given value of 

Likelihood of observing data           given 
ith lensed detection and given value of 

Seo et al., ApJS, 284, 20 (2026):   https://arxiv.org/abs/2603.01321 

Comparisons:

• 250 unlensed dark sirens  vs  
      6 doubly-lensed, 2 quadruply-lensed systems

• Complete vs  incomplete catalogs 

Significant 
improvement 
in H0 precision

42
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Q: What happens when a GW is weakly lensed?

A:  We observe a single magnified waveform  →   biased luminosity distance

• For BBH mergers  

magnification is 

not detectable in 

waveform

• [De-lensing may 

be possible – see 

later]

• For BNS mergers 

degeneracy can 

be broken using 

tidal deformability 

(Pang et al. 2020)

Credit: Justin Janquart (2021) 43



Long tail due to 

parameter degeneracies

Holz and Hughes 2005Colpi et al. 2019

LISA will ‘see’ very high-SNR massive black hole binary 

mergers to z > 20

• Exquisite tests of GR from waveforms

• Standard siren Hubble diagram to high redshift

44



Weak lensing is a significant issue (opportunity?) for doing 

cosmology with sirens Adapted from Holz & Hughes (2005)

GW sources will be (de-)magnified by WL due 

to LSS.

Same effect as for SN.  However, WL has much 

greater impact for e.g. SMBH sirens, because of their 

much smaller intrinsic  scatter.

•  Observed siren brightness increased by 

    magnification

•  Could we correct individual sirens by inferring                      

         on small angular scales from EM data?

De-lensing





45



Correcting for weak lensing?...

•  Observed siren brightness  

   increased by magnification

•  What        can we expect?

•  We can measure        from shear 

   maps derived from simulations

•  Typically                   at

   which means ~5%  error in

•  Could we correct individual 

   sirens by mapping       on small 

   angular scales? 

   [Similar to de-lensing of SLGW    

    events in Seo et al. (2026)]

Multimessenger challenge?!







1.0~ 2=z

LD



46



https://arxiv.org/abs/0907.3635

47

Similar results in Hilbert et al. (2011)     Also, see e.g. Rowe et al (2013)…



• Re-visits Shapiro et al. calculations

• “End to end” simulation:

▪ realistic, current DM simulations
https://slics.roe.ac.uk/ 

▪ self-consistent galaxy + siren 

catalogues

▪ realistic errors on galaxy shape 

measurements, reconstructed 

shear

▪ 3-D galaxy redshift information

▪ updated best-case ground- and 

space-based observations 

Similar improvement to earlier work, but only with 

ultra-deep field observations for every siren 

Zhu et al., MNRAS, 522, 4059 (2023):

https://arxiv.org/abs/2211.15160
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https://slics.roe.ac.uk/
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[ Aside #1:  Is de-lensing possible without  EM observations?... ] 

Savastano et al. Phys Rev D, 108, 103532 (2023)

https://arxiv.org/abs/2306.05282

• Wave-optics features not likely to be imprinted on LISA 

     SLGW signals, as geometric optics generally applies.

• However, WOF can be observed in the WL region for LISA, 

appearing as frequency-dependent waveform modulations.

• Can express lensed signal in the time-domain          as a 1-D 

integral over contours of equal time delay (Fermat potential)

• Compute Green’s function

• Amplification factor           is the inverse F.T. of 

Example: SIS model, with 

Scaling relations between 

lensing magnification and 

amplification factor

e.g. SIS:

49

https://arxiv.org/abs/2306.05282


Wu et al. ApJ, 996, 25 (2026)

https://arxiv.org/abs/2508.17486

Example

Full SIS analytic solution, 

valid in SL and WL case:

WL approximation, with

Can use asymptotic expansion of conf. hypergeometric function 

to simplify to:

For an axially symmetric lens model:

Analytic solutions exist for e.g. SIS model but 

expressions remain complicated and unwieldy

[ Aside #2:  Simplified calculation of WO amplification factors ] 
50

Extends to e.g. NFW and general axisymmetric case

https://arxiv.org/abs/2508.17486


Lensed distance:

Distance uncertainty:

But           depends on cosmological parameters

+ details of simulation, ray tracing etc 

What if we mis-characterise           ?

               Biases inference of parameters 

51

Mpetha et al., Phys Rev D, 110, 023502 (2024):   

https://arxiv.org/abs/2402.19476 

Fully self-consistent treatment?...

https://arxiv.org/abs/2402.19476


varies for different simulated cosmologies…

52

…as well as different 

simulation resolutions



Example of biases…

Take-aways:

True cosmology 

• Mischaracterising           can lead to quite significant bias, particularly for LISA

• We need to improve our modelling of           over the next decade!  

53



Credit: Bull et al. arxiv: 1512. 05356
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See e.g. Smith et al (2025):
https://arxiv.org/abs/2503.19973 

“Multi-messenger gravitational lensing”

Keitel (2025):  https://doi.org/10.1098/rsta.2024.0128 

“False positives for gravitational lensing: the 
gravitational-wave perspective”

See also Wright, Janquart 
& Johnson-McDaniel (2025)

“Effect of deviations from General 
Relativity on Searches for 
Gravitational-wave Microlensing
And Type II Strong Lensing”

ApJ 981, 133 (2025):  https://arxiv.org/abs/2403.08957

See also 
Bahamonde 
et al (2023)

Explore GW constraints on extra dimensions in 
Dvali, Gabadadze and Porrati Braneworld models:

Corman et al. (2021, 2022); Nagarajan et al. (in prep.)

https://arxiv.org/abs/2106.13793 

Rep. Prog. Phys.,
86, 026901

Tests of GR and 

non-GR models?...

https://arxiv.org/abs/2503.19973
https://doi.org/10.1098/rsta.2024.0128
https://doi.org/10.1098/rsta.2024.0128
https://doi.org/10.1098/rsta.2024.0128
https://arxiv.org/abs/2403.08957
https://arxiv.org/abs/2403.08957
https://arxiv.org/abs/2403.08957
https://arxiv.org/abs/2106.13793
https://arxiv.org/abs/2106.13793


“Realistic” errors on dL “Optimistic” errors on dL 

LSST/VRO             EELT                          SKA

Corman et al. (2021), constraints on  D  from simulated LISA catalogs.    arxiv.org/2004.04009

Based on catalogs in  Tamanini et al. JCAP (2016); arXiv:1601.07112
        Belgacem et al., JCAP (2019); arXiv:1906.01593

55



Corman et al. (2022) Phys. Rev. D 105, 064061

 

● (Re-)derive from first principles the relationship between 

the luminosity distances measured by GW detectors and 

inferred from EM observations

We identify an extra (1+z) term previously neglected

● Constrain the number of cosmological dimensions using 

GW + EM observations of GW170817 and GW190521* 

● Forecast the constraints achievable with LISA, using 

simulated multi-messenger observations of SMBH 

mergers.

* assuming putative EM counterpart: AGN flare reported in Graham et al (2020)

56



For LISA the extra (1+z) term has a 

significant impact:

● Systematic shift in median value 

of D away from true value

● Increased spread in the 

posterior distribution compared 

with previous analysis

● Similar shift / spread seen for all 

three merger models

● Inference of screening scale 

also displays increased bias 

and larger variance

However…

Bayes factors still sufficient to

clearly distinguish between ΛCDM 

(D = 4) and extra-dimension models

57



Nagarajan et al. (2026) in preparation

58



Conclusions

• GW lensing is a relatively young but rapidly maturing field – exciting times ahead!

• Ground-based SLGW searches well established, working to address important 
computational and statistical issues  (although challenges remain with 

    modelling/understanding of false positives and astrophysical backgrounds).

• Exciting possibilities for GW microlensing (and WO effects) with computational 
tools under development to enable model selection and multiple lensing.

• Weak lensing likely to impact on future GW 
     cosmology studies, particularly with LISA.  
     De-lensing possible, but significant 
     (multi-messenger) challenge.

• Better “noise” modelling still needed!

59


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10: Gravitational-wave lensing regimes
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59


   M l z ≳   10 8  M ⨀


   M l z <   10 5  M ⨀

