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@ Definition of standing gravitational waves (SGWs)
® Overview of derivation of two families of SGWs
©® Similarities in the high frequency limit

O Differences in the weak field limit
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What even are standing gravitational waves?

Standing waves in classical theories (mechanical waves, E-M wave):

e QOscillates in time, but does not appear to travel through space
® Does not carry energy (at all, or on average)
® Has nodes (0 amplitude) and anti-nodes (maximum amplitude)

How to apply it to gravitational waves?
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What even are standing gravitational waves?

Stephani (2003) — attempt at a definition:

@ metric functions should depend on the timelike coordinate only
through the periodic factor

@® A suitable analogue of the Poynting vector (if there is any) should be
divergence-free and its time average should be 0.

Both conditions are rather vague and not invariantly formulated.
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A cylindrically symmetric solution:
ds? = e2 079 (—dt? + dp?) + pPe 2V d¢? + e (dz + wdg)?
p>0; t,ze (—o0,0); ¢€[0,2m)
The vacuum field equations:
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Wave-like solutions

A cylindrically symmetric solution:
ds? = e207V)(—dt? + dp?) + pPe 2V d¢? + e (dz + wdg)?

p>0; t,ze (—o0,0); ¢€[0,2r)
Assume some functions satisfy the harmonic oscillator equation. Ex. w:
. Y
w+ ﬁw = N
Different further assumptions can lead to various solutions:

® Y(p) =0 leads to the Halilsoy solution
®7=0 leads to the Chandrasekhar solution
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Obtaining Halilsoy solution

Fixing w to satisfy the harmonic oscillator equation and putting Y(p) = 0:
1 :
YT J/p+w =4 (@bd) - w'w’) )

Introducing x = p/A, an auxiliary function & = pw and the simplifying
ansatz Yw — ¢'w’ = 0 brings part of the solution to the Bessel equation of
order 1:

d2_a>+l@+ 1_i D=0
dx? = x dx 2 )T

With the final solution for w:

w=DpJisin(t/N),
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Obtaining Halilsoy solution

The 9w — ¢/’ = 0 part now reads:
Yy cos (t/\) = ' Jysin (t/N)

which can be partially solved with the method of characteristics to learn
that ¢ is of the form ¢(y(t, p)) with y(t, p) = Jocos(t/N) .
We use another Einstein equation:

. et d2¢

/ "no_ 2 -2 et —
- = — — = — =0.

Y+ [ p+ 2p2(w w?) 32 + 2 5e
This equation can be solved with regular ODE solving methods. Similarly,
~ can be simply obtained via quadratures.
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Halfway there

A cylindrically symmetric solution:
ds? = 20~V (—dt? 4+ dp?) + p?e 2V d¢? + *¥(dz + wd¢)?

p>0; t,z€e (—o0,x); ¢ €[0,2r)

Halilsoy solution - closed form Chandrasekhar solution

e 2% _Adocos(t/X) g2 g e~ Mocos(t/X) o2 % 77

w = — (Asinh a) p Jy sin (t/X)

1 P\2 p
~ :EAZ [(X) (2 + 2 - 27 Joh cosz(t/)\):l

Adam Zychowicz (OAUJ) Overview of SGW solutions 3-08-2026 POTOR 2026 9/21



Obtaining Chandrasekhar solution

Main assumption: 4 = 0 (constant C-Energy).

Introducing an auxiliary function ¢ = —% In\W:
. etV 0k A
A = 2p1)’ + 2—pww’ = 0=p WV +uwu . (2)

The metric function w already satisfies the harmonic oscillator equation.
We require W to solve it too:

w = A(X(p)cos(t/N\)+ Y(p)) ,
U = Z(p) cos(t/N) + W(p) .
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Obtaining Chandrasekhar solution

The Einstein equations written in terms of X, Y, W, Z depend on t only

via powers of cos(t/\). Requiring the coefficients to vanish leads to a

system of 8 equations for X, Y, W, Z and their derivatives. One of them is:
0 =X?(Z% — W?) 4 p*(ZW' — WZ')? .

We redefine (W, Z) — (R, F) using:

W = RcoshP, Z=RsinhP, P =2arctanh(—F).
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Obtaining Chandrasekhar solution

This allows us to solve the system to obtain X, Y, W, Z in terms of F(p):

X :2p1 fll:z ;
F2
e
1+ F?
W=ﬁF’
2
Z-— 1",

The remaining equations lead to an ODE constraining F:

2
F(1+ F?)/2 + 1=r pF (pF') +2F(F')* =0
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Two standing wave solutions

A cylindrically symmetric solution:
ds? = 20~V (—dt? 4 dp?) + p?e 2V d¢? + *¥(dz + wd¢)?

p>0; t,z€ (—o0,); ¢ €[0,2r)

Halilsoy solution - closed form Chandrasekhar solution - numerical
57211) :eAJO cos (t/X) sinhz o + E*AJO cos (t/X) Coshz o ezq/, _ 1-F2
2 2 1+ F2 — 2F cos(t/\)
w = — (Asinh a) p Jy sin (t/X) 2X\pF’ 4 rp pF2 .
1, PN\2 5 P s w = zcos(t/)\)+7 722dp
v ==A [<7> (U2 +J2) — 25 Jo Uy cos (t/A)] 1-F AJo (1-F2)
8 b A o
¥=0
’ P 2 ,,2 N2
= F2/2% 4 (F
V= R P E

_ F2
(pF") +2F(F'}* =0

1
F(1+ F2)/22 +
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Green-Wald framework (Green & Wald 2011)

For a family of solutions g,3(\, x), we define the background metric:

£ () = £03(0.5) = el g (0. 2).

hoz,@()‘vx) = gaﬂ()‘vx) - ga,@(oax) .
Where w-lim can be defined as: B,, .4, is a weak limit of A,, q, if:

lim /fal“'a"Am...an(/\) Ig(o)ld”XZ/f‘”“'a"Bm...an lg@]d"x
A—0

for all smooth 1% of compact support.

The simplest example of the operational procedure:

w-limy_,o cos? (f) = %
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High frequency limit of Halilsoy solution (Szybka et al. 2026)

To fulfill G-W framework requirements, we chose a family of solutions by

setting the amplitude A = 28v/\. The resulting weak limit A\ — 0 leads to:

zp(o) =—InVcosha ,
w® =0,

/82
A0 2P

T
2

g(O) — cosh a <e2ﬂﬂp(—dt2 + dpz) + p?d¢? + sech? a d22> .
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High frequency limit of Chandrasekhar solution (Szybka

et al. 2026)

The main component of the Chandrasekhar standing gravitational wave is
given by a numerical solution to the equation:

=
F(1+ F?)/2 + 1=F pF (pF') +2F(F')*=0.

For small X\ the solution can be approximated as:

F(p) = Bv/A2Jo(p/N) = 5%)

cos(m/4 = p/A)

g
F'(p) ~ 4 —p/N).
(p) = sin(m/4 — p/A)
This leads, in the weak limit to a similar metric:
2
g® = (e%ﬂ(—dt2 +dp®) + p?d¢? + dz2> .
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High frequency limit (Szybka et al. 2026)

For both solutions, the weak limit leads to a simple and traceless
stress-energy tensor:

£(0) = i (dt? + dp?)
- 872p r -
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Linear approximation (Nikiel & Szybka 2025)

Halilsoy wave:

0 0 0 0
hTTl o 0 —EAQ]_/X 0 0
aBly=0" 10 0 —e(Qo — AQ1/x) —esinh(a) W
0 0 —esinh(a) W €Qo
Chandrasekhar wave:
0 0 0 0
hTT| _ 0 —eA@1/x 0 0
B ly=0 0 0 —€(Qo — AQ1/x) —eq
0 0 —e@q €Qo

0= 4(8) en(})

e a($)on(5)
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Linear approximation (Nikiel & Szybka 20

Electric energy density envelope
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Chandrasekhar Fig. Fang et al. (2016)

Fig. Nikiel & Szybka (2025)
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Summary - similarities and differences between Halilsoy and

Chandrasekhar SGWs

Similarities:
e Cylindrically symmetric
® Metric functions periodic in the timelike coordinate t
® The same high frequency limit (null dust).
Differences:
® The Halilsoy family includes the Einstein-Rosen gravitational wave.
Chandrasekhar waves always need non-trivial polarization.

® |n the linear approximation, solutions are analogs of two different
electromagnetic polarization standing waves.
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The End
...questions?
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