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The purpose of the presentation

- comparison of the latest scientific papers on the correlation between photons
emitted by positronium annihilation (2022-2024)

- presentation of the formalism using Krauz operators to describe Compton
scattering



Positronium



Klein—Nishina formula for polarized photon

d 2
% = %OK2[K+K_1 — 2sin? f cos® @]
B 1
1+ ¢(1—cosb)

B EO B Eo(keV)
‘- me.c2 511




A brief overview of history

1932 : Carl D. Anderson observed in a cloud chamber in an electric field a particle behaving like an
electron but with a positive charge (“Energies of Cosmic-Ray Particles”).

1946 : John Archibald Wheeler in article “Polyelektrons” proposed the existence of the positron and
described its properties.

1947: M. H. Pryce and J. C. Ward in the publication “Angular Correlation Effects with Annihilation
Radiation” showed that the two photons emitted during the annihilation of an electron-positron pair are
correlated at an angle of 180 degrees, which means that they are emitted in opposite directions.

1948: Hartland Snyder and his two colleagues presented an analysis of the angular correlation of scattered
annihilation radiation in the publication “Angular Correlation of Scattered Annihilation Radiation’

1948: R. C. Hanna in the publication "Polarization of Annihilation Radiation" experimentally confirmed
the correctness of the formula given by M. H. Pryce and J. C. Ward

1951 : Martin Deutch proved the existence of the positron (“Evidence for the Formation of Positronium
in Gases”).



ival of interest in polarized photons in medicine (2011)
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1. Introduction

m,,-..my the mst widespeead medical imaging modslites avail

Xoray CT)

ordirectXeray emission (e, orion Eninn Tomography, PET, and

Single Photon Emission Computed Tomography, SPECT). Image for-

mation using esther of these absorpton or eMissKIN contrast techni-

ques is achieved wathin the lenit of geometnic opics, where the
be. ight rays.A

different approach to X-ray imaging is (o utikze the electromagnetic
isa ly

s

phase angle i
produce image condrast (see et Olivo, this vokume). Phase-
senstive X.ray imaging techaigues are now being develaped for
biomedical appiications [1.2].
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Thatis bathelastc (Rayeigh) and inclastic Compton)seaterngof
X-rays depend on the polarization state of the phot

Many X-ray for probing of
materials (5. Bragg diffraction for crystals, magnetic circular

tion. X-ray biomedical imaging techniques. however, have not yet

wse of polarization information, despite the prevalence of
Compton scatter in X-ray CT and PET/SPECT. The polarnization
dependence of Compton scatterng is given by the Klein-Nishina
differential cross-section:

m
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where ro is the classical electron cadius, v and v are the phaton
frequency before and after scattering, () is the scattering angle

tion that is yet 1o be exploited for biomedical X-ray imaging
applications. In general, a beam of photons can be described as a
ixture of The

unpﬂl.mzed part can be further decompased into two independent

pl
and & is the azimuthal scattering angle measured from the
polarization plane of the incident photon. Thus, the scattering
probability is highest in directions perpendicular to the incident
polarization (¢ = + 7/2) and lowest in directions aligned with the

polarized

clliptic
perpendiculas clecric field vectors (Le. sppositey polarized) 3]
Scattered X-rays become linearly polarized (.¢. the electric field
vectors oscillate in a preferred direction in the polarization plane)
because the scattering probability is higher in certain directions.
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then the electric field (polarization) vectors are randomly oriented
. I

that case, the scattering differential cross-section is obtained by
averaging Eq. (1) aver .

Forboth X-ray CT and SPECT. the ncident photons are generally
unpolanzed.
‘of Comptan scattering in the target volume. In the case of PET, on
the other hand. electron-positron annihilation results in two
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511 keV photons emitted in opposite directions and with opposite
senses of polarizatian (10 satisfy momentum conservation) [4.5).
Thus. the phaton pairs are correlated in polarization. Below we
describe how this additional information can be used ta imprave
coincidence detection in PET

2. Application to PET

In emission tomography (PET and SPECT). scatter events
degrade the resulting image if not corrected for, but existing
methods for estimating scatter events are generally unreliable.
In principle, polarization information can be used to accurately
identify sattee events. In the case of PET, which reles on can-
. the ol

tion phot imcpaus[S]
Thus, polarization mcm mation can accurately delineate between
true and false coincidence events in PET (see Fig. 1)

po
imaging. we have developed a Moate Carlo madel of an ideal PET

transport of the pair of palarized annihilation photons in a water
phantom. This model fallows from a similar one we developed to
study polarization of cosmic X-ray sources {78} Each pair of
511 keV photons was emitted randomly from a point source
located at the centre of the phantom. The photoas in each pair

150 field
(polarization) vectars 90 to each ather. The phatons were then
|ndxv1¢ually tracked until they reached the surrounding ideal Nal
ring detector. The photon energy. position, polarization and event
time was then recarded, Coincidence events (photons armving at
the detector within the timing window, 4 ns n this case) were
binned. 2

photon energy (which is the existing method used in PET); the
second method using only photon polarization. Each method was
then checked against the event ID information, which ientifies
true coincidences in the simulation,

Fig. 2 compares the two methods used to identify true coin-
cidence events in our PFT simulation. It is evident that the
polarzation method outperforms the existing method based on

alar I

and rises as a result of
occurming in the 4 ns timing window. The energy method clearly
fails

ple events (ic. above emission rates 2.5 x 10 pairs s~ ') These
preliminary results demanstrate that polarization information is
uniquely capable of unambiguously identifying true concidence
‘events in PET. It thus provides an accurate method for eliminating
scatter and random events, and for discriminating true pairs in
multiple events. This means that the sngnalvluvlme and overall
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insge quay can potentially

ke the most of polarzation information in a real PET
imaging system, an appropriate X.ray detectar & needed. Two
passible X-ray polarimeter systems are currently being developed
and tested for astronomical applications (see Vetter and Kiss, this

lum
low-Z scatter detector (e.g. plastic scinuliato) which measures the
med sk’ ety i adimsitl deatoing angle predicted by
Eq.( € other possible polarimeter is one which deduces

X
higher-Z semiconductor detector [10], Thu:
are now b !

X-ray polarization
detector bl

We have presented a study demonstrating the potential use of
phaton Dolmzmomn(ormmonm biomedical Xtay imaging We

phatons and e polmnzm dependence of Compton scattering
can be used 10 remave false coincidence events with almost 1003
accuracy.
and mereases overall signal-to-noise, since fewer photons are
discarded and false positives are climinated. Thus, our results
mdmm that overall image quality in PFT can be dramatically
roved. tors which are capable of effectively measuning
aton polarization are atively being developed. Thus, polariza-
Bon enbanced X2y imaging may indeed be feasible a5 a next
generation biomedical imaging system.
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U - factor
f(A¢) = A — Bcos(2[g2 — ¢1])
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R-factor (Price & Ward 1947)
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Evolution of the quantum system

-

Theorem 4.3 Characterizations of Quantum Channels

Let Ny 5 be a linear map from L(JH,4) to L(HHp). Then the following are
equivalent:
1. N is a quantum channel.

2. Choi: The Choi representation F}é 1s positive semi-definite and satisfies

Teall ] = 14

r

3. Kraus: There exists a set {K;}!_, of operators, called Kraus operators, such

that .
N(Xa) = ) KiXaK] (4.3.1)
i=1

for every linear operator X4, where K; € L(H,, Hp) foralli € {1,...,r},
r > rank(),), and Y7, K/ K; = 1,4.




Evolution of the quantum system

Generally one assumes that an allowed dynamic of a physical system during some time interval At transforms
p into a semi-positive-definite Hermitian matrix p’ and this dynamic is identified by completely-positive trace-
preserving maps®”. Therefore, in the so-called Kraus representation, one can describe a transformation by

p' = p(t+ At) = ;Kz p(t) K} (1)

with the completeness relation ), KlT K; = 1, which follows from the invariance of the trace under cyclic permu-
tations of the operators. One important feature of the Kraus representation is that these operators are not unique,

i.e. defining F; = ), Uy Kk it follows >, Kz,o(t)KlT =Y. Fl,o(t)FlT with U being a unitary transformation. This



Evolution of the quantum system

= I\, ap k?'(]\'»,‘, (:))

K (ki  ©) ki

with  k'(k;, é) = ;'1 : (5)
1 —cos® + V%

and the scattering angle 6= O(h, ¢) by
c0s©® = k;-kK = cost cosf + cos(¢ — ¢')siné sin6 .

A classical and quantum mechanical discussion of the
polarisation dependent part can be found in Ref. @]
Let us write down explicitly the four different amplitudes
with respect to the linear polarised basis

! /
H — H':fyy =€p-€n
= cos®' cosfcos(¢p — ¢') + sinf'sin b

~ 1
= \/0052 (S -2-(005(26) + cos(26")) sin(¢ — ¢')?
H — V': fyvy =€y ey =icossin(¢ — ¢')
V = H': fyv =¢€f-ev = —icost sin(¢ — ¢')
V. = V': fyy =€y -ey = —cos(¢ — ¢') (6)

ZOINE POIATISATION, as 1T 1S TNe case IOT IMOST IATerials
such as the plastic scintillators of J-PET . Therefore,
we have to sum over all final possibilities. Furthermore,
we rewrite the Klein-Nishina formula in a Kraus operator
representation, i.e.

~ N\ 2
ro [ k'(k;, © .
o = 2 (£ o 1 1)
(7)
with p being the initial (pure or mixed) state and the two

Kraus-type operators defined are given by (with respect
to the linear polarised basis {H,V})

Ky = \/v(ki,®) —2 1, (8)
KKy = \/§<f1111 fmv') 9)
fvae fvv :

Note that the completeness relation ), IC?IC; = 1 does
not hold since we factored out the common ratio of the
incoming and outgoing photon’s energy.

Via this open quantum formulation we obtain an in-
formation theoretic form for any pure or mixed state



Evolution of the quantum system

a,,((;),‘I)‘ ki) =

probability part

where ® being the relative angle between the plane
spanned by the basis states {|H),|V)} and the scatter-
ing plane. Here the two interference terms characterize
the linear and the circular polarisation part, respectively.
For the third mutually unbiased bases, {|45°),| — 45°)}
(I)HH = pyv = % and PHV = PVH = i%), the inter-
ference term vanishes, i.e. the differential cross section
equals the shaping or envelope function F(0O,k;) of the
scattering process

.F(é,k,’) = (—Al((z)' k')) ~(')(k,,(:))—sin2 é) (11)

The term V in front of the interference terms is the a
priory visibility of the scattering process

~ sin @

V(©O,k) = —————, 12
( ) 7(ki, ©) —sin* © 12

(paE — pvv) cos(2®) + 2Im{ppv}
N N———

yart circular pol, part

sin(2®) 3 (10)

photon energies k;. We observe that, independently of
the energy, if the photon is scattered under small an-
gles or close to 180°, the visibility is close to zero, i.e.
the scattering process does not become sensitive to the
polarisation state of the incoming photon. A similar be-
haviour is found for the Mott scattering, i.e. Rutherford
scattering with identical particles. In general, as shown
in Ref. , double slit-like experiments attain a unified
description in terms of the a priori visibility and the a
priori predictability , the “which way” informa-
tion. This includes the decay of neutral mesons, spin
systems in magnetic fields or typical interferometric se-
tups or the decay of hyperon . The a priori visibility
may be interpret to present the “wave particle” prop-
erty, whereas the predictability P captures the “particle
property”, and Bohr's complementarity relation becomes
quantified since the general relation V2 +P? < 1 has to
hold (equality holds for pure states).

The envelope function (with proper normalization)



Evolution of the quantum system

o BN X2 k. \2 2’ If we average over ¢ € [—m,+7] : ViV — 3V1Va.
o= P (") (%)
2 ki, iy ki, Loy, d=1
a b) z) a b) z)1
Tr(K” @ K- @ KP p KT 0T - 0 K1)
(13)

O-I l,‘.»‘" }lill /I(v’"” ) lin
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oy vvy = rg Flki, ©a)F (i, O5) -

e

FV(ki, 04) cos(2(da — 9))) - (1 £ V(ki, ) cos(2(¢ — ¢)))  (16)

H

aavy vy = ro Flki,©4)F (ki, Op) -



Correlation between parameters

;1‘(91, 9-3) - V1(01 )VQ(H‘.Z)

For6, =6, =240
detector A detector B
p=V? source
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1—p vy /
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Meta-experiment
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Normalised Coincidence Count Rate

Watts (2021)
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Abdurashitov (2022)
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Abdurashitov (2022)
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/NaI(TI) counters \
22Na ﬁ
I GAGG Plastic scattererj

D: D:

D=700mm Dqy=250mm Ds=450mm R =200 mm

Material ¢;; cm Dimensions (x,y,z) cm
Scatterer Plastic ?? D=20 mm, H=7 mm
Detector Nal(TI) 1.9-21cm D=50 mm, H=50 mm

Intermediate Scatterer GAGG 11 cm D=20 mm, H=30 mm
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Figure 7. Left- the dependence of the number of photons registered in the Nal(Tl) counters on the azimuthal
angle between these photons. The events in entangled state are selected. Right - the same dependence for the
decoherent events with energy deposition in GAGG between 10 keV and 40 keV. The solid lines correspond
to the fit function pg + p; - cos(2A¢).

Left: u = 0.41
Right: u = 0.40
Theoretical: p = 0.48
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First Detailed Study of the Quantum Decoherence of Entangled
Gamma Photons
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Bordes (2024)

FIG. 1. G4 visualisation showing source location (green cir-
cle), holder (orange), SCD (red box), LYSO pixels of the
DMO/DM1 detectors (blue). Detector windows/enclosures
shown by white lines, PCBs omitted for clarity. Green lines
show particle tracks from a single TCS event. The « referenc-
ing (7v1.17.2.07 277), is identified next to the tracks. Red pixels
show the energy deposits in DMO0/1.

Material ¢35 cm Dimensions (x,y,z) cm
Scatterer LYSO 0.81-0.85cm 3 mmx 3 mmx5mm
Detector LYSO 0.81-0.85cm 48 mm x 48 mm x 20mm



Bord es (2024) (1+2) Scatterings Family
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Enhancement ratio (R)
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Bordes (2024)
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Enhancement ratio (R)
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Summary of experiments

Experiment

QM model

LHV model
Bohm-Aharonov model
Kasday (1972)

Abdurashitov (2022)
Parashari (2024)

Watts (2024)
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In progress

We are preparing two publications:

1. Deeper study of the Compton effect using QIT (almost done, during the
consultation)

2. \We want to compare existing experimental data with our formalism and
propose additional measurements that will be able to confirm/refute
existing approaches to photon entanglement.



Thank you for your attention



