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Introduction

Quantum ChromoDynamics :
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Atome : 10 m

Fermion Boson
Nucleus : 10~ 15111 sources of color field  sources of color field
1898 — M. Sktodowska-Curie : radiation is an intrinsic property of atoms ; quark (udd)  + gluon
1932 — W. Heisenberg : the concept of isospin (strong interaction);
1934 — E. Fermi : phenomenology of weak interaction ;

1935 — H. Yukawa : heavy boson for short interaction ;

1953 — C. N. Yang and R. Mills : Theory of non-Abelian gauge symetry for the nuclear interactions ;
1960 — P. Higgs : masses of fermions and W/Z bosons ;

1969 — R. Feynman : parton model to describe the internal degrees of freedom of hadrons;

1973 — D. Gross, F. Wilczek and H.D D.Politzer : Asymptotic freedom in QCD ;

1977-78 — E. Kuarev, V. Fadin & Y. Balitsky L. Lipatov, low-x gluon distribution equation ;
1998-99 — Y. Balitsky & Y. Kovchegov, the saturation equation.



Introduction Subeikonal approach to Saturation Photon-jet production

Why high energy scattering in QCD ?

Strong coupling at one-loop :

1
n € [|1; +ool[ (@) = ———, Q= ¢
Bolog 35
m,cC
E‘Tl - h"V'TL H V?I/C - P 'n ) Sept. 2013
h (xs(Q) v T decays (N3LO)

® Lattice QCD (NNLO)

a DIS jets (NLO)

0 Heavy Quarkonia (NLO)

o e'e jets & shapes (res. NNLO)
® 7 pole fit (N3LO)

v pp—> jets (NLO)

03|+

Lorentz contraction at high energy

02|
4 nA, = Agy /1 —v2/c? [\
! NN

0.1+

= QCD 0g(M,) = 0.1185 + 0.0006
100 1000

—

) 10
my® ~ 1GeV QiG]

« No theoretical clue for pQCD below 1GeV ;

< > « Parton probes need high energy to be resolved ;
+
L » Bound states are sources of IR safe oscillations.
Eikonal Approximation Beyond the flat width

3 (subeikonal effects)



Introduction Subeikonal approach to Saturation Photon-jet production

Boosted Color fields from the target : Medium induced “Wilson’s lines”

leading contribution
Af(aH) — AX A”((A‘l)“u.r”) = (ﬁ,-_lfﬁ At A A‘) (ﬁ,-' A Nl g ..........................

g ’ , : J ) Z1 Z2 ZN
k= po q = PN
“=0(1/L") > A;=0(1) > AT =0(L"). % % ................................. é
| ) A (

Condensated along 7 and x| A~ (

while Glassed (static) on 1~ o

Ur(z",y",2) = Prexp (—ig / dz+A(z+,z))
Jy+

« e.g Eikonal Quark propagator :
[T. Altinoluk, G. Beuf, A. Czajka and A. Tymowska 10.1103/PhysRevD.104.014019 (2021)]

- “{ 111'.' —ik-(z—1 ] H’ + m
Sr(z, y)| g :/ th_—ik-(z—y) ( )

(27)* (k% —m? + €]
dsq dsk Civarivp A M)YT(E 4 m)
) (5 > ir-g+iy-k
+ [ ey | Gt ke (2k)?

/ dyze™ ™0 Lo )0(a* -y Ur(yT 27 2) = 1] = 0(=kD)O(+ — ")y, 2 ™ 2) = 1]}

For the Eikonal Gluon propagator see : [T. Altinoluk, G. Beuf, and S. Mulani, Phys.Rev.D 111 (2025) 3, 034028]
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Introduction Subeikonal approach to Saturation Photon-jet production

Allow transverse d.o.f of the gluon background ;
Observable are sensible to target’s polarization ;

Relax the static limit of the internal structur of the target;
Offer the possibility of quark background insertions.

Subeikonal finit width effects lim: LT #0

- -
e.g, Quark propagator at Next-to-Eikonal accuracy from before to after .+ < 7§ i % <yt the target :

Unpolarized contribution :

i, dg [ dik s MY+ )
LSF(fI:,;E})lNE_ik:/W/(27\_)“}271'()(@4—}1’1’-+)€ Atk 2y

) Lt LT J kI
 famee fu (525 0) - UG

Polarized contribution :

3 types of Wilson’s lines “decorations”

o dsq dsk ik
L-SF(?-'-'U)lNEik:/( ~ /( i =2mo(gT — kT)e T yk

2m)3 2 )

Um0 AN A m)
4(2k+)3

/f!";azf‘_fZ'(q_k)u}i:);(Z)



Introduction

Subeikonal approach to Saturation

3 types of Wilson’s lines “decorations” :

Photon-jet production

induced by the transverse
L+/2 I+ L+ d.o.f of the target
U}lg (v) = ?'g/ dvT (20" ) Up(5 0T V)E T (0T V)Up(vT, -5 V)
" Jor+)2 2 ‘ 2
N L*/2 L*/2 L+ I+
U (v) = (ig)? / dv* / du (vt —u) (v —uN ) Up(5 u" V)T (T V)Up (0T 0T, V)T (07, v Up(T, == V)
J-L+/2 J—L+/2 2 : : 2
_ Lt/2 I+ L+
U,(,'-?‘,(v) =g / dvtUp(= o, V)F,;(v", v)Up(vt, —= V).
o JILt /2 2 ’ 2
Beyond the static approximation of the target ;
Lt/2 L+ -
Up(v) = Up(v,v7) =Up(v) + v (—ig) / d3+3/f1f(§ T V)T (0F v)Up (v, ) V) +O0((x7)%)
J—Lt/2

« Boosted quark background : J*(z#) = W(a!)yH W (zH) —

It identified enhanced components of the wave function

W) o (L) 2

Dynamic spinor
in the target
seen by the projectile

Tt Lt < Joc (LY < J =T 5

A7 ((A%)1a)

U+ x (L)

J

Constraint spinor
in the target
seen by the projectile



Introduction Subeikonal approach to Saturation Photon-jet production

Proton-Heavy Nuclei Collision to photon-Jet production
D2 jet

fast proton

., R.ELI'.
b1
}—)pm(. = Z (-‘ill)l)i
i€{gu,d}
Heavy and complex nuclei,
fast parton, taking a fraction xi represented by a color charge density p(x).
f th t ta.
of the proton momenta ¢ photon o | N
We are working in the Regge-Gribov limit :
During our discussion, we will need to define : - lim W?Xtar. = Q% (fixed)
W —oo0, :Xtar."ﬁo
o Relative momenta: P := z2p, — 2
b2~ ~d With : pe
« Momentum exchange with the target : K := P2 +9q—Pi o The transverse resolution : Q% = (p, + ¢)* = —
‘ o ‘ Py gt o Centre of mass energy : W? = (p1 + Pa) =~ 2py
With longitudinal momentum fractions : 2 = —, 2= — . p2
P Py « With the target probe at : . -~
tar. =512

v

- Py
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Back-to-back limit for CGC: | k| « |[P| < W

b —zr

Ordering of the covariant derivatives w

D.=0(P,.) D =0 Ll Dy = O (|b|™) = O (|k|) N
. PL;L P
Ordering of the field strength
3 - V'_ .
F~=0(KPs) : —0(“" ) ’ v
PT.EI.I
Fi i = O (kQ) ; F 4 = @, (kz) Relative position Dipole size

Ordering of the decoration b:=2zxs +2x1, ri=Xy—X1.

Back-to-back limit = small dipole size expansion :

1
uéj (|k‘/Pcun9t) MJE ( / tcuget) 2—<k<<ZTW<P‘:’ Ir| < |bl

b

Uy =0 (K2/Pyyer)



Introduction Subeikonal approach to Saturation Photon-jet production

Back-to-back limit for CGC: | k| « |[P| < W

b —zr
Original expression in general kinematics w
dﬁ()_. A—y i Al . .
pA—y+jet+ A . T (2) (i)
d"'- (']7‘ y d;' d X Z fa/p(«l'l) Z <]“b bis.ri2 [Ha.g%b"f(rIQ)Oag—}bﬁf(le? rlQ) (P" k) A .
Z202P2dz102P1 b i—1.2 pr
b b+ zr
Relative position Dipole size

b= zxs + 2x1, =Xy — Xy.

Back-to-back limit = small dipole size expansion :

2 2
T<k< <P === [r|<bl
r
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Back-to-back limit for CGC: | k| « |[P| < W

b —zr
Original expression in general kinematics w
d60pAsry tiet s X Z fasp(T1) Z <TFb [Hm (1'12)(9(” (b12 1‘12)} (P k)> N
(122 (12 p2d21d2p1 — a/p\t — 12,12 ag—by ag—rby ' ’ A n .
Deconvolution from the small dipole size expansion
b b+ zr
X Z f“ff’ 11 Z <lbblz ria [Hug—m" (P r 2) ( ag—rby (blz 0) + O (I' dblz))] >A
a.b =12 Relative position Dipole size

b= zxs + 2x1, =Xy — Xy.

Back-to-back limit = small dipole size expansion :
2 27

ke Tap == <
T
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Back-to-back limit for CGC: | k| « |[P| < W

b —zr
Original expression in general kinematics w
Ao0pAc it Far(@) 3" A TFopp [H, (112)08 ., (biorio)| (PLK) N
dzod p: dzd p X a/p L1 bi2,r12 ag—by r12 ag—by 12, I'12 ’ A >
2 P2t ab i—1.2 P1 .
Deconvolution from the small dipole size expansion
b b+ zr
X E fﬂfp ql E : <lbbu ri2 [Hug—)b'} (P r 2) ( ag—by (b12 0) +0 (I‘ dblz))] >[,_1
R 1=1,2
&Y Relative position Dipole size
Convert to higher twist corrections bi=zx;+2zx;, T=X—x1.
v Back-to-back limit = small dipole size expansion :
2 2w
k" —<k<<—<P > : |r‘<<‘b‘
X E fu/!}(ml) E , [ ag—by (P 0) + O ( <Oa,g—>b"( )> A b r

a,b i=1,2

The hard factor is factorized form the Non-Perturbative color structure
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Introduction Subeikonal approach to Saturation Photon-jet production

From the CGC observables to the Transverse Momentum Distributions

Starting from the CGC expression of the dipole,

g L+ ‘ L+
/ e VWIETY (UYR(S ot VUL, -2 V)
Jv,w 2 2 A
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Introduction Subeikonal approach to Saturation Photon-jet production

From the CGC observables to the Transverse Momentum Distributions

Starting from the CGC expression of the dipole,

g L+ ‘ L+
/ e VWIETY (UYR(S ot VUL, -2 V)
Jv,w 2 2 A

k'K Kik’ . SRy (U ! o )UT("+ LY ) using ° ik‘j/UF(v)e_iv'k.——ig/ Z/{F(£+.U+.V)F-_(l'+.V)Z/[F('I,'+.—— V)
Il .vwr I rl= U, V)UR(V Y \V 1 ) g . : . 2 i\ 2
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From the CGC observables to the Transverse Momentum Distributions

Starting from the CGC expression of the dipole,

L+ , L+
/ e~ Hv—w)kmy Up(= v, V)u;‘(“—'—’ —5 V)
Jv,w 2 ? !

k'k’ _ Lt - LT . o v . Lt _ L*
= = (k!k.} /v i e iv=w)ky. <L{p(§ ot Ul (vt -5 V)> ’;) ,using : ik /VUF(V)(_% K =—ig /l.__v Z/{F(§ T V) ET (0, v)Up(vT, —3 V)
k'k’ . L* L* L™ L LT
=47 g — / e VW T (UR(Z vt VE (0T U = VUL (T, - w)E T (wT wUL(S L wt,w)
k' ot vow 2 ' 2 2 J 2 A

Note that the dipole is only linearly

polarized and using the relation : From Statistical to Quantum average
. (P(/ : | e |Pmr->
SN =] . A~ tar.
vl PluPor. (Pl [Prar)

i.e Path integral averaging over color configuration
to Gell-Mann and Low Interation pictur.

[Dominguez, Marquet, Xiao, Yuan - arXiv: 1101.0715]
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Introduction Subeikonal approach to Saturation Photon-jet production

From the CGC observables to the Transverse Momentum Distributions

Starting from the CGC expression of the dipole,

, L+ , L+
/ e~ {V=w)kTy Up(= v, V)u;‘(”+’ —5 V)
Jv,w 2 ? !

k'k’ o : Lt - LT . g v . L* _ L™
= = (k'k-" /vw e i v=w) k. <va'(§ ot Ul (vt -5 V)> ’1) ,using : ik /VUF(V)(_% K =—ig /l.__v Z/{F(§ T V) ET (0, v)Up(vT, —3 V)
k'k/ . Lt L* L™ L LT
=47 g — / e VW T (UR(Z vt VE (0T U = VUL (T, - w)E T (wT wUL(S L wt,w)
k vt vow 2 2 2 J 2 A
4 o 3 2) Note that the dipole is only linearly
= 12 (277) [XG( (x,k)] polarized and using the relation : From Statistical to Quantum average
. (- )a= lim —<P‘/“’", - |Plar)
dipole TMD Plar—Par. (Plar|Pear.)

i.e Path integral averaging over color configuration
to Gell-Mann and Low Interation pictur.

dvTdyv

W{%EX‘L’G'-"‘_"I"V(PLM ITe{ F~7 (v, v) U P~ (0%, 0) U} P, ) [Dominguez, Marquet, Xiao, Yuan - arXiv: 1101.0715]
) tar.

xG? (x,k) := 2 [
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Introduction Subeikonal approach to Saturation Photon-jet production

Differential cross-section pA for the photo-production in the back-to-back limit

d60pA—~+iet+A7 » r
' [ "I I'+J . Z fafp(l 1 Z |: ag—by (P k)(b ( k‘) + Hrzq—)b" (P" k)(}{f )(:172: k)/” 2)]

dzadaPadz d?pl b i=1,2

[Kotko, Kutak, Marquet, Petreska, Sapeta, Van Hameren - arXiv:1503.03421]

H

ag—sby (P k) o hard factor, kinetics effect of off-shell gauge invariant matrix elements.

@éﬂ (:}:2? k) : linear combinations of unpolarized gluon TMD:s ;
_;,‘(5'53 (x3,k)  :linear combinations of quark TMDs ;

TMD obtained for the photo-production at NEik accuracy

. . dv*dyv
(also present at Eik accuracy) xG?(x, k) = / — =
' (27)3 P,

tar.

(z\P LT —ike v<ipta1 |TI{F v)U[_]F_‘j([)+. O)U[_J'_H}lljtm)

dvTdav L p ot ik — ~
jq (\ k)= / (27T)23 g~ > FiarT ik (Pear [P (07, V)%U[ilm([)+' 0)[Par.)
(pure NEik contributions) .

(2 1 “dvtdyv —ixP vt —ikwv U v
frf"i)(x. k) := \_/ e « <P'eun‘lp("+-v)_

) 5 [ (U U] (0%, 0)| Prac)

+ anti-quark TMD
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Introduction Subeikonal approach to Saturation Photon-jet production

. . + i LT Lt ) i
Gluon background in the photo-production 5 N : 2 ¢:pa®
v:ieq),y /{
Eikonal cross section : q:p,a q:p, h
—iecy” q:p2,x A
v :ep(a)y
d60g—qy . k'k’ —i(v—w)-k
(f(-P S - o (e | Hik k4 - ¢ [T. Altinoluk, R. Boussarie, P. Kotko
LG Nik JUT W VW

J. High Energ. Phys. 2019, 156 (2019)]

Lt + — o+ + L+ T + LY — (ot i LT + [F. Dominguez, C. Marquet, B. Xiao, F. Yuan
X Tr U1r‘(§ T V)E T (0T, v)UR(v ) V) U (w Y W) E (w sW)u1r*(§ W', W) A " Phys.RevD 83 (2011) 105005]

Next-to-Eikonal cross section :
dec. on g

. k! )
OC (Ve (X -:’IN_ 173 2i(vT — w) e ilv=w)k
NEik k%) )+ ot Jow

Lt Lt L* -
xTr <ZA’;(§ N VE (0 VU (v, = UL, —Z W) F; (w™, w)ldp(= L w™, W)>
A

d 6 Uq—}qﬂ,.-'

(ﬂ;;P.S

Gluon contribution to the cross section :

o

A6y |° . 1 oM K O :
%_gf' o (Kelkg (271_).) %Ell\_) — #12_’ XG(z)(X- k) —0 "
Ael-O  |Eik+NEik k* ar K2 OX ‘
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Introduction Subeikonal approach to Saturation Photon-jet production

Next-to-Eikonal + kinematic twist-3 accuracy

: in the back-ot-back limit the 1st decoration contribution appear as

, 2k’ P? .
j 2
(Hdec. 1 P ) ~SW2 otz HEik the 1st order Taylor expansionin X, . = P — of the Eikonal cross-section.

e

Behavior found in dijet production, see : [T. Altinoluk, G. Beuf, A. Czajka, C. Marquet, (2024) http://arxiv.org/abs/2410.00612v1 ]

dl’ f}'_’r"f} & J_ 2:(P * k) (2 J) 2
P i B 22[(1 - 1 ——| [ xG?(x.k) + Xiar M(x k
Pk | = Q.0 f’f( [( 2+ ]) [Pz pi xG? (x, k) + xi. o [ (G (x, }]
dscoer | ) I 2:(P-k)
_— = a0 Q% (22/(1 — 2) = | [xGP(x, k
dzdaPdaok |y Npik s ( ( ]) [ " P [\ (x )} Xtar.
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Introduction Subeikonal approach to Saturation Photon-jet production

What CGC contributions are omitted for the TMD matching ...

Collinear PDF like contribution

dg0 50
Beyond the static limit : O A o ae0vs Heik (P k)
dﬁP'S gen. Eik
x{m(m[ e*i("*w)'kz@p(v, b*)z,f;(w,zr))1 +-i7r5’(!<:+)/ e—“v—“’>'kz<up(v, b—)ﬁf-)u;(w,b—»} .
Jv.w col. : Jv,w col. o
(j(-qu—}q‘}; x . o7+ kf —i(v—w)-k
7{1(-5P.S — QeQs ' (k™) HEjk(P,k)E 2Im : /;WM R €
L+ Lt . + ) + ,
i (P e W U e 5 )| U ) L (un( o s -5 k) |
col. A ’ 4
(0" P+ 0Fy+0 Foy=ng - UY U — gf"(AFS + A ) = 0VFy =ng - Uy U+ O(K°).)
. ] dec. 2 0on q
The second decoration : ~ “6%4—ay o s Moo o(P, k) /W2
d6P.S | g e S
~ LT
X (—2)ReTr(P,, [Ul.(k) : (227)F,~ (07, 0)Up (0, 2t 0)F;~ (2, 0)Up (2™, —5 0P ).

Jxt=0
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Photon-jet production

Subeikonal approach to Saturation

Introduction

Next-to-Eik quark background “Specjalnos¢ warszawska” (3023), Phys. Row D 166 074093
Local Bilocal
W (2)
AMANAAMANANS T ER(Q) 1y
q:p,a 5\/\/\/\ S vy 90 i(pe) . ARAARA S
— i€y q:p,a i
U (v, V)] P (v, vt U2 (0", v) FTT TSSO TSIy 90 dat(pe)
,% Wy (2") ',2 Ua(b — 3F)]3N1$Er_][3+-b + 31’)“}'(—?- Z7.b+ar)
viep(q)ty , q: P

~igt®y,

q: f"’ij{jHl} s
— ie "

9:d2(p) 7 wrrrrrey

AMAMAY 756 () Y

Ggipe:x

W,(2") U= (o, vt U (v, v)[U; (0", v)]w

+ produced anti-quark channel.
Ut (v — zr)t°U, ™ (v, v + 2r)U(vh, v + 2r)
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Introduction Subeikonal approach to Saturation Photon-jet production

« Bilocal : has to be expanded in the back-to-back limit to be factorized in TMD ;
« Local : can be factorized in TMD in general kinematics ;
« Both types of amplitudes for each channels has to be treated on the same footage.

Typical small dipole expansion :

fv—2r)g(v +zr) = f(v)g(v) + f(v)(Zr - dyg) + (—2r- O f) g(v) + O(x* - &)

= (1 —2r-0y)f(V)g(v) +O(r* 92) + O(fdyg) - “genuine twist correction” to operators
Uy(2)
” o —ibk—irP ; = (=), 4 - LT I+ .
VAAMAAS 76 (p2) 1y Os’}”.-‘:—f}"j] - € f(r)[al(b - ”r}]‘lﬂllyf [” b+ “‘r]u}{_i 2, b+ ,,I')
igt"y, . Jb.r
q:p,a —)7’4( e
g:d2(p) —ib-k—ir-P p . 3 3 V= + 1. L+ ' 7 a9 42
ALALLLLLLALLLL IR AR — / e AT P () {(_(1 +izk - 1) Ua(b)]ba — - O {Ua(0)]ea}) T, (2 b)Ur (5 .::+.b)} +0(r-)°
J b.r
o L

L + 3
q:p2T Oq"}(—g[f‘] — / ({_’-b'k_"r'Pf(I')f/{p[b _ :r‘)tuulii‘_(_% 2t b+ ST)W}_’I{:H_- b + :I‘)
Jb,r

g d2(py) o’ igt"7y
+

=[ f_-—*'b'k—*'f'?_f(r){((1+;k-r}u,,-(b)—r-{)b{a,,-(b)})r“uj_.f—i .:f+.bwf,‘](:’+.b)}+o(r-a.,)f
Jb.r

PR | .
v (p)

L1l



Introduction Subeikonal approach to Saturation Photon-jet production

In the Chiral limit : quark and anti-quark share the same hard factor. Using the Fritz identity : (f” )im (1‘”),- iy = QT&-IJ-[ (5,-”-2 — 5,—1_}-1 (5,-2_,‘__,
All the Color strutures about the quark background simplify greatly to TMDs :
o A "(2,4) (+ 1 (L-) (x. k . s ) ’
q—g7: F(,_q(h- k)= chq (x, k) — ﬁfq (x, k) Theoreticaly “distinghuisable
¢ from the colored paths

. 1

= Y (< (2,— (1.+) /. =

9=/ Qv Fj,(xK) = Nefi> (@, k) = = fi7 (@, K) + (g a).

C

i dvtdav _p— ot ey = 4\
ffsl.i)(x'k) = / (271')2?; e~ *Far. ok <Pmr.|\1’(" ‘V)TU[i]\I}(0+'O)‘Rnl’.>

2 L [ dvtdav _op iy — v Qe
,f,f) i)(x. k> = ?/ (27’1’):‘ e Tt <p(4nx‘lp("+‘v)7 [TI{U[ ]}L[il] \IJ(()+O)‘J—)'“>

Next-to-Eikonal + kinematic twist-3 accuracy

d50¢-54r Ssoes |1 —2z2  2(P-k) )
— = e + — F7ix k
dzdaPdok | gy K] W2 [ zzP? P4 q-"(l )
d50gsq/41 5 (el [2:?2 —zz+ 1] 2z[z-z|(P-k) # i
'—'[ — J - - _ Ff; :—. k + H
LedokdoP |y ) W2 P pi [Fu(x. k) + (g ¢ q)]
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Introduction Subeikonal approach to Saturation Photon-jet production

Conclusion :

P2
zZW2

The gluon distribution contributes at NEik with a value of x fixed by the theory ; X=

Kinematics of the process within a pure gluon background factorizes in general kinematics ;

The back-to-back expansion is needed to factorise the quark background as TMD.

Subeikonal perspectives for photo-production :
« Semi-inclusive Cross section of a single Jet

- soft and collinear divergencies in the photon phase space ;

« NLO corrections and evolutions.
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END.
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