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Dipole-driven multidimensional fusion:
An insightful approach to the formation of superheavy nuclei
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We present an approach to describe the fusion of two heavy ions in which the colliding system has access
to a wide spectrum of shapes through the utilization of an auxiliary reference frame and the employment of a
multipole expansion of the nuclear radius with the dipole term treated as an actual and leading shape variable.
Access to fusion shapes that would otherwise be unattainable is possible by initially placing the origin of the
auxiliary reference frame in the neck region between the colliding nuclei. The fusion process is modeled as an
unconstrained biased random walk in a four-dimensional deformation space with step probabilities correlated
to the density of available states. Deformation energy is calculated using the macroscopic-microscopic method,
incorporating rotational energy. The presented approach successfully describes fusion probabilities for reactions
involving **Ca, *°Ti, and **Cr projectiles with a ***Pb target.
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Cold and hot fusion

e E'=10-20 MeV 108
: 0%
o Compound system is only
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Sigurd Hofmann, Sergey N. Dmitriev, Claes Fahlander, Jacklyn M. Gates, James B. Roberto and Hideyuki Sakai

Report of the 2017 Joint Working Group of IUPAC and IUPAP, Pure Appl. Chem. 2020; 92(9): 1387-1446
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" = 30-40 MeV

Compound nucleus is quite
excited (most often emits

3 neutrons)

Well-deformed radioactive

actinides (Act.) targets
Doubly magic projectile “8Ca

o Heavier actinides with Z>98 too

short-lived to be used as targets

o Attempts of going beyond the

reactions Act. + *8Ca by using
heavier projectiles (like >°Ti, >Cr,

>8Fe, 64Nij) gave no results so far.
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Motivation Cold usion (1n):
, _ , 16° with 208Pb and 209Bi targets
* Find the mechanism responsible for the 7 orders of .
magnitude decrease of cross section 10°
* We wanted to use the Warsaw micro-macro model with 10*

the inclusion of rotational energy and a multidimensional,
biased, unconstrained random walk method on potential
energy surfaces (PES) to calculate the probability of fusion,
while describing the fusion /fission processes

Cross-section (pb)
S

. . . . 10" E

* The model was first tested on cold fusion reactions with :

near spherical projectiles: 48Ca+%%Pb, >°Ti+2°8Pb and 100

>4Cr+2%pp in a wide range of excitation energies F
10"
1072

10—3 1 1 1 1 l 1 1 1 1 l 1 1 1 1 I 1 1 1 1
100 105 110 T8 120
Sigurd Hofmann, Sergey N. Dmitriev, Claes Fahlander, Jacklyn M. Gates, James B. Roberto and Hideyuki Sakai Proton number (CN)

Report of the 2017 Joint Working Group of IUPAC and IUPAP, Pure Appl. Chem. 2020; 92(9): 1387-1446
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Synthesis model
PSU?"'U

OFER Synthesis of SHN can be described

SURVIVAL .’ COMPOUND a5 a 3 step process, due to the different timescales
Pfus A of the particular reaction stages:

FUSION

O cap -~ 8‘6 SYMETRICAL OER — Ocap 1 Jus Psuru
CAPTURE .
v R

Q FISSION / A

ﬁ.é Not measured directly,
.’ FAST FISSION difficult to calculate

Well established theory
and formulas
Monte Carlo Statistical model

Measured in experiments, can be
calculated using various models

W. J. Swiatecki, K. Siwek-Wilczynska, T P, <<1
J. Wilczyr']s,lki, PRC22005 smoluchowski f
I Cap etal, PRC 2011 Diffused barrier formula Diffusion Equation,
K. Siwek-Wilczynska et al. PRC 2012 L. masses. fission barriers
T.Cap et al., PRC 2013 (Entrance channel barrier is given Random Walk g ’
K. Siwek-Wilczynska et al. PRC 2019 by a Gaussian distribution) deformatlons from Warsaw
Micro-Macro model
/N, NARODOWE
P
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Gaussian function
* The formula for the capture cross -0.05

° 0-20 _IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII_

Ca ptu re cross section o : Baspy

cap b OISE ¢ Zon=102

Q E Tanaka et al. [12] ® E

* The entrance channel barrier is & oop FBD =
- fitto data =

described by a distribution that % 0.05 E E
can be approximated by a o 000 : :

S ]

|

10°
section is derived by folding the e
Gaussian barrier distribution with =
. . 10
the classical expression for the g )
. . 10
fusion cross section 3 1

9 W 5 © 100 Banerijee et al. [_13] ° _?

— XV7(1 +erf(X)) + exp(—X?)| = 2 acheco e al [15] 4 =

v E(:“?Tz' V 27T ( ( )) I ( ) 10 Proiﬁgrﬁf!z e; al. }16{ A

2 2 E(" m. — B['] 1073

— ’/TX (25771(1‘:1? 4 1) : where X = - - 140 150 160 170 180 190 200 210

wv/2 E.. (MeV)

Cap, T., Kowal, M. & Siwek-Wilczynska, K. The Fusion-by-Diffusion model as a tool to calculate
cross sections for the production of superheavy nuclei. Eur. Phys. J. A58,231(2022).
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Mechanisms Suppressing Superheavy Element
Yields in Cold Fusion Reactions

Pgs IN €xperiment

Psurv OFER Banerjee et al., PRL 122, 232503 (2019)
SURVIVAL COMPOUND (a)

P v NUCLEUS

fus
7 FUSION ,.
cap -~ 7 d SYMETRICAL
CAPTURE . > FISSION
v s

- -~
- S
]
s

o (b)

FAST FISSION

i

measured in the experiment
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Mechanisms Suppressing Superheavy Element

PfUS |n eXperlment Yields in Cold Fusion Reactions

Banerjee et al., PRL 122, 232503 (2019)
PSUT"U O-ER 120 *¥Ca +2%Pb _Cr+2%Pb
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P;,s can be experimentally estimated: o T Fusion-Fission

Fast Fission cross section

. Cross section Mass ratio ( - e

s ~n—Eicci ’ symmetrical fission)
Psym _ Fusz:on tF|SS|on Cross f'ectlon Symmetric split:
dapture Cross section MR =0.5
/N, NARODOWE
Q) s,
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Banerjee et al., PRL 122, 232503 (2019)

_—

Reactions: T T BREREREEN
48C3 + 208pp = 256\ o* 1 4
S0Tj + 208pp — 258Rf* - P ]
S4Cr + 208pp = 26250 i i
107 = —
£ - -
Q’ - + .
o m *Cr __
102§ .............. o 5°Ti :
- 2 ®cCa n
i o *°Ti Ref. [20]

Upper limit for 105" R R R R R

fusion probability Ey (MeV)

/

Excitation energy

e P

~J
o

Diffusion model calculations by
V. Zagrebaev and W. Greiner
PRC 78, 034610 (2008).

The experimental trends
are different than the model
predictions for all 3 reactions.

The conclusion was that diffusion
is not the main mechanism
responsible for the synthesis

of SHN.



e

P;,s is calculated by solving
1D Smoluchowski Diffusion Equation

P,s in Fusion by Diffusion

1D motion approximation

The system must overcome an internal F P
barrier H to fuse. sl i1 \
i LENGTH \l d F \
2 i 1~ !\\& *
5 7 TN
S H=" bx T
o SADDLE | . E - Y
e /\l Injection I H (barrier) C%J% \
5 : \
E X \ X
NS Redisintegration
o “ Pfus(l) = E(l - erf(,/ T )) when Linj = Lsaddle
CN H(l) — the function of angular momentum
. . _ . and bombarding energy
L is the effective elongation (along the fusion path) T - the temperature depends on available energy
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E. . - By (MeV)

Energy relative to the entrance
channel barrier B,

B,=191.3 MeV
E*(E., =B0)=21.7 MeV

Central collision

> Peripheral

Impact
Parameter

collisions

Higer partial waves [

Higher rotational energy

Higher barrier H(l)

Lower Pfus(l)
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Fusion probability from FbD model

E (MeV) E (MeV) E (MeV)

* Highly effective 10 3 S50 70 10 30 50 70 10 30 S50 70
phenomenOIOgical 10 EI | I..I | |.I 1 | 1 IJ E | I | | I I Ig El | L | I | I |4_
= 2%0e0 o o o E 3 E =
approach - n._ﬁ_: 1E T 1 E .
e Only takes into account 107 = H E Ly —— Iy E
2 . 1E 1E P NS P i
the macroscopic AT 107 48,2085 8 E 50,.. 208, F E 54,. 208, o

* Limited to 1 shape 10 | Banerjecetal. | A
. . . Banerjec et al. @ Naik et al. Banerjee et al.

dlmenSIOn (elongatlon) E ] 8| |ll ] | | 1 ] | | ] 3 E ] ll ] | | 1 ] 1 | ] 3 E ] | | | ] | | I ] 3

150 170 190 210 170 190 210 230 190 210 230 250
E. ., (MeV) E. ., (MeV) E.,, (MeV)

~J]
\O

T. Cap, M. Kowal, and K. Siwek-Wilczyniska, Phys. Rev. C 105, L051601 (2022)
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Features of the new model

Using multidimensional deformation space, including the dipole

Adopting an auxiliary reference frame giving access to otherwise unattainable shapes,
specifically the starting configuration

Adding the shell effect and rotational energy to the whole deformation space

Replacing the Smoluchowski diffusion equation with a biased, unconstrained random walk

Goals of the new model

Comparison with fragment mass distributions (fission, fusion-fission, quasi-fission) and
TKE (total kinetic energy) distributions from experiments

Study of the competition between fusion-fission and quasi-fission

Study of the shape evolution during fusion and fission

Modeling the effect of angular momentum on fusion, fission and quasi-fission
Prediction of fusion probabilities for new SHE synthesis reactions

OOOOOOOO
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Binding/Potential energy in SHE :

* Macroscopic (liquid drop) and microscopic (shell
effects) energy

* liquid drop model is a phenomenological approach

Potential energy ( MeV)

. . : 10" years
that likens the nucleus to a drop of incompressible = G O e A -
fluid
* shell model posits that, as quantum objects, nucleons N \ \ e WO
. . . _— S h 3
exist in discrete energy levels or shells, similar to el ‘,‘_
[}

electrons in atoms

» Shell effects responsible for superdeformed minimum
in actinides

03|.|s

» SHE exist thanks to the shell effects creating the

ground state (often deformed) 106 years

Potential energy (MeV)

* The model needs to account for both energies

\
Oganessian, Yu. (2004). Superheavy elements. Physics World, 17(7), 25-29 Superh\eavy
element

\ Defor;‘lation

e e
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Atomic Data and Nuclear Data Tables 138 (2021) 101393

Contents lists available at ScienceDirect

Atomic Data and Nuclear Data Tables

journal homepage: www.elsevier.com/locate/adt

Properties of heaviest nucleiwith98 <Z < 126and 134 < N < 192 )

P. Jachimowicz?, M. Kowal ", J. Skalski "

2 Institute of Physics, University of Zielona Gora, Szafrana 4a, 65-516 Zielona Gora, Poland
b National Centre for Nuclear Research, Pasteura 7, 02-093 Warsaw, Poland

Ground-state and saddle-point shapes and masses for 1305 heavy and superheavy nuclei
including odd-A and odd—odd systems. Static fission barrier heights, one- and two-nucleon separation energies,
and Qa values.

Microscopic—macroscopic method with the deformed Woods—Saxon single-particle potential and
the Yukawa-plus-exponential macroscopic energy taken as the smooth part.

Ground-state shapes and energies are found by the minimization over seven axially-symmetric deformations.
A search for saddle-points was performed by using the "imaginary water flow" method in three consecutive stages,
using five- (for nonaxial shapes) and seven-dimensional (for reflection-asymmetric shapes) deformation spaces.

Good agreement with the experimental data for actinides.
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liquid drop with a Yukawa-plus-  Strutinsky shell correction +

Warsaw macro-micro model eXpOwd Woods-Saxon potential + BCS
Etot(ZaNa/B) :Emac(Za Naﬂ)"’Emic(ZaN:B) (7 )2
* Allows to obtain the binding energy for a given nuclear shape 3 Emr (! -+ 1) e
* Macroscopic energy normalized with respect to the sphere: /(’3)
Emac = Emac(deformation) — Epqc(sphere)

Shape pa ra metrization Rigid body approximation

* An expansion of the nuclear radius R(6, ¢) onto spherical harmonics Y, (6, ¢) is used:

R() = CRo{l +> /BAOYAO(IB‘)}
r=1
* For now, shapes |ncaIcuIat|ons are I|m|ted to aX|aIIy symmetrical (1 = 0)

Compound Fission saddle point 2nd minimum
nucleus

e P
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Deformation parameters

* B,,—dipole, used as an actual | O © © & & & o O
shape parameter > @ @ @ O e G OO --_
* B,,— quadrupole/elongation * @ : : : @ @& & “f
0 - |
* B;,— octupole/asymmetry ® - 6o & |
s e decabole/mock @ @ @ @ e e 60 oo
° — - ]
o-headecapole/neck 3. @ @ @ @ @ D O O
2321 0 9 Y N —B,,=-0.25 '0'3j . . . . - ' “ “
7 - @9 O @ @O @ @ e 9
%\ - @ @ @ @ @ @ e O
180 * OZ _0'65 . . . . ‘ ‘ ‘ ‘
@ @ O O D D P P

210 330 0 ‘ 0.2 ' 0.4 ‘ 0.6 B 0.8 ' T ‘ 12 ' 14

20
P. Jachimowicz, M. Kowal, and J. Skalski, Dependance of shapes on By, and B, other p=0
240 p— 300 phys. Rev. C 87, 044308 (2013)

Third minimum, with and without B,, M- Kowal and J. Skalski,
Phys. Rev. C 85, 061302(R) (2012)
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Deformation parameters
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Deformation parameters

* B, is crucial in the 0z |
beginning of the fusion .,
process and during
scission
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Starting point parametrization

* After overcoming the entrance channel barrier, the Bio = +0.917

projectile and the target are assumed to be spherical P20 = 1757
and in a touching configuration Bso = +0.001
Bso = —0.292

* The spherical harmonic parametrization is fitted, with 5., = —0.001
the origin situated in the neck, giving the B Beo = +0.078
parameters for the starting point configuration Bro = +0.001

* For now calculations are limited to 4 dimensions (B, - Peo = —~0.018
Bso) .

* Currently working on expanding to 6 dimensions (B,,—

Beo)

The initial fusion configuration for the *°Ti+2%8Pb system.
T. Cap, A. Augustyn, M. Kowal and K. Siwek-Wilczynska,
Phys. Rev. C 109, L061603 (2024)



What do we have?  ———————_—_——————&

* We have a parametrization to describe many nuclear shapes

* We can calculate the macroscopic, microscopic and rotational energy for those shapes,
giving us PESs for different values of angular momentum

* We can determine the starting configuration of the fusion process
Etot(ﬁ) B Esphere (MeV)

. 25 = I 20
Now all we needisawayto » [ 15
15
move on the PESs fromone |- 10
5 -
shape to another 0 5
5
0

A fragment of the potential energy map for the 2°2Rf nucleus
calculated within the macroscopic-microscopic model. E*=
20 MeV, /=0h.

0.5

0.6

0.5

elongation [)’20

0.4

0.3
1.5 0.1 0.2

0
02 0

g 25 04 0. ﬁ30 asymmetry
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Biased, unconstrained random walk method

* The probability of transitioning from one shape to another is determined by the number of available
energy levels for a given shape B -> biased

N;(Bi, £) oc exp (2\/CL (Er*nax(/gi) - El“Ot(Bive)))

* Only one B parameter changes at a time, by a step of 0.05, giving 8 possible directions of movement
Eiw(B) -Esphere (MeV)

A :
a= - constant nuclear level density parameter

20 258 ( )2
0= hc
25 = L
20 Erﬂr_lr([_l_ 1)2[(ﬁ)
15 P -
10 p=— 10
5 |=
0 - 5
5 =
0
Bao P. (g) _ N, (B;,¢)
1—> - 8
j Zk:l Nk(/Bktvﬁ)
BZO 0.6
1.5 01 92 " . - o . .
01 A fragment of the potential energy map for the 2°8Rf nucleus calculated within the macroscopic-microscopic model with 3
03 02 B fusion paths. E* =20 MeV, /=0h.
205 Y 30

T. Cap, A. Augustyn, M. Kowal and K. Siwek-Wilczyriska, Phys. Rev. C 109, L061603 (2024)
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Biased, unconstrained random walk method

* The random walk occurs in a space where the dimensions B,,, B5,, and B,, are
unconstrained, while |B,,] < 1.6.

 The random walk process continues until an end condition is met, either fusion or fission.

* Fusion is reached after crossing the saddle point (B,, <0.3, [B;,]| £0.2, and |B,,] <0.2).
Splitting occurs when the neck radius is less than 2 fm.

* Reaching the end condition for a specific collision energy and angular momentum value
defines a single evolution path. Ev) - E e (MEV) ,.

30 —
25
20
15
10

5

0
5
0

P
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>4Cr+ 208pp

Example of a paths .\ . 1oy /-0

s n
[ TN [ I I
|
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| 1 1 & |
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™, Fusion path =+
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o 1.2 ™y
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QA 1 A i AN M B
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0.8 A‘
Al
v\
0.6 ey e VPR
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0.4 A _
0.2 : : [ “}
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Step number
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>4Cr+ 208Pp

Example of a paths .\ . 1oy /-0

0.45 -
0.4 | N EN N s . - Fission path =
0.35 Ah I AAA  AAAMMAM AMMMA MMM AN MMM A AMA  AMMA .
Fusion path =«
03 A m A A FY Ty MA A A A s
o 0.25 |+ Al I A AN AbA MMM MAMA AbiA
m
Q. p2pmess = - A A A
0.15 [ mm— A A
0.1 mm FXEN A |
0.05 | M A AMM A A A AMA]
0 ' ' ' AL A MMM Al A
0 50 100 150 200

Step number

e P
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Example of a paths

o

>4Cr+ 208Pp
E* =50 MeV, | =40

12 T T T
A M .
11 o Fission path =
F vy A F
10— n L Ak A . —]
—_ i A K Fusion path =«
A
% gf‘ | A 4 a A : A ‘.Iﬂ A ]
= -t e al FA 4 a4 ‘
8._ Fvy A _
LTS VN
5 h e s e
9 7 Fa = Ok "ag s & a A ay & ‘“} - A u
AL o AA AMAMA 44 4 A b A
= : ~ * awaty M W
c 6 4 ..‘ Ak “ *LA A A f“_
l]_j n L A 4{‘ “‘ Iy A AL
5 A AA A Ak AL _
A Lt Mas
4 Ay L4 ‘: - 1
3 ] 1 1 |
0 50 100 150 200 250

Step number
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>4Cr+ 208pp
hs E* =20 MeV, [ =0

P104 N154 E20 LO Fusion path 9

Example of a pat
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Biased, unconstrained random walk method

* Calculations were done for excitation energies from 15 to 70 MeV with 1 MeV step.
10° paths were calculated for a given energy and /-value fromOto/__ . P (E_., /) is
given as a ratio of the number of paths that lead to fusion to the total number of

paths
'Dfus(Ecm/ /) =

* ~ 3000 E* and / combinations © ~300 million paths per system in the energy range

E* =20.0 MeV E* =40.0 MeV E* =60.0 MeV
64 |

paths which ended in fusion
10°
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50
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Capture and fusion cross section

 Capture cross section and /,_, calculated from FbD model

lma:c
. . — 1T 2 ' IRVAEA ) =
« Fusion cross section from the random walk method ~ fus = 7\ D (21T (1) Ppy(l) = Geapx Py
(=0
. . . - L. . do do
* Differential cross section distributions of —= (black) and — (red) for 48Ca+ 298Pb:
4 : 22— 16 ——
cap st cap: o cap
3.8 "fus ° :. | 10  fus . “AA“ - 14 [fus .
3t " ya 12
_ 25} i o ~ - 10t
T s o -~ O
g 2 s° '8 ° .‘"“A » g °
1 5 ‘ ‘ 4 “A‘A‘ f.’ ’*. 6
1 'y $ ; ." / 6\0. 4
i &
051 - 2 2
L4 n 0 L L 1 L L L i 1 1 N ) ! f 1
% ]IO 20 0 10 20 30| 40 50 60 70 00 10203040 EiO 60 70 80 90100
E* = 20 MeV E” = 40 MeV E* = 60 MeV
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Fusion probability from the random walk

A (21 4+1)P py5(1)
B (2lmax+1)?

E (MeV) E (MeV) E (MeV)
10 30 50 70 10 30 50 70 10 30 50 70

Average over | to get P,  dependant on E: Pfus(Ecm) =

IIIIIIIII‘IIIII lllllllllllll QIIIIIIIIIIIIII
(c)

208

48Ca+208Pb 50Ti+

Banerjee eral. [13] ®
Ttkis et al. [14]
Naik et al. [15] A

Pb

Banerjee et al. [13] @
Ttkis et al. [14] &

Banerjee et al. [13] A

150 170 190 210 170 190 210 230 190 210 230 250
E.. . (MeV) E. .. (MeV) E. .. (MeV)

T. Cap, A. Augustyn, M. Kowal and K. Siwek-Wilczynska,
Phys. Rev. C 109, L061603 (2024)

P

fusion probability averaged over [

The averaged fusion
probabilities < P, > (solid
black lines) calculated using
the random walk method for
the 48Ca+208pp, >0Tj+208ph,
and >*Cr+2%8pPb reactions.
Experimental data are taken
from [K. Banerjee et al., PRL
122, 232503 (2019)], [M.
Itkis et al., EPJ 58, 178
(2022] and [R. S. Naik et al.,
PRC 76, 054604 (2007)] The
arrows represent the
locations of the mean
entrance channel barrier B,
for each reaction.
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Results from another random walk model

PHYSICAL REVIEW C 110, 014624 (2024)

* Model formulated in PhD thesis of M.
Albertsson, (2021), “Nuclear fission and

fusion in a random-walk model” Formation of transfermium elements in reactions with ***Pb
 Also recently pUbIlShEd M. Albertsson®,"> B. G. Carlsson,” T. Dgssing®,® J. Randrup®,' D. Rudolph®.* and S. Aberg®?
. . 0 TTTTTTTT TTTT TTTT TTTT TTTT TTT TTTTTTTT TTTTTTTTT TTTT TTTT TTT
e Different macro-micro energy model 107 %iliil- AR
* Three-quadratic-surface shape 1071 T B _
L in 5 di . | A Exp: Banerjee et al |:|I:I Calc: k=0.8 Calculated effective
parametrization in 5 dimensional space 102f |5 EXF Ranence C T 1 formation

—-— Calc.: k=1.3 probability <P,
(E*.,)> as a function
of the excitation
energy E*.,, for
three different
dissipation
strengths: k=0.8
(green), 1.0 (red),

and 1.3 (blue).

» Different approach to defining the start
configuration and end conditions

* Similarly recreates the experimental data
without fitting parameters of the fusion
model

* Seems random walk method is a valid
approach for fusion/fission probabilities (c) 54Cr+2%pp T § (d) 58Fe4208pp,

- L1111 ||||||||||||||||||||||||||||l L1 ||||||||||||||||||||I||||||||l
of SHE 107085650 405066016 2030 4050 66 40

Excitation Energy EZ (MeV)

Formation Probability (Psorm(E™*))

| IIIIIII| 1 IIIII|,|,| 1 IIIIIL|,| 1 IIIIIIII—_ 1 IIIIIL|,| L1
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Refinements for the model

Paper currently being prepared — “Hindrance Mechanism in Cold Fusion Reactions of

Superheavy Elements”

alfa particles during the random walk

Energy calculations and deformation space extended to 6 dimensions (B,,= Bg)
Extend to the fusion-fission process
Extend to all even-even cold fusion systems and odd nuclel

Test diffrent energy level density models i i i

Determine optimal step size for each B parameter
Test multidimensional interpolation
Allow for the emission of neutrons, protons and

Introduce shell correction damping

6D potential energy maps from the macro-micro model for the “8Ca+2%8Pb system. B4, B4o, Bso, Bgo as for the
configuration. From the left: total energy, macroscopic energy, shell correction.
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Fusion-fission random walk in 6D

 The random walk always continues until the fission condition is met; events are categorized as:

= DINE —if the system fissions without fulfilling any other condition, it’s classified as deep inelastic
collision/scattering

=  FAFI —if the system reaches 20 £ 1.4 but doesn’t reach fusion, it’s classified as fast fission
= FUFI —if the system reaches fusion before under-going fission, it’s classified as fusion-fission

E‘/‘: (MeV) EP‘: (MeV) E‘/‘: (MeV) l L | LI | L | LI | L LI
10 30 50 70 10 30 50 70 10 30 50 70 I 50 208
100 1 I LI I 1 ‘I‘I I LI |I 1 I | I I | LI I LI I | I LI I LI I LI I | ;rl + Pb
= () “-""h\ (c) 08 E'=60MeV :
-1 ~ || CAPTURE AF
10 _E = 06l CAPTURI FAFI i
A = A - E
2 HF * ~ FUFI
VI 18, 208p) B 04 -
- ot 54 208 )
3 o o Banerjee et al. C[' Pb
10 Bdnerjt':e et al. N Naik er . A ' ~
E ‘ Kozulin et al. Kozulin et al. Banerjee ef al. 0.2 -
10—4 | I | I ] 1 1 I | | ] 1 1 I | I | I | | 1 1 1 I 1 1 1 I | I | B
150 170 190 210 170 190 210 230 190 210 230 250 05 ™"20""%0" "0 0 100 120
EC.H]. (M@V) EC.H]. (M@V) EC.I'I]. (Mev) £ (ﬁ) B
Fission condition (neck thickness) — 2fm, 1.75fm
A\, __ NARODOWE
Q)ggﬁ: sssss
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Fission fragments mass distributions

* The final fission shapes can be divided, and their volumes compared, giving the mass
distributions of fission fragments, for each E* and /, which then can be averaged over |

ty

w
c
@

o

Density Histogram of Fission Fragment Masses P=102 N=154 E=40.0
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0.39
Mass of Fission Fragments (95220000 counts)

0.49 0.59 0.68 0.78 0.88

0.98

0.06

0.05

0.04

[
00.03

0.02

0.01

0.00

Density Histogram of Fission Fragment Masses P=102 N=154 E=60.0

0.00 0.10 0.20 0.29 0.39 0.49 0.59 0.68 0.98

Mass of Fission Fragments (188180000 counts)

0.78 0.88
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Emission of neutrons, protons and alfa particles
during the random walk

0.5 s 56 0.5
0.45 0.45 7/ 7
15
0.4 0.4
0.35 . ° 0.
g -2 neutrons //
0.3 S s 0s
02 | _5 02 By 7
0.15 * 0.15
-10
0.1 ; b ‘ y 0.1 |
0.05 g?ft “ \ = 0.05
0 6 ! 1 [ s TR ORY \L -20 0 ‘
0 01 02 03 04 05 06 07 08 09 1 11 1.2 13 14 15 0 01 02 03 04 05 06 07 08 0.9 1 11 12 13 14 1.5
B2g Bag
Instead of moving only between shapes
>4Cr+ 208Pb, [ =0 " 32Cr+208pb, /=0

we can also change the PESs.
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Summary

* The random walk method reproduces experimental results for probability of fusion,
even though there are no fitted parameters within the model itself

* Including the B,, as an actual shape variable allowed to describe the starting point
configuration with only 4 deformation parameters

* The new approach makes possible to predict mass fragment distributions, which can
be compared with experimental data

 The random walk method looks to be a promising direction of study, both for fusion
and fission of superheavy nuclei
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Touching spheres

% F & 3 0 0 v r A

%\ 208Pb+50Ti 5.5 A MeV (b) =1
<
> 300 }
C —
O ~ = G i
- //// N
o 200 L4 \ﬁ J
&} Ip—— e 4
Z / 10
< 100 —// 06\ |
< b pb/(MeV-u) ]
(@) / \
= § Bl | (A I S T B (S
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Ec.m. =222 MeV, BO =190 MeV, E* =50 MeV
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Fully damaped collisions
Viola systematics
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R. Bock et al., Nuclear Phys. A 388 (1982) 334-380 e ————_—————— &

LA A 0 il S LR ’I LU D L | l/f & | ! P B L l//l | OG e RN O S G N | l//l L S L . L S | P/I LIS DL AL LI I |
o t 208Pb 26Mg ZOBPb 1»8[(1 208Pb SOTI ZOBPb +'520. ZOBPb +58Fe 208Pb +61¢N| © ]
i o (MeV/u)
@ -, @ @5
> 1.30 =135 -
o 100 1.36 Ecm 4,
S 3007 Ly
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2™ @ ;
LéJ 100),- 1.24 :
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i ;%4{ 115 27
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The lighter projectiles show a FRAGMENT MASS A

symmetric-peaked mass

S , For the heavy systems the symmetric yield is only
distribution of binary events at

all energies, whose width prominent at the highest energies, and at low
increases with beam energy energies mass-asymmetric events predominate
= small Pfus at lower bombarding energies
QE)) —> cold fusion reactions are below B0
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Itkis et al., Eur. Phys. J. A (2022) 58:178
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Fusion- Fragment mass (u)

l ' 100
Fragment mass (u) \ /
Fision
QF — not fully included in
Bock's measurements due to

E, QE, DIC increase when we , o
detection efficiency

go down with beam energy
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Rotational energy E,

1O ———~———

* Rigid body approximation 5, e T
* Moment of inertia calculated analytically

R 2mF"l._l
05

I ground state
A 1 barrier
I isomer
i E 2.barrier
(hc)? b o
- I — 1 ﬂﬂ - S | I L 1 L L l]{] 'l | i 1 i 1 i 1 1 i 1 1 B 1 § Fl 1 g o
Em.* _ ‘I(‘! + 1)2 (ﬁ) = ' T(MeV = 30
[H M. Brack, T. Ledergerber, H. Pauli, A. Jensen, Nuclear Physics A

234, 185-215 (1974)

1

1 /3
I, = ngUS/SiI](B)(?ISiHQ(B)-|-2ﬂ?{3082(9))(1—|—§\/;ﬁ1()009 \/7‘32[} 3co<, —1)
+1\/7,8 (5cos’(0) —3cos(0)) + : \/aﬁ (35¢c0s*(0) —30cos*( 3))°d6
7\ P30 : L 6\ 7P :
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Macroscopic energy Emac

Emac(Z,N,B) = —a,(1—x,I%)A+a,(1—x1?)A%3Bs(B)

* Liquid dr.op model . +agA® + C122A 1/3Bc(ﬁ) B 6,424/314 1/3

* Responsible for the majority of energy/mass | 5 i

 Dependence on shape in the surface and —f(krrp)Z”A " + Amac
Coulomb term

* Most often normalized with respect to the 423

}11, e ”HIZfJ"':JI 2 3
sphere d’rid’r,
. i 8;'3 Fﬂ{? a !‘]2/(1‘
S g : gs
Emuec = Eqac(deformation) — Enuc(sphere)

15 A3/ 1 ,
BC — >) g [/ - 1 — 1 + — 12 e r|2/Hﬂ'£"ﬂ d?’!‘]d?’rg
321 r(:; J IV T2 2 Uden
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1267 S mm N :
| E® (MeV) I
1o} A 8 1

- even-Z and even-N nuclei - ]
118: ﬁ :_ 3

114+ '
Z | ] P

110: JI
106+ =

n 4|_|7 -
102} o
98 I
-1

136 140 144 148 152 156 160 164 168 172 176 180 184 188 192
N

P. Jachimowicz, M. Kowal, J. Skalski, Properties of heaviest nuclei with 98<Z7<126 and 134<N<192,
Atomic Data and Nuclear Data Tables, Volume 138, 2021, 101393
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-5.0

Microscopic energy E

mic

Emic(Z,N.B) = EX,.(Z,N,B)+ELy(Z.N,B)
e Strutinsky shell correction based on

the deformed Woods—Saxon single- y 00 o=
article potential r)= — E
p p Vis(T) - ol B .

* The single-particle potential is
diagonalized in the deformed
harmonic-oscillator basis

* Pairing energy, pair correlation from =
Bardeen—Cooper—Schrieffer (BCS) e
theory T 7 ”

-5.0 S N ) o
-0.1 0.0 0.1 0.2

Jachimowicz, P. & Kowal, M. & Skalski, J.. (2014). Q a values in superheavy nuclei from the

deformed Woods-Saxon model. Physical Review C. 89. 10.1103/PhysRevC.89.024304.
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P. Jachimowicz, M. Kowal, J. Skalski, Properties of heaviest nuclei with 98<7<126 and 134<N<192,
Atomic Data and Nuclear Data Tables, Volume 138, 2021, 101393
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In the FBD model, we use Macroscopic deformation energies are calculated using
the parameterization of the nuclear shapes by two spheres

1D motion approximation o , . ,
joined smoothly by a third quadratic surface of revolution.

The system must overcome an internal
barrier H to fuse.

>
4]
|
|
|
|

LENGTH

>

&o .......

v : - 2 i

= | P .

GCJ SADDLE | 5 .

5 /-\llnjection IH (barrier) ~

©

2 X N —

...8 Redisintegration L r ;

o The distance between the nuclear surfaces of two colliding

“ nuclei at the injection point s, is the only adjustable

CN parameter of the model.

L is the effective elongation (along the fusion path) s. .distance was parametrized

inj
by analyzing 27 cold fusion reactions.
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T 2
sinj = 0.878 fm — 0.294 x (E. ;. — Bo) fm/MeV

7 — = — Macroscopic deformation energies are calculated using
- SOEJFEE A Sz(éf“];‘? : 5oTTi.+}];t.’ - the parameterization of the nuclear shapes by two spheres
L 1+ +b1 v 1+b1 . . . .
6 SlyaPb * 4Cra+Bis  Y*Cr+Pb A joined smoothly by a third quadratic surface of revolution.
I OTi+Bic  PMn+Pb e+  Cr4Bi %
56 58 ¢ >
5F Fe+Pb © Fe+Pb * ; E
I PCo+Pb v *®Fe+Bi © ’
~ F m %Ni+Pb e ®*Ni+Pb ©
E 4F %SCu+Pb o *Ni+*7pp
= [ *Ni+Pb
=T 3L */Ni+Bi ©
s "Zn+Pb v
1 ®4Ni+Pb o
2F S4Ni+Bi ©
- 0Zn+Pb v
1E 0Zn4Bi 7
O : 1 1 1 | 1 | 1 1 1 1 T'
-15 -10 -5 0 5 10 ¢ Y
E. ., -ByMeV) The distance between the nuclear surfaces of two colliding
Tangent nuclei at the injection point s, ; is the only adjustable
T configuration parameter of the model.
Energy relative to
the entrance sgnjdlstfnce was palga;netrlzed
- analyzing 27/ cold fusion reactions.
channel barrier B, y analyzing
e
& E

' P



e

Fusion probability averaged over [ . Tangent configuration of projectile and target
E (MeV) (Sinjection =0 fm)
p (£ )= 0 @QUDPru®D 10 30 50 770
fust =c.m lmax+1)? 0 The Pfus saturation above B0
10 results from suppression of the
A contributions from higher partial
Below B0, the Pfus growth ~1 i by in & waves and can be linked to the
comes from the reduction 10 | ﬁﬁﬂiﬁﬁﬂ _ critical angular momentum.
in the height of the internal - l HE‘]
barrier opposing fusion. 2 -2
10 50754208y,
Sinjection >0fm
L 10—3 Banerjecet al. ™ The difference between rotational
s Naik et al. & energies in the fusion saddle and
- \\f BN\ the contact (sticking) configuration
4 o 10_4 ' plays a major role in CN formation
170 90 210 230 at energies above BO.
: Ec.m. (MeV)

BO - entrance channel barrier (Coulomb+Nuclear potential)

P



Y e

-1

EEIEEEEEEEEER
I_II..II.. HEBE

R aaaaamamcs

A NI EEEEEDRN

135 139 143 147 151 155 159 163 167 171 175 179 183 187 191

. TEEEEEEEN
\l..m EEEEEE
> |2 I EEEEEN
D3z “EEEEN
M B rﬂlll
pa—

EE
ol 8 n
n BN
o E| 4 1_”
LLl m
_6_2__&_-¢__0_&_2
N & - - - O o
- - - - - T
=T [ ] o — o=

asmsssEmEmns
Hgaansamnmns
EEEEEEEER
jnm""""""

-

| even-Z and even-N nuclei

136 140 144 148 152 156 160 164 168 172 176 180 184 188 192

AT EEEEEN
\FEEEFEEHE
rffATE T I EEEERENEN
laiiiiiiziiias)
A EEEEEEEEEEERNEN|q
”"""".""I..I..l 1
{EEEEE
.IJIIIIII Hn

S

odd-Z and odd-N nuclei
{;1
[ N |
HE
HE

135 139 143 147 151 155 150 163 167 171 175 179 183 187 191

123 E?hsac (MeV)

119
115

- o3 o — o

EHHEH

'y
mEsEEE
EEEEEEN

-

: odd-Z and even-N nuclei

136 140 144 148 152 156 160 164 168 172 176 180 184 188 192

123: E?nsac (Mev)

99| s

119
115

P. Jachimowicz, M. Kowal, J. Skalski, Properties of heaviest nuclei with 98<7<126 and 134<N<192,

Atomic Data and Nuclear Data Tables, Volume 138, 2021, 101393

1

.

52

P77

NNNNNN



o

A

0.5 L e e e e B 0.5
126} 1261
. EE_ISIC(MGV) EEEEEEEEEEEEEER 0.5 . E?nSIC(MeV) _“EEEER EEEE 0.5
122t EEEEEEEEEEEEEEER 15 122+ EEEEEENEEEEEEEEEN 15
| even-Z and even-N nuclei j_i_:....... EEEEEENR 25 I even-Z and odd-N nuclei jl;l_:....... n EEEEN 25
118} EEEEEEEEEEN EEEER 3'5 118} EEEEEN = EEEN 3'5
L EEEN EEEEEN EEE -3. L EEEN " EEEEERN EEEN -3.
Z114- AEEEEE EENE EEN EEE 45 Z11.-4- I';I—E--- EEEEERN EEEEEN 45
L EEEEEEEEEEEEEOCHEN EEE L M EEEEEEEEEEEN EEEN
110¢ j_:lllll EEE  EEEEEEEEERER 5.5 110t J;I{Illl EEEEN  EECHEHN EEEN 5.5
3 EEEERE EEER EEEEEEEEEER 65 3 EEE EEEENE EEEEENEEEEEEN 65
106+ iillll EEE FEEIEEEEEEENENEEER 76 106+ hIllll EEEEE EEEESNEEEEEEER 75
3 EEEENE IEEEEEEEEEENCNENEE ' 3 I EEEEE EEE FEEEEEEENENEEEEEN '
102+ i.llllll EEEEEEEEEEEENEEEN -85 102+ EEmmEm EEEEEEEEENE  EEEN -8.5
3 EEEENEEE EEEEEEEEEEEEEEE EEER } ¢ EEEEEENE EEEEEEEEEENETR EEEN }
98-#!!!l!llllllllllllllllll il 95 QB-I‘I—IIIIIII EEEEEEEEEEEEEENEEH© 19'5
136 140 144 148 152 156 160 164 168 172 176 180 184 188 192 1105 135 139 143 147 151 155 159 163 167 171 175 179 183 187 191 03
N N
—— 0.5 —— 0.5
-EQS MeV _ EEEEEEEEEEE EEHN 05 3 EQ5 MeV FEEEEEEESEEEEEEEN 05
123+ mic( e) EEEEEEEEEEEEENER 5 123+ mic( e) EEEEEENEEENEEEEEEN .
" odd-Z and even-N nudlei EEEEEEEEEEEEEENEER i " odd-Z and odd-N nuclel jj—:-----------l---- o
119+ EEEEEEEN EEEEERE 25 119+t EEEEEEEE H= EEEE -2.5
FEEEL R i1 EER PR
Z L EEEEEEEEEEN El Emn -4.5 Z L EEEEEEEEEEEN EEEEEN -4.5
111+ J;I";ll-ll EEEEEEEEHN EEE 55 111+ EEEEE EEEEEEN EEEN 55
L _EEEEEE EEEN EEEEEEEENEER L EEEN EEEEE " EECHEN EEEN
107+ J_,;l‘---- EEEEEE EEEEEEEEEER 6.5 107+ EEm EEEEEEEEEEEEEEEEEEN 6.5
L EEEN EEEEEE EEEEEEEENENEEDN 7.5 L jj—:------l--- EEEEEEENEEEEN -7.5
103+ EEEEEN IEEEEEEEEEEEEERN 85 103+ EEEEN EEE EEEEEEEEENEEEEN 85
3 EEENEEN H EEEEEEEEEEEEENEEN 3 EEEE EEEN IEEEEEEEENEEEEEEN
99-|d_Elllll EEEEEEEEEEEEEE ENE -9.5 gg-l EEEE ] EEEEEEEEEEEEE EEEN -8.5
. . 4105 0000000 Lo -10,5

136 140 144 148 152 156 160 164 168 172 176 180 184 188 192 135 139 143 147 151 155 159 163 167 171 175 179 183 187 191

. - . g5 . . . .
Fig. 2. Calculated microscopic component E . of the ground state binding energy in 4 separate groups of nuclei.

P. Jachimowicz, M. Kowal, J. Skalski, Properties of heaviest nuclei with 98<7<126 and 134<N<192,
Atomic Data and Nuclear Data Tables, Volume 138, 2021, 101393
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Next steps for fusion

* Expand to 8 B,, dimensions
* Determine optimal step size for each B parameter
* Expand the model to describe under barrier reactions

* Expand to non-axially symmetric shapes (B, ) and incorporate multiple possible
starting points depending on the orientation of the target and the projectile

* Introduce a density parameter beyond Fermi gas model and incorporate shell-
correction damping

Allow for the emission of neutrons, protons and alfa particles during the random walk

P



	Slide 1: Multidimensional Random Walk for Calculating the Fusion/Fission Probabilities of Superheavy Elements
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60

