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Beta Function

Fine structure
constant in QCD

At high energies,
quarks and gluons
do not interact

At low energies, the
interaction between 
quarks and gluons is
incredibly strong

In quantum field theory
coupling constants are not constant, 
they depend on the energy scale of the 
process under consideration
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Perturbation theory is the statement that the solution of the eigenvalue problem
for the full Hamiltonian is given by a power series in the small parameter:

The eigenvectors are:

The eigenvalues are:

We know these from the 
unperturbed problem

There are “simple” formulas to 
systematically compute all these
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Let us be a little bit more quantitative and ask the questions:

● For what values of the Veneziano parameter do we actually have a fixed point?
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The values of the Veneziano parameter for which the fixed point exist is called

CONFORMAL WINDOW
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Using Padè resummation this number is tighten further more to be
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For small values of the 
Veneziano parameter 

the FPs are real

At a certain value, the 
solutions become complex 

and the FPs disappear

● If the expression inside the squared root is negative, we have a pair of complex
conjugate poles. 

● On the other hand, if the expression inside squared root is positive, we have two
real solutions, with a split given by the squared root term.
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Plot kindly shared by Nahzaan Riyaz.
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Is the conformal window closing because of Vacuum Stability or a Fixed Point merger?
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Beta Functions
Beyond Marginal Operators
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Tuğba Büyükbeşe, PhD Thesis
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● When studying the asymptotic behaviour of the running of a coupling constant,
the presence of a Fixed Point can preserve the theory from running into infinity.

● A toy model (LiSa) was presented in very details as an example of a theory where
such interacting Fixed Point is controlled by a small parameter.

● A perturbative analysis of the Conformal Window of LiSa was described and the
main result is that it is still not clear whether the lost of conformality is due to
vacuum instability or a Fixed Point Merger. 

● Within Functional Renormalization Group techniques, the running and the 
Fixed Point of Beyond Marginal Operators have been studied. The main result is 
that at the Fixed Point it is possible to perform a re-summation of a power series. 
In this way, the scalar potential at the Fixed Point can be studied for arbitrarily 
large values of the field. The potential remains stable!

● An immediate future directions is to integrate the flow numerically, within having
to perform any power series, but this is still 
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Stability Matrix

Critical ExponentsCouplings
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Flow
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We define dimension-less couplings:

And compute the flow:

Canonical
dimension

Anomalous
dimension

Quantum corrections
from the scalar potential

Quantum corrections
from the yukawa
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Flow
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Wetterich equation

Regulator
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