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Standard model

Modern particle physics = Standard model:

SU(3)c︸ ︷︷ ︸
QCD
sector

⊗SU(2)L ⊗ U(1)Y︸ ︷︷ ︸
Electroweak

sector

SU(3)c : strong interactions = quarks and gluons (partons)
coupled to form hadrons
Quarks and gluons: elementary, free asymptotically only
Hadrons: composite objects, the states you find in nature
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How to access partons?

“Hitting” hadrons with high-energy particles: (virtual) photon

Mid 1950s: SLAC proves the proton to be an extended object
(elastic scattering)

Late 1960s: SLAC & MIT prove the composite nature of the
proton via inelastic scattering:

1 Inclusive: no control over all final state particles
2 Exclusive: full control over all final state particles
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Elastic scattering of electron and proton at SLAC

Plot from: R. Hofstader & R. W. McAllister,
Phys. Rev. 98, 217 (1955)
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Elastic scattering of electron and proton at SLAC

Plot from: R. Hofstader & R. W. McAllister,
Phys. Rev. 98, 217 (1955)

Rosenbluth xsec: spin-1/2 and extended target
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Taking the proton to be an
extended object of
radius ∼ 10−13 cm with spin-1/2
fits the experimental data
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Deep ineslastic scattering (DIS)

Feynman graph for DIS

DIS: inclusive experiment breaking
the proton

dσDIS ∼ LµνWµν

Lµν → pQED tensor, calculable
Wµν → non-trivial QCD part:
perturbative coefficient function
convoluted with a non-perturbative
term (PDF)
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Deep ineslastic scattering (DIS)

Feynman graph for DIS

DIS: inclusive experiment breaking
the proton

dσDIS ∼ LµνWµν

Wµν → optical theorem:

N

2

= 2Im

N N

∑
X

∫
X

X

∑
X

∫
X |X〉〈X |=1 ↔ inclusiveness in practice
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Form factors & geometric shape

DIS cross-section in terms of form factors (F1,F2):

d2σ
dΩdE ′

∣∣∣
DIS

= dσ
dΩ

∣∣∣
Mott
·[ 1
ν

F2(x ,Q2)+ 2
M tan2(θ/2)F1(x ,Q2)] ,

x= Q2
2pq =︸︷︷︸

proton
rest

frame

Q2
2Mν ↔ Björken variable ,

ν=E−E ′

If F1,F2 are independent of Q2, then DIS results on scattering
on pointlike particles and the proton is not elementary:

spatial distribution: ρj (~r) ∼
∫

d3~q ei~q~r Fj (x ,|~q|2) , |~q|2=Q2

If Fj (x , |~q|2) = fj (x), then ρj (~r) ∼ δ(~r)fj (x)⇒ pointlike target
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DIS at SLAC-MIT

Plot from: M. Breidenbach et al.,
Phys. Rev. Lett. 23, 935 (1969)

W is the invariant mass of
the recoiling target system
(X in the graph for DIS)

W = 3 and 3.5 GeV: the
(almost) independence with
q2 suggests scattering off
elementary particles
(pointlike or very small)
particles
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More from SLAC

Plot taken from Carolina Riedl’s talk at the 61 Cracow summer school of
theoretical physics: Electron-Ion Collider physics (2021). F p

2 means F2 for
the proton

Almost independent of
Q2: very small particles
inside the proton that are
interacting with each
other, i.e.,

F2(x ,Q2) ∼ F2(x)

Dependence on Q2 →
DGLAP and gluons
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Parton Distribution Function (PDF)

DIS cross-section can be factorized via PDFs as

σγN→X =
∑

f

∫ 1
0 dx σγqf→X (x)PDFf (x), f =flavor,

x=longitudinal momentum fraction,

in the Björken limit: Q2 →∞ , x fixed

For PDFs, x coincides with the Björken variable: xB = Q2

2pq
PDF is a 1D distribution:

PDFf (x)= 1
2

∫
dz−
2π eix p̄+z− 〈N(p)|q̄f (−z/2)γ+W[−z/2,z/2]qf (z/2)|N(p)〉

∣∣
z⊥=z+=0

z+, z−, z⊥: light-cone coordinates
W: Wilson line
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Light-cone dominance

In PDF: z2 = 2z+z− + z2
⊥

z+=z⊥=0−−−−−−→ 0 , but why?
PDF comes from Wµν :

4πWµν =
∫

d4z eiqz〈p|jµ(z)jν(0)|p〉
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Light-cone dominance

4� W�� =
Z

d4z eiqzhpjj� (z)j� (0)jpi

What's the support of this integral?

1 Causality: z2 � 0

2 qz = z+ �
p+ � z� xBp+ , � = pq ! 1 in Bj. lim.

3 Riemann-Lebesgue:
R

dnz f (z)e� i � z j � j!1
����! 0

4 qz must be small) z+ � p+ =� � 0 ; z� � const=(xBp+ )

5 qz � const < 1

6 z2 � z2
? = � ((z1)2 + ( z2)2) � 0

7 (1) + (6) ! z2 � 0 ) DIS is light-cone dominated
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HERA's PDFs

HERA =
Hadron-Electron Ring
Accelerator, at DESY in
Germany

Measurements of PDFs
are key for experiments
and calculations where
hadrons play a role: pp
collisions at the LHC are
a primary example
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HERA's PDFs

At small-x, there must be a saturation scaleQ2
s for which

gluon splitting and fusion rates become equal and the gluon
distribution for momentumxg stops growing:
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Deeply virtual Compton scattering (DVCS)

In the late 1990s, Ji, M•uller and Radyushkin introduced the
Generalized Parton Distributions (GPDs) through the DVCS
process:

Feynman diagram for DVCS

It is an exclusive scattering

� = � �q�
2�p�q ; �q = q+ q0

2 ; �p = p+ p0

2 ; � = p0� p ; t = � 2
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Relevance of the GPDs

Connected to QCD energy-momentum tensor, and so to spin.
GPDs are a way to address the hadron'sspin puzzle. Ji's
sum rule:

R1

� 1
dx x[Hf (x;�; 0)+ Ef (x;�; 0)]=2 Jf

Tomography: distribution of quarks in terms of the
longitudinal momentum and in the transverse plane,

qf (x;b? )=
R

d2�
4� 2 e� i b? � � Hf (x;0;t = � � 2)

But how do GPDs appear?
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DVCS amplitude

To 1st order in� em and under collinear factorization

(O
�

`2
?

Q2 ; � 2
?

Q2 ; `? � ?
Q2 ; ` � �p+

Q2

�
neglected):

h (q0)N(p0)jS (2) j  � (q)N(p)i = � 3i (2� )4� (p+ q� p0� q0)
P

f
e2

f (" q� ) � (" �
q0� 0) �

� g ��
?

R1

� 1
dx

�
1

x� � + i0 + 1
x+ � � i0

�
1
2

R
dz�

2� eix �p+ z�
hN(p0)j�qf (� z=2) + qf (z=2)jN(p)i

�
�
�
z+ =0
z? =0

| {z }
GPD

+ (axial term)

GPD factorization happens in the amplitude as opposed to
the factorization in cross-section via PDFs

GPD ' 3D version of a PDF
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GPD & Compton Form Factor (CFF)

CFF de�nition from our previous result (t = � 2),

CFF(�; t ) = H f (�; t ) =
R1

� 1
dx

�
1

x � � + i0
+

1
x + � � i0

�

| {z }
Coe�cient function ; Cf (x;� ); perturbative component

� Hf (x; �; t )
| {z }

a particular GPD(x;�; t ); non-perturbative function

In observables, GPDs will appear hidden inside CFFs
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The need to go beyond DVCS

LO amplitude for DVCS restricts the access to GPDs to the
line x = � :

CFF DVCS � PV
� R1

� 1
dx 1

x� � GPD (x;�; t )
�

�
R1

� 1
dx i �� (x� � )GPD (x;�; t )+ ���

Let us take a look at other processes that may solve this
problem
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Timelike Compton scattering (TCS)

\Mirror" image of DVCS:

Feynman diagram for TCS

GPDs enter the LO amplitude of TCS via the CFFs:

CFF TCS � PV
� R1

� 1
dx 1

x+ � GPD (x;�; t )
�

�
R1

� 1
dx i �� (x+ � )GPD (x;�; t )+ ���

1st measurement of TCS by the CLAS collaboration at
JLab: P. Chatagnon et al., PRL127, 262501 (2021)
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Double deeply virtual Compton scattering (DDVCS)

An extra virtuality with respect to DVCS and TCS to escape
the x = � � lines:

DDVCS (left), BH diagrams (middle and right). Crossed diagrams are not shown

GPDs enter the DDVCS amplitude at LO via CFFs:

CFF DDVCS � PV
� R1

� 1
dx 1

x� � GPD (x;�; t )
�

�
R1

� 1
dx i �� (x� � )GPD (x;�; t )+ ���

� = � �q2

2�p�q ; � = � �q�
2�p�q

Original papers in DDVCS: Belitsky & Muller, PRL 90, 022001 (2003); Guidal & Vanderhaeghen, PRL 90, 012001
(2003); Belitsky & Muller, PRD 68, 116005 (2003)
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DDVCS subprocess

DDVCS subprocess amplitude:

iM DDVCS =
ie4�u(` � ; s̀ ) � v(` + ; s̀ )�u(k0;s) � u(k;s)

(q2+ i0)(q02+ i0)
T ��

s2s1

Compton tensor decomposition at LT:

T ��
s2s1= T (V )�� �u(p0;s2)[(H + E)=n� E

M �p+ ]u(p;s1)+ T (A)�� �u(p0;s2)
h

eH =n+ eE
2M � +

i
 5u(p;s1)

T (V )�� = � 1
2 (g �� � n� n?� � n� n?� )�� 1

2 g ��
?

T (A)�� = � i
2 � ��

�� n� n?� �� i
2 � ��

?

Longitudinal plane is built withf �q; �pg

q�
? � � �

? ) g��
? q� 6= 0 ) EM gauge-violation
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DDVCS subprocess

Longitudinal plane is built withf �q; �pg

q�
? � � �

? ) g��
? q� 6= 0 ) EM gauge-violation

Gauge-violation can be cured by evaluating thehard part of
the process at t = t0 (jt0j � j t j):

q�
? jt = t0 � � �

? jt = t0 = 0

This procedure is consistent with the collinear factorization
which is at the core of the GPD description
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Kleiss-Stirling (KS) techniques

Avoid computation of traces of gamma-matrices

Address amplitude �rst instead of its modulus squared

Reduce amplitudes to complex-numbers

2 scalars as building blocks,a and b as light-like vectors:

s(a; b) = �u(a; +) u(b; � ) = � s(b; a)

t (a; b) = �u(a; � )u(b; +) = [ s(b; a)] �

s(a; b) = ( a2 + ia3)

s
b0 � b1

a0 � a1 � (a $ b)

Kleiss & Stirling, Nucl. Phys. B 262 (1985) 235-262
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DDVCS subprocess�a la KS

DDVCS subprocess amplitude:

iM DDVCS = � ie4

(Q2� i0)(Q02+ i0)

�
iM (V )

DDVCS + iM (A)
DDVCS

�

Vector contribution:

iM (V )
DDVCS = � 1

2

�
f (s̀ ;` � ;`+ ;s;k0;k)� g(s̀ ;` � ;n? ;`+ )g(s;k0;n;k)� g(s̀ ;` � ;n;`+ )g(s;k0;n? ;k)

�

�
�
(H + E)[Ys2s1g(+ ;r 0

s2
;n;rs1 )+ Zs2s1g(� ;r 0

� s2
;n;r� s1 )] � E

M J (2)
s2s1

�

Axial contribution:

iM (A)
DDVCS = � i

2 � ��
? j � (s̀ ;` � ;`+ )j � (s;k0;k)

h
eHJ (1;5)+

s2s1 + eE � +

2M J (2;5)+
s2s1

i

More details in:

K. Deja, V. Mart ��nez-Fern�andez, B. Pire, P. Sznajder, J. Wagner, PRD107 (2023), no. 9, 094035
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DVCS & TCS limits of DDVCS

Comparison of DDVCS and (left) DVCS and (right) TCS cross-sections for pure VCS subprocess.GK model for
GPDs.

Trento: PRD 70, 117504 (2004); BDP: EPJC23, 675 (2002)

V. Mart ��nez-Fern�andez PhD seminar series - NCBJ, Poland Oct, 19th 2023 28 / 48



Observables in DDVCS: beam-spin asymmetry

Single beam-spin asymmetry for longitudinally polarized
electrons:

ALU (� `; BDP )=
� � LU (� `; BDP )

� UU (� `; BDP )

� � LU (� `; BDP )=
R2�

0
d�

R3�= 4

�= 4
d� `; BDP sin � `; BDP

�
�

d7� !

dxB dQ2dQ02dj t j d� d
 `; BDP
� d7�  

dxB dQ2dQ02dj t j d� d
 `; BDP

�

We considerQ02 > Q2: our DDVCS is \more" timelike than
spacelike
Variable for later use:

y= pq
pk =|{z}

proton
rest

frame

E� E0

E ;

E=energy of incoming electron beam, E0=energy of recoiled electron
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Observables in DDVCS: beam-spin asymmetry
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JLab12, JLab20+: 15-20% EIC 5x41, EIC 10x100: 3-7%

Experiment Beam energies y jt j Q2 Q02

[GeV] [GeV2] [GeV2] [GeV2]

JLab12 Ee = 10:6, Ep = M 0:5 0:2 0:6 2:5
JLab20+ Ee = 22, Ep = M 0:3 0:2 0:6 2:5
EIC Ee = 5, Ep = 41 0:15 0:1 0:6 2:5
EIC Ee = 10, Ep = 100 0:15 0:1 0:6 2:5
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