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SPIN-2 FIELD AS A PICTURE OF LINEARIZED GRAVITY

DECOMPOSITION OF RIEMANN TENSOR

1 1
R;u/aﬁ = W/.LZ/CY,B + i(Ra[ugu]B - Rﬁ[pgu}a) + éRga[pgu}B
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IMPORTANT IDENTITY FOR WEYL TENSOR
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I we define *W,,08 = €uwmpW ™ ap, then from (2) we have
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SPIN-2 FIELD AS A PICTURE OF LINEARIZED GRAVITY

DECOMPOSITION OF RIEMANN TENSOR

1 1
R;u/aﬁ = W/.LZ/CY,B + i(Ra[ugu]B - Rﬁ[pgu}a) + éRga[pgu}B

Rua =0 = Wyapp =0 (1)

IMPORTANT IDENTITY FOR WEYL TENSOR

Wlapl) = VoW ujagdyin = VoW ujagdqlv (2)

I we define *W,,08 = €uwmpW ™ ap, then from (2) we have

Winiap) =0 © VoW hap =0 & Winpapy) =0 © Vo Whap =0

Vacuum Einstein equations can be treated as a spin-2 field equations
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SPIN-2 FIELD VS ELECTRODYNAMICS

Vacuum electrodynamics equations are
dF =0, d«F =0

First equation quarantee existing of four-potential A,. The second equation
is obtained from lagrangian

1 1
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SPIN-2 FIELD VS ELECTRODYNAMICS

Vacuum electrodynamics equations are
dF =0, d«F =0

First equation quarantee existing of four-potential A,. The second equation
is obtained from lagrangian

1 1
L ==(dA,dA) = —(F,F)
2 2
Spin-2 field equations are
Wiwlapi) =0 (<= Wiwlaply) = 0)

and there are obtained using third order potential A, from lagrangian

1 1
L = —(TL(Auaig) + Aapiun): TL(Aufalg) + Aapuln])) = A
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SPIN-2 FIELD VS ELECTRODYNAMICS

Vacuum electrodynamics equations are
dF =0, d«F =0

First equation quarantee existing of four-potential A,. The second equation
is obtained from lagrangian

1 1
= —(dA,dA) = =(F,| F
S(dA,dA) = 3 (F,F)
Spin-2 field equations are
Wiwlapi) =0 (<= Wiwlaply) = 0)

and there are obtained using third order potential A, from lagrangian

L= <TL(A;w[a|m + Aapiui))s TL(Awfalg) + Aaplul))) = Lw,w)

16 16

What is quarantee, that such potential A exists?

MARIAN WIATR EXISTENCE OF POTENTIAL FOR LINEARIZED WEYL TENSOR AS !



LLANCZOS POTENTIAL

Existence of potential A, for Weyl-candidate tensor was suggested
by Lanczos in 1962 and fully proved by F. Bampi and G. Caviglia in
1983:

Let (M, g) be a Riemmanian manifold and let W,,qag be a tensor
having symmetries of Weyl tensor. Then there exists a tensor A,yq
such that

Wowap = TL(Apwfalg) + Aaplui))

where by TL we denoted a projection to traceless part of a given
tensor.
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LLANCZOS POTENTIAL

Existence of potential A, for Weyl-candidate tensor was suggested
by Lanczos in 1962 and fully proved by F. Bampi and G. Caviglia in
1983:

Let (M, g) be a Riemmanian manifold and let W,,qag be a tensor
having symmetries of Weyl tensor. Then there exists a tensor A,yq
such that

Wowap = TL(Apwfalg) + Aaplui))

where by TL we denoted a projection to traceless part of a given
tensor.

My idea is to show that on a flat Riemmanian manifold, existing of
potential for every spin-n field is a consequence of identity type

TL(Wyvjagy) =0

and generalized Poincaré lemma.
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N-COMPLEXES

N-complezx (Q2,d) is a graded vector space 2 equipped with operator d
of degree 1 fulfilling A = 0.
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N-COMPLEXES

N-complezx (Q2,d) is a graded vector space 2 equipped with operator d
of degree 1 fulfilling A = 0.

Let (2,d) be an N-complex. Let denote by d,, restriction of d to £,
(subspace of degree p). p-th cohomology space of degree k of
N-complex (2,d) is a space
k o k N—k
H;(V) :=kerd, /Im d, " (N-n)

We denote

Hy(V) = @Hl’f
k
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N-COMPLEXES

N-complezx (Q2,d) is a graded vector space 2 equipped with operator d
of degree 1 fulfilling A = 0.

Let (2,d) be an N-complex. Let denote by d,, restriction of d to £,
(subspace of degree p). p-th cohomology space of degree k of
N-complex (2,d) is a space

HI’f(V) := ker d’; /Im dj)v__(ﬁcv_k)

We denote

Hy(V) = @Hl’f
k

H* = 0 means just that if d’; v = 0, then there exists some

P
wed, (N_g), 26 V= dN=R) o
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TRACELSS TENSOR FIELDS OF YOUNG SYMMETRY

Let M be a riemmanian manifold, and Y be an Young diagram of length

|Y|. Traceless Young symmetrizer is an operator Y : T M®"" 5 7@
defined as

Y =Ay-TL OAcol o Srow
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TRACELSS TENSOR FIELDS OF YOUNG SYMMETRY

Let M be a riemmanian manifold, and Y be an Young diagram of length

|Y|. Traceless Young symmetrizer is an operator Y : T M®"" 5 7@
defined as

Y =Ay-TL OACOI o Srow

Let (Y,) be a sequence of Young diagrams such that |Y | =p and Y, consists
of the k rows of length (N — 1) and one row of length r, where
p=(N—1k+r,r<p. For a given riemannian manifold M we define

On(M) =P Y, T"M*",  d(T}) :=Yp1 0V, dla T, € Y,T"M®"
p
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TRACELSS TENSOR FIELDS OF YOUNG SYMMETRY

Let M be a riemmanian manifold, and Y be an Young diagram of length
|Y|. Traceless Young symmetrizer is an operator Y : T M®"" 5 7@
defined as

Y = )\Y -TL OACOI o Srow

Let (Y,) be a sequence of Young diagrams such that |Y | =p and Y, consists
of the k rows of length (N — 1) and one row of length r, where
p=(N—1k+r,r<p. For a given riemannian manifold M we define

On(M) =P Y, T"M*",  d(T}) :=Yp1 0V, dla T, € Y,T"M®"
p

PROPOSITION
Let M be a flat riemannian manifold. Then (Qx(M),d) is an N-complez.

It just means, that 4 = 0.

MARIAN WIATR EXISTENCE OF POTENTIAL FOR LINEARIZED WEYL TENSOR AS !



EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:
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N =2 — de Rham complex:
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N =2 — de Rham complex:

C°°3>D
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

c> % o % H
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N =2 — de Rham complex:

Cmgmigiﬁ
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N =2 — de Rham complex:

c~ 4o g s f s
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N =2 — de Rham complex:
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)

>4 0SmA P E
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)

c~So0dmSPSEsH
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)

c>SoSm AP SHYHS .
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)
cw$5$m$53$33$@$...
N=4 — spin-3 field:

COO
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)

c>SoSm AP SHYHS .
N=4 — spin-3 field:
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)

c>SoSm AP SHYHS .

N=4 — spin-3 field:

c* 4ot mSoo S HD S HP S HH
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)
cw$[j$u3$51$g3$§3$”.
N=4 — spin-3 field:
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EXAMPLES FOR SEVERAL N

N =2 — de Rham complex:

N =3 — spin-2 field (or traceless part of linearized gravity:)
cw$[j$u3$51$g3$§3$”.
N=4 — spin-3 field:

c>SpSdmAmmAFRSHFRSHFRESHE S .
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COHOMOLOGY OF (Q2x(M),d) (GENERALIZED
POINCARE LEMMA )

Let M be simply connected, flat, riemannian manifold. Wowczas

Hyn—1) (On(M)) =0 Vien
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COHOMOLOGY OF (Q2x(M),d) (GENERALIZED
POINCARE LEMMA )

Let M be simply connected, flat, riemannian manifold. Wowczas

Hyn—1) (On(M)) =0 Vien

COROLLARY

Let D be a simply connected domain in a Minkowsk: space, and
p= (N —1)k. If tensor T € T*D%" (tensor of rectangular Young
diagram) fulfills

d*T =0,

@P—(N—Fk)

then there exists a tensor S € T*D , such that

dV-kg=T.
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SPIN n THEORY AS AN (n + 1)-COMPLEX

Spin n field can be represented as traceless tensor

. 2l ..
Fuivipovs..inim € Qng1(M) with Young symmetry ’511 52 - ..
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SPIN n THEORY AS AN (n + 1)-COMPLEX

Spin n field can be represented as traceless tensor

Fuivipovs..inim € Qng1(M) with Young symmetry

H1H2--~
V1 (V2
n

Because of dimension equal 4, it fulfills automaticaly

dF =0 (<= TL(VaFsusvs.pinrn) =
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SPIN n THEORY AS AN (n + 1)-COMPLEX

Spin n field can be represented as traceless tensor

. 2l ..
Fuivipovs..inim € Qng1(M) with Young symmetry ’511 52 - ..

Because of dimension equal 4, it fulfills automaticaly
dF =0 (<:> TL(V (0 Faylusvs..inim) = O) ,

so from generalized Poincaré lemma, there exists a traceless tensor A

of Young symmetry . . ., such that
L —

n

F=d"A.
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SPIN n THEORY AS AN (n + 1)-COMPLEX

Spin n field can be represented as traceless tensor

. 2l ..
Fuivipovs..inim € Qng1(M) with Young symmetry ’511 52 - ..

Because of dimension equal 4, it fulfills automaticaly
dF =0 (<:> TL(V (0 Faylusvs..inim) = O) ,

so from generalized Poincaré lemma, there exists a traceless tensor A

of Young symmetry . . ., such that
L —

n
F=d"A.
Field equations
v[aFﬁv]uzw...unvn =0

are obtained from lagrangian

L:/ (d" A, d" A) .
M
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THANK YOU FOR YOUR ATTENTION
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