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Poincare symmetry of Minkowski space

Poincaré symmetry is a symmetry of Special Relativity described by Minkowski
space.

It includes: rotations in space, boosts and translations

The first two symmetries, rotations and boosts together make the Lorentz group

[Jaba ch] — T]chad + 'nadec — nachd — T]deac

Then the translations group and the Lorentz group produce the Poincaré group.

[Jabn ch] — nchad + T]a,dec — nachd — ndeac
[Jaba Pc] — nbcPa — nach
[P, Py] =0



(anti)-De Sitter  a==%5  (A)dS symmetry

Then the translations group and the Lorentz group produce the AdS group when

Jab [Ja,bg ch] = anJad —+ T]adec — nachd — T]dea,c
1 [Jaba PC] — nbcPa - T]ach
[Pa,Pb] — :IzglzJab

JaB { \JaB,Jep] = ncJap +napJec —nacIBp —NBpJac ]

Gravity as the Gauge Theory with (A)dS group
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Chern-Simons 3D

The most general three-dimensional N' = 1 Chern-Simons (CS)action is:

k 1
2R = EfM <A/\dA+ 5A/\[A,A]> .

We can transit to the dual 3D fields w® = %eabcwbc and generators definition,

_1_5
Ja — §Ea’ Cr]ab-

We also introduce: R% = dw® + %eabcwbwc, D e% = de® + e*Cwy e, the
Lorentz covariant derivative acting on a spinor D v = dy + %wa%w, as well as
define /' =D ¢ + ﬁe“’yaw.

([[Xi, X5]] Xie) = (X [[X;, Xi]])

3D CS action being invariant under AdS superalgebra:
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From gravity to supergravity

. ¥ )
)

Supersymmetry
relating
bosons with fermions

dFermion = Boson

0 Boson = Fermion

d Action — invariant

. o : : W= __ = 1, ab
Gauge parameter @ decomposes into parameters of symmetries: Supersymmetry transformations (with D“€ = dé — ;w® &yas)

See” = —lkEN" Y, bew™ = ke, RS %(D"’E— ie“E’)'a),

1
e = EA“bMGb +&°P, + € Qn (local Lorentz, translation, supercharge) 21

Adding spin 3/2 field with constant x* = % to graviton

bQSOﬂ fermion
spiNn-2 spin-3/2



From gravity 10 supergravity  spimor matter = 7% ~ 4%

7 by Ferrara, Freedman, Nieuwenhuizen, Townsend
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Cosmological constant in supergravity

Paul K. Townsend
Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, New York 11794
(Received 19 January 1977)
We construct an extension of pure supergravity which contains a cosmological term and a
masslike term for the spin-3/2 field. Unlike another recent model which incorporates these
features, that presented here is constructed from the usual spin-2, spin-3/2 fields alone,

The action

1 3r%e o -
I=f (— e ee®e™R,, ., + s 3 €%, vy, D, ¥, - Xkep, o*? z/Jp> dix

MacDowell-Mansouri: gravity /supergravity as "Yang-Mills" like theory

with essential role of cosmological constant and topological Euler term

Adding spin 3/2 field with constant k* = #Z€ to graviton N =0 GR

Au= (G0 +7eiPa ) + 505 Qu | N =1 SUGRA
N =2 SUGRA

Gravity — Supergravity of MacDowell-Mansouri
N-extended SUGRA

2
L=Li+ L= 16‘{ = (25375 F+ %F“)“b € abed F(S)Cd) . -
77 with N gravitinos




Algebras of the generators (Lorentz, translations)

[Jabs Jed] = Mbc Jad + Nad Jbc — Nac Jbd — Mbd Jac
[Jab. Pc] = e Pa — Nac Py
[Pa, Pp] =0

P, — (P,
INGNU-Wigner con’rroc’nor/ B, B . J \nonu Wigner contraction
b ab

[Jabs Jed]l = Mbc Jad + Nad Jbe — Mac Jbd — Mbd Jac [Jabs Jed]l = Mbe Jad + Mad Joe — Nac Jbd — Mbd Jac
[Jabs Pc] = npcPa — Nac Pp % [Jabs Pc] = NpcPa — Nac Pp
[Pﬁspb]zjﬁb [Pﬂspb]:_jﬁb

Poincare

AdS

What about new bosonic generator ¢

[Pa,apb] — Zab



Maxwell algebra [Schrader, Bacry]

Schrader, The Mazwell group and the quantum theory of particles in classical homogeneous electromagnetic fields, Fortsch. Phys. 20 (1972) 701

Maxwell algebra, corresponds to the symmetry of fields in
the constant electromagnetic background in the flat Minkowski spacetime.

" [Jab: Jed] = Nbc Jad + Nad Jbe — Nac Jbd — Mbd Jac, )
[Jabs Pcl=1bcPa — NacPp;  |[Pa, Pyl = Zap,

Uabs Zeal = MbcZad + Nad Zbe — NacZbd — Mbd Zac;
[Zap, Pc]=0;  [Zap, Zcql = 0.

Semisimple extension of Poincare [SorokaA2]

D. V. Soroka and V. A. Soroka, “Tensor extension of the Poincaré’ algebra,” Phys. Lett. B 607, 302 (2005) [hep-th/0410012]

NJabs Jeal = Nbe Jad + Nad Jbe — Nac Jbd — NMbd Jac, ) A= 1wabJab + lfﬂpa + 1

b
ok gouot gk Za,

Fuy = 0,4, — 0, A, + [A,, A

[Jab, Pc] = Nbc Pa — Nac Pp; [[Paspb]zzab,
\Uaba Zced]l = NMbcZad + NadZbe — NacZbd — Nbd Zac-

/ Cosmological constant term due to the
[Zab, Pc]l = NbcPa — Nac Py, new generator
_ 1
[Zabs Zcal = NbcZad + NadZbe — NacZbd — Nbd Zac- ﬁezeg[Pa’ Pb] — | Zap

J. A. de Azcarraga, K. Kamimura and J. Lukierski, “Generalized cosmological term from Maxwell
symmetries,” Phys. Rev. D 83, 124036 (2011) [arXiv:1012.4402 [hep-th]].




Generalized contractions

What if the scaling of the generator is not by the parameter?

Pa,%gpa, Pa—>)\1®ﬁa

Semigroup expansion

If we define S = {)\p, \1,...} as an abelian semigroup with the multiplication law being

* associative: (O*b)*C:O*(b*C) F. Izaurieta, E. Rodriguez and P. Salgado, “Expanding Lie (super)algebras through Abelian semi-

« commutative: a*b=b*a groups,” J. Math. Phys. 47, 123512 (2006) [hep-th/0606215]. i
then the Lie algebra B =9 x g goslzl)gado and S. Salgado, “so(D —1,1) ® so(D — 1, 2) algebras and gravity,” Phys. Lett. B 728, 5

is called S—f}xpanded algebt a of g J. Diaz, O. Fierro, F. Izaurieta, N. Merino, E. Rodriguez, P. Salgado and O. Valdivia, “A generalized

action for (2 4 1)-dimensional Chern-Simons gravity,” J. Phys. A 45, 255207 (2012) [arXiv:1311.2215
[gr-qc]].




Semigroup

Semigroup is an algebraic structure consisting of:
 aset

e an associative binary operation(a *b) *c=a * (b * c)

Commutative semigroup is a semigroup where:a *b=Db * a

Including identity element e that e * a =a * e = a gives us Monoid,

which also can be commutative (abelian) Monoid.

A001423
1, 4,

A058129
1, 2,

A001426
1, 3,

A058131
1, 2,

18,

7y

12,

5,

Number of semigroups of order n (for n=1,2,3,4,5,6,7,8,9,10)

126,

1160,

15973, 836021,

1843120128,

52989400714478,

Number of monoids (semigroups with identity) of order n.
2237, 31559,

35,

228,

1668997

Number of commutative semigroups of order n.

58,

325,

2143, 17291,

221805,

11545843,

3518930337

12418001077381302684

Number of commutative monoids (commutative semigroups with identity) of order n.

19,

78,

421,

2637



Resonant decomposition

Vy is spanned by the Lorentz generator Jy; so(D—1,2)

= D-1,2)= D-1,1) —— = Vi
g 50( ) 50( )-_)‘SO(D—I..l) %@]

Vi by the AdS translation generator P,

S[) = {)\2@} and 51 = {/\Qj_H} for ’e‘:,j = 0, 1,2, cee

resonant subset decomposition S = Sy U Sy

This decomposition satisfies So0-S0C Sy, So- 51 C S, S1-51C Sy

Seven * Seven —
I I I Seven * Sodd T

Sodd * Sodd =

[‘/UaVO] C VO 3 [VO:Vi] C Vla [le Vl] - %

Generators of new algebra

new algebra will be spanned by the {Jaby(i), Paj }7 where the new generators are related to
original so (D — 1,2) ones through - -
Jab,(i) = /\QiJa,b and Pa,(j) = )\2j+1Pa .

Lie algebra & = S x g is called S-expanded algebra of g

Seven
Sodds

Seven:



Maxwell-like algebras

] (Moead — NacTbd + NadTpe —

] (MbeTad — NacTba + NadJpe —
(Zab, Zed) = Ao X2 (Mhead — NacTvd + NaaJoc —

] (Mbe Lo — nach) = e Po —

] (116 P —

]

Generators
{Ja,ba Paa Zab}

Madac) = Medad — NacTbd + NadTve — Mbdac »

The semigroup elements {\g, A\1, A2, A3=0s} are not real

numbers and they are dimensionless.
case, they obey the multiplication law

A
Aadg = { )\a+ﬁ
3
Bs o
Ao Ao
/\1 Al
X Ao

In this particular

when o + 3 < 3,
when a + (3 > 3

A1

A1

Az

Os

A2

A2

Os

Os

semigroup <+ algebra

(X, X ], [X,X]and [X,X]
0sTprr =0

nbdjac) = r’7b~cZoLa§ - nachd + nadzbc - nbdZa07 Jop = A ® jaba
ndeac) — 07 Zub - )\‘2 & jab:
T]a,CPba RL - }\1 ®15u-,

Lorentz Jup = Jap,0) = NoJab
translation P, = F, o) = M P,

new generator Z,, = Jab,(l) = >\2jab



Generalized confractions -> semigroup expansion

INGNU-Wigner contraction ~
[[Pa, P = JabJ 9 [[Pa, By =0 ]
ﬁ . ,
AdS P, — (P, /= oo Poincaré
Generators {Jabs Pas Zab, Za }
Jap = Ao ® jab’ The Se'migroup elements {)\0,)\1,)\2,)\3,)\4} are not real
Z =@ J numbers and they are dimensionless. In this particular
ab = A2 f‘b’ case, they obey the multiplication law
Pa — )\1 034 Paa
. N Aa+3, when a+ 3 <4,
Z, = A3 ® P,. anp = A4, when o + (8 > 4.

100 0 00 0 0 00 0 0 00 0 0 00 0 0
o100 o000 (100 0 000 0 00 0 0
M=loot ol =1t o000l M lo1oo0] ®=|o000lM=]0o0 0 0

00 0 1 0100 00 1 0 100 0 000 0
[[Paapb]—JabJ Semigroup expansion of generators .

m— new algebras

AdS multiplication tables




Semigroup expansion and two algebraic families

Generators Type B, Type &, D, = AdS ©B,, o
Ja,b; Pa %3 —=Poincaré @3 =AdS
Jabs Pus Zap B, =Maxwell ¢4 =AdS@Lorentz
Jabs Pas Zab, Ra B C5
JabaPa:Zab:Ra:Zab %6 €6
s = gV S ={rq, @ =0,...,N)
harp fa+B<N+1 o p if o + B <N,
k"‘kﬁ:{mﬂ ifo+p>N+1 ﬁ:{lwﬁz[”g]} ifa+p=>N,

Automatic building blocks for the actions
e Connection Curvature forms Invariant tensors

* Born-Infeld theory in even dimensions

 Chern-Simons theory in odd dimensions AdS

1
L2 A] = s+ 1) / 5t (A (A + LAY 2
0

A2p—102n Pﬂf2n+1> = n _|_ ]_EGIGZ"'G-Zn—I—I

Pure Lovelock gravity and Chern-Simons theory New family of Maxwell like algebras

P. K. Concha®?! R. Durka®! C. Inostroza*t N. Merino®} E. K. Rodriguez!? P. K. Concha!?* R. Durka®! N. Merino® E. K. Rodriguez2§




Question: how many algebras are there?

R. Durka, “Resonant algebras and gravity,” J. Phys. A 50, no.14, 145202 (2017)
d0i:10.1088/1751-8121/aabcOb [arXiv:1605.00059 [hep-th]].

R. Durka and K. Grela, “On the number of possible resonant algebras,” J. Phys. A 53,
1n0.35, 355202 (2020) doi:10.1088/1751-8121/ab9e8e¢ [arXiv:1911.12814 [hep-th]].

What is the freedom in closing the semigroup
multiplication tablese

|:jab: jcd] - nbcjad - nacjbd - nbdjac + nadjbc — R = + WA wcb \

[jab: 160] — nbcpa - nacﬁ)b — T = de® + wa,b A eb .

Lorentz J,, = Jab,(o) = )\ojab

translation Py =P, = M P,

[Jabs Jea] and [Jup, Pel

AoAo = Ao A0AL = Ap




R. Durka, Resonant algebras and gravity, arXiv:1605.00059! [hep-th].

Poincaré-like, AdS-like, Maxwell-like algebras

PSS VRS W SYSEED VIS W VSR VI W

Mo Ao Mo [ho [ do o B ) Generators
A A Og MM Ao MM A Jab, Pa, Zab

Ao Ao Ao Ag A2 A2

e 4x Poincaré-like algebras we could denote as type By, BCy, C' By, and Cy = 1SO® Lorentz:

Bsi M M A BCy X M M CBy M M A Cy

Ao M
Ao . A1 Ao Ao A1 A Ao . A1 Ao Ao . A1 Ao
A1 Og

A A1 0s  Og A1 A1 0s  Og AM A 0s A A1

A2 A2 0g  Og A2 A2 Os A Aa A Ay . Ae A AL A

e none of the AdS-like algebra (associativity is not fulfilled in any configuration)

e 2x Maxwell-like algebras of type B4 and €4 already introduced in a previous section: J P % J P Z
T |7 P Z ~J[J D Z

PP OO P[P 0P

s134 AO Al /\Q 9:4 )\g )\1 /\2 Z |Z 0 0 Z |Z P ]
J Pz J P 7

PP OO0 P[P OP

Al A1 A2 Og Al AL A A Z |zZ 0 Z Z |z P 7
J P Z J P Z

A2 A2 0s  Og A2 A AL Ao T3 P Z 1|7 P Z
P /P Z 0 P|P Z P

z |z oo zl|zPz




Further enlargement, coming with the new translational Ry = F, (1) = A3 P, generator, brings

Ge Nnerda TO IS much richer collection of the algebras:
{Japs Pay Zap, Ro} e 17x Poincarélike
ao as abs a

e 3x AdS-like of type Bs, Cs, and D5 = AdS & AdS

Bs A A h A Cs Ao A A
17 x Poincaré-like, . .. . . . .. A2 .
3x AdS-like, o R
10 x Maxwell-like x 2 B os o

As

. A 0g  Dg

Cs, corresponds to the Klein group
e 10x Maxwell-like: three of them B5, €5, D5 were already derived in a previous section

€5, correspond to the cyclic group Zy
Bs Ao A A A3 <5 Ao A3 Ds o M A A

.EE-~E - N
S o
As  Ag - 0s Og Ao Mg ...
Az . 0s 0s Og Az ... Az

but surprisingly there are five others with the Og (from them only one is being presented
below) and additional two without the zero elements

Visit website N N

: oA
http://resonantalgebras.wordpress.com
o B B o B e B B B
. vl o H-H> ol E
« explicit tables for the algebras ! 2 s 1 2 2 1 2 2
labeled by m =3, 4, 5, 6, eon Bl oo % 0 B B o B B
ngsem oy o B oo B B o
+ tool checking semigroup associativity 3 g0 e 3 2 2 3 2




%I%T@ Resonant (super)algebras

) _
[ by Lled| = Mbcl—ad — Nac d — Nbd—e T Na c

[ by C — ’f]bca — ﬁacb ’ Available content of generators concerns
I [ ] ab —> Jaby Zap, ...  (Lorentz — like)
Lelay b | — b R
) L : i, — P, U,,... (translation — like)
b, Da = (Fab)g DB ; D W Qo Yo, (supercharge — like)

Algebraic and physical requirements to be satisfied:

e holding the same structure constants as original super AdS;

e preservation by the Lorentz generator, i.e. for all generators [J, X] ~ X;
e anticommutator {Q,Q} being non-zero;

e fulfilling graded super-Jacobi identities.



Jacobi identities

If one explicitly use structure constants, then the super-Jacobi identity reads

0= ((Xi, X;), Xi) ® (X, Xi), Xi) & ((Xp, Xi) , Xj)

= fii" (X, Xi) @[5 (Xom, Xi) @ [

= fig" Fmk" Xn ®Fik" fini" Xn @fri™ fms" X0
—~ —~ —~

A B

Equivalent to check if A, B, C are of the same "type”.

Commutation tables

L7 P Q@ {.]Q

J | J P 7 |0 Q | P

PP 0 P|o

]| J P L] ] @ {}] @
J | J P J | O Q | P+J
PP J P|Q

([Pay Po)s Je) + [Py Jels Pal + [[ ey Pals Py

[[Pa, o], Qal + [Py, Qal, Pa] + [[Qas Pul, Po
{[PaaQa]aQb’} + [{ch: Qﬁ}upa] - {[QIB’:PHL Qa}
{Qx: Qat, Qs] + [{Qa, Qs}, Qn] + [{Qp, Qr}, Qa

—

OO0 T T T NN

(Xman)

C‘!

WO AO0 T T T W W

OO0 O0OOAMTTTITTTTTD o o o oo o

L=l =T = -]

Poincare

AdS



Algebra candidates and Jacobi Identities

Assuming that algebra contains: p + 1, n and f of even indexed bosonic
generators, odd indexed, and fermionic ones, respectively, then the generated
total number of candidates configurations reads

p(p+1) n(n+1) (f+1)f_1

Alg=(p+2) = (+1D)"@E+2) > ((+DT((p+2n+1) -D((p+2)(n+1)) >

Jacobi = (p—|—n—§f—|—2)

Having given candidate Alg; with a unique set of (anti)commutation rules,
the upper number of checks to execute is equal to:

6 - Alg - Jacobi

Factor six accounts for two rounds of super-commutator evaluations in a single
super-Jacobi identity. (1) [z, [y, 2] + (=)= y, [z, 2] + (=)W [z, [z, 9] = 0
Case of JPZU + QY requires performing:
e 35 unique super-Jacobi identities

e multiplied by six super-commutator substitutions

e for each of 344 373 768 possible algebra candidates.



Resonant superalgebras for supergravity

M O 'I'h e m O 'I'i C O Remigiusz Durka (Wroclaw U.), Krzysztof M. Graczyk (Wroclaw U.) (Aug 23, 2021)

Published in: Eur.Phys.J.C 82 (2022) 3, 254 » e-Print: 2108.10304 [hep-th]

Dynamical searching algorithm that ”learns” the most problematic Jacobi
identities and uses them in the search process.

100 |

10

JZP+QY
’ . 1x J 1x J+Q 0x J+QY
’ 2% JP 2x JP+Q 10x JP+QY
* . 6x JPZ 9% JPZ+Q 102x JPZ+QY
30x JPZU | 43x JPZU+Q | 667x JPZU+QY

PYQ Z¥0 YOY QY0 POOQ ZPY ZZ20 PPO PYY ZZY IZYY PPY 200 PO OYY QOQY ZZP PQY ZPP Z0Y



Resonant algebras JP+QY
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N=2 resonant algebra JPZ+QY+T

[Jab, Jed] = Medad — Nacbd + NadTve — MbdJac
[Jaby Zed| = MbeLad — NacZbd + NadZbe — Md Lac

ZaaZc = cZa, - a('Z + aZc* Za,ca [7} J P Z T [7} Q Y {’}‘ Q Y
[Jb Pd]_nbpd T?}.Dbd Nad Zbe — Nbd 710 oY g P17z T
Jabs Po] = o Pa = 1ac Py PP z Plo PlQ v Y | T P+z
[Zabs Po] = MoePo — Nac P Z|Z P Z|0 Z|Q VY
[Py Py) = Zap » T|10 0 0]0 T|Y Q
1 1
[Jor Q4] = 5 Car)a @b, [P Qi) = 5 (Ta)a Qf
1
I _ B A1 7 . 1Jn~J
Zab:Qal = 5 Tar)q @5, [1Qa] =7 Q LllJ Pl [LlleY {1}l @ v
) " J | J PO J1Q Y Q [P+J T
{Qh.Q4} = —o" ((F C)ap Pa— 5(T bc)aﬁzab)"‘EIJcaﬁT- plp Jlo PlO Y Y | T P+J
T 10 0]0 T|Y O

N=2 resonant superalgebra for supergravity

Remigiusz Durka (Wroclaw U.), Krzysztof M. Graczyk (Wroclaw U.) (May 12, 2022)
Published in: Phys.Lett.B 833 (2022) 137366 « e-Print: 2205.05921 [hep-th]

k 1
I = o / {ag (w“dwa + ge“bcwawbwc)

2 1, 2 1., 2__ 2 2
- a adc - D a _Laoc - -
+an (E‘R €at 536" Catbec + Sea wh + 7€ eqahyhe + gv,b.FJr gxg—l——paf(a))

1 1 1 2__ 2 2

+a (E—Qeapweﬂ + 2h,R® + g—QeabCeaebhc + he Dy h® + ge“bchahbhc + SUF + X0 + a f(a))] .
k 1 1 2 - 2 2

Iég's = E/ |ffm (wadwa + geabcwawbwc + 8_26@Dw6a + E¢f+ EXg + B—za f(a))

2 1 2 - 2 2
+ay (—’Raea + 3?eabceaebec + Ew}——i_ E;zg + 72 f(a))] )



Applications



BI-metric theories

Zbs Ry N hal ko — h

M2 M2
S = —79 d*z\/—gR(g) + / d*zV (g, h) — 7’% / d*zv/—hR(h)
<']a,b ch> 7£ 0

30 different JP/R algebras  =————p 30 different theories



Einstein-Hilbert action from 5D Chern-Simons

Chern-Simons theory is characterized by the action

1 21 11
Algebra: AdS Sf;?f) =K / d°x (ERabRCdee + 37 R%e¢cele + B e“ebecedee) €abede

We DON'T HAVE the Einstein action limit

Algebra: 85 with the generators: Ja, Po, Zab, Ra

% 2
Log = 012 abeteR T + 03E abede (gRabecedeeJr%%“bRCdTe + E’ZR“bRth€>

when «q vanishes we almost there

No matter content 6k = 0 and dh* = 0 leads to the right action!
But what about variations? (let’s asume that 7% = )

5Lg’§ — 2003 gpede R eCe?8e + azl?e b oo RC RS hE

( Rab c d__ . e
Eabede ee =10 Action in the critic limit
< 2 ab pcd
¢ Eabede "R =0 ¢ = 0leads to GR.
\
J. D. Edelstein, M. Hassaine, R. Troncoso and J. Zanelli, “Lie-algebra expansions, Chern-Simons F. Izaurieta, E. Rodriguez, P. Minning, P. Salgado and A. Perez, “Standard General Relativity from

theories and the Einstein-Hilbert Lagrangian,” Phys. Lett. B 640, 278 (2006) [hep-th/0605174]. Chern-Simons Gravity,” Phys. Lett. B 678, 213 (2009) [arXiv:0905.2187 [hep-th]].




Geometric Model of Topological Insulators from the Maxwell Algebra

Giandomenico Palumbo
Institute for Theoretical Physics, Centre for Extreme Matter and Emergent Phenomena,
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We propose a novel geometric model of three-dimensional topological insulators in presence of an
external electromagnetic field. The gapped boundary of these systems supports relativistic quantum
Hall states and is described by a Chern-Simons theory with a gauge connection that takes values in
the Maxwell algebra. This represents a non-central extension of the Poincaré algebra and takes into
account both the Lorentz and magnetic-translation symmetries of the surface states. In this way,
we derive a relativistic version of the Wen-Zee term, and we show that the non-minimal coupling
between the background geometry and the electromagnetic field in the model is in agreement with
the main properties of the relativistic quantum Hall states in the flat space.
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Quantum Hall Effect

Topological Insulator is a material that behaves as an insulator (internal electric charges
do not flow freely in its Interior) while permitting the movement of charges on its boundary.

Hall effects

The canonical list of electric forms
of matter is actually incomplete

Conductor
18" century
Insulator
Vi =%B=R”%B (a) Hall effect (b) Quantum Hall effect Vi L h Superconductor 20t century
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Terms of the lowest order in derivatives Topological Insulator = -
U 1S
= /
Sind = - [AdA 4 25wdA + 5 wdw] .
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Geometric terms:

» AdA — Chern-Simons term (v: Hall conductance, filling
factor)

» wdA — Wen-Zee term (5: orbital spin, Hall viscosity,
Wen-Zee shift)

» wdw — “gravitational CS term” (’: Hall viscosity -
curvature, thermal Hall effect, orbital spin variance)

2D topological insulator 3D topological insulator
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Scs[A] = % [ d*xe**7 A,0,A, one computes the current that arises from the Chern-Simons

term J; = %El %FﬁEJ‘ and the charge density Jy = %)El = "‘ B (see [1]). This means

that the Hall conductivity takes the value of o,y = i Then the Chern-Slmons level corresponds
EQU
gE.

to thc ﬁlhng factor v of the L’lndau lcvcls accordmgly to k =

The Hall viscosity coefficient, standing in front of the torsional term and describing the response
of the quantum Hall fluid, is defined as ny = %f" [7L[8]. This is in agreement with our framework
after relating ¢ to the magnetic length ¢ = \/fhic/|e| By with By being an external magnetic field

[9]. Then we have
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= ny with once again § = 1.
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