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Toy-model
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2

1 + x2
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1

1 + x2
dx2 + d✓2

Setup

2+1 — dimensional, radially symmetric spacetime

extremal horizon at x=0
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We want solutions such that satisfy


•  


•  


•  


•         is regular at the horizon
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Solutions of homogenous equation — modified Bessel functions
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The Green’s function

<latexit sha1_base64="dEEKG4evnTAt+veu7eglP+KnLvo="></latexit>

 (t, x, ✓) =
1

2⇡i

X

m2Z
eim✓

Z

�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

contour in a complex plane
Γ



The Green’s function

<latexit sha1_base64="TecLlsXpBXGl/fcUJafcUAdyd4s="></latexit>

Gm,s(x, y) =

(
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W x < y
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W x > y
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�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

contour in a complex plane

<latexit sha1_base64="jnC7YVyXphb+A9QWnYlvek/MDHw=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQKtiSlqBuh6EZwU8E+oIlhMpm0QycPZyZCGfITbvwVNy4UcSu482+ctllo64ELh3Punbn3eAklXJjmt7awuLS8slpYK65vbG5t6zu7bR6nDOEWimnMuh7kmJIItwQRFHcThmHoUdzxhpdjv/OAGSdxdCtGCXZC2I9IQBAUSnL14855Bd/JCs9sfs+EtAMGkazxTNoJybJrV9pUvebDrMyPXL1kVs0JjHli5aQEcjRd/cv2Y5SGOBKIQs57lpkIR0ImCKI4K9opxwlEQ9jHPUUjGGLuyMlVmXGoFN8IYqYqEsZE/T0hYcj5KPRUZwjFgM96Y/E/r5eK4MyRJEpSgSM0/ShIqSFiYxyR4ROGkaAjRSBiRO1qoAFUuQgVZFGFYM2ePE/atap1Uq3f1EuNizyOAtgHB6AMLHAKGuAKNEELIPAInsEreNOetBftXfuYti5o+cwe+APt8wdLrZ+L</latexit>

W = �e�s

r
2s

⇡
K�(s)

Γ



The Green’s function

<latexit sha1_base64="TecLlsXpBXGl/fcUJafcUAdyd4s="></latexit>

Gm,s(x, y) =

(
e�2s/yu1(x)u2(y)

W x < y
e�2s/yu2(x)u1(y)

W x > y

<latexit sha1_base64="dEEKG4evnTAt+veu7eglP+KnLvo="></latexit>

 (t, x, ✓) =
1

2⇡i

X

m2Z
eim✓

Z

�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

contour in a complex plane

In principle we can now calculate the solution for any initial data. 
(everything is regular in the right half-plane)

<latexit sha1_base64="jnC7YVyXphb+A9QWnYlvek/MDHw=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQKtiSlqBuh6EZwU8E+oIlhMpm0QycPZyZCGfITbvwVNy4UcSu482+ctllo64ELh3Punbn3eAklXJjmt7awuLS8slpYK65vbG5t6zu7bR6nDOEWimnMuh7kmJIItwQRFHcThmHoUdzxhpdjv/OAGSdxdCtGCXZC2I9IQBAUSnL14855Bd/JCs9sfs+EtAMGkazxTNoJybJrV9pUvebDrMyPXL1kVs0JjHli5aQEcjRd/cv2Y5SGOBKIQs57lpkIR0ImCKI4K9opxwlEQ9jHPUUjGGLuyMlVmXGoFN8IYqYqEsZE/T0hYcj5KPRUZwjFgM96Y/E/r5eK4MyRJEpSgSM0/ShIqSFiYxyR4ROGkaAjRSBiRO1qoAFUuQgVZFGFYM2ePE/atap1Uq3f1EuNizyOAtgHB6AMLHAKGuAKNEELIPAInsEreNOetBftXfuYti5o+cwe+APt8wdLrZ+L</latexit>

W = �e�s

r
2s

⇡
K�(s)

Γ



<latexit sha1_base64="dEEKG4evnTAt+veu7eglP+KnLvo="></latexit>

 (t, x, ✓) =
1

2⇡i

X

m2Z
eim✓

Z

�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

Delicate cancellations Move contour to the left



<latexit sha1_base64="jnC7YVyXphb+A9QWnYlvek/MDHw=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQKtiSlqBuh6EZwU8E+oIlhMpm0QycPZyZCGfITbvwVNy4UcSu482+ctllo64ELh3Punbn3eAklXJjmt7awuLS8slpYK65vbG5t6zu7bR6nDOEWimnMuh7kmJIItwQRFHcThmHoUdzxhpdjv/OAGSdxdCtGCXZC2I9IQBAUSnL14855Bd/JCs9sfs+EtAMGkazxTNoJybJrV9pUvebDrMyPXL1kVs0JjHli5aQEcjRd/cv2Y5SGOBKIQs57lpkIR0ImCKI4K9opxwlEQ9jHPUUjGGLuyMlVmXGoFN8IYqYqEsZE/T0hYcj5KPRUZwjFgM96Y/E/r5eK4MyRJEpSgSM0/ShIqSFiYxyR4ROGkaAjRSBiRO1qoAFUuQgVZFGFYM2ePE/atap1Uq3f1EuNizyOAtgHB6AMLHAKGuAKNEELIPAInsEreNOetBftXfuYti5o+cwe+APt8wdLrZ+L</latexit>

W = �e�s

r
2s

⇡
K�(s)

<latexit sha1_base64="dEEKG4evnTAt+veu7eglP+KnLvo="></latexit>

 (t, x, ✓) =
1

2⇡i

X

m2Z
eim✓

Z

�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

Delicate cancellations Move contour to the left
<latexit sha1_base64="tIxWTuMVk4CoMUAGuMFc3pluIcc=">AAAB6nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6kUoevFY0X5Au5Rsmm1Dk+ySZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9CCvq71S2at4M+Bl4uekDDnqvdJXtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gU6f0cRRrV8rimfp7IiPSmLEMXackdmgWvan4n9dJbXQVZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOkUXgr/48jJpnlf8i0r1vlqu3eRxFOAYTuAMfLiEGtxBHRpAYQDP8ApvSKAX9I4+5q0rKJ85gj9Anz/Or41/</latexit>

m = 4



<latexit sha1_base64="jnC7YVyXphb+A9QWnYlvek/MDHw=">AAACFXicbVDLSsNAFJ34rPUVdekmWIQKtiSlqBuh6EZwU8E+oIlhMpm0QycPZyZCGfITbvwVNy4UcSu482+ctllo64ELh3Punbn3eAklXJjmt7awuLS8slpYK65vbG5t6zu7bR6nDOEWimnMuh7kmJIItwQRFHcThmHoUdzxhpdjv/OAGSdxdCtGCXZC2I9IQBAUSnL14855Bd/JCs9sfs+EtAMGkazxTNoJybJrV9pUvebDrMyPXL1kVs0JjHli5aQEcjRd/cv2Y5SGOBKIQs57lpkIR0ImCKI4K9opxwlEQ9jHPUUjGGLuyMlVmXGoFN8IYqYqEsZE/T0hYcj5KPRUZwjFgM96Y/E/r5eK4MyRJEpSgSM0/ShIqSFiYxyR4ROGkaAjRSBiRO1qoAFUuQgVZFGFYM2ePE/atap1Uq3f1EuNizyOAtgHB6AMLHAKGuAKNEELIPAInsEreNOetBftXfuYti5o+cwe+APt8wdLrZ+L</latexit>

W = �e�s

r
2s

⇡
K�(s)

<latexit sha1_base64="dEEKG4evnTAt+veu7eglP+KnLvo="></latexit>

 (t, x, ✓) =
1

2⇡i

X

m2Z
eim✓

Z

�
est

Z 1

0
Gm,s(x, y)fm,s(y)dy ds

Γ

Delicate cancellations Move contour to the left
<latexit sha1_base64="tIxWTuMVk4CoMUAGuMFc3pluIcc=">AAAB6nicbVBNSwMxEJ34WetX1aOXYBE8lV0p6kUoevFY0X5Au5Rsmm1Dk+ySZIWy9Cd48aCIV3+RN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rRztOWCDJQPGIU2Kd9CCvq71S2at4M+Bl4uekDDnqvdJXtx/TVDJlqSDGdHwvsUFGtOVUsEmxmxqWEDoiA9ZxVBHJTJDNTp3gU6f0cRRrV8rimfp7IiPSmLEMXackdmgWvan4n9dJbXQVZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOkUXgr/48jJpnlf8i0r1vlqu3eRxFOAYTuAMfLiEGtxBHRpAYQDP8ApvSKAX9I4+5q0rKJ85gj9Anz/Or41/</latexit>

m = 4

Γ

QNM

power tail



Power tail

Due to the term       contribution near zero is dominating. 
<latexit sha1_base64="BOTXaQkex5NoULxzuYGGHcnUeEs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDbbSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis18SHTZtIrV9yqOwNZJl5OKpCj3it/dfuSpRHGhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjaUwj1H42u3ZCTqzSJ6FUtmJDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/IzHSWowZvNFYSqIkWT6OulzhcyIsSWUKW5vJWxIFWXGBlSyIXiLLy+T5lnVu6ie351Xatd5HEU4gmM4BQ8uoQa3UIcGMHiEZ3iFN0c6L8678zFvLTj5zCH8gfP5A+/Pj2E=</latexit>

est



Power tail

<latexit sha1_base64="o8vGIVJAsrlUJplo4HGGz/tdfRE=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16CRbBU0lE1GPRi8cK9gOaUDbbTbt0dxN2N0II8a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5YcKo0q77bVXW1jc2t6rbtZ3dvf0D+/Coq+JUYtLBMYtlP0SKMCpIR1PNSD+RBPGQkV44vZ35vUciFY3Fg84SEnA0FjSiGGkjDe26nyjqK8r9SCKce0Wui6HdcJvuHM4q8UrSgBLtof3lj2KcciI0ZkipgecmOsiR1BQzUtT8VJEE4Skak4GhAnGignx+fOGcGmXkRLE0JbQzV39P5IgrlfHQdHKkJ2rZm4n/eYNUR9dBTkWSaiLwYlGUMkfHziwJZ0QlwZplhiAsqbnVwRNkUtAmr5oJwVt+eZV0z5veZfPi/qLRuinjqMIxnMAZeHAFLbiDNnQAQwbP8Apv1pP1Yr1bH4vWilXO1OEPrM8fcXeVTA==</latexit>

 ⇠ 1

t

Due to the term       contribution near zero is dominating. 
<latexit sha1_base64="BOTXaQkex5NoULxzuYGGHcnUeEs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaWDbbSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9oapkqhg0mhVTtgGoUPMaG4UZgO1FIo0BgKxjdTP3WEyrNZXxvxgn6ER3EPOSMGis18SHTZtIrV9yqOwNZJl5OKpCj3it/dfuSpRHGhgmqdcdzE+NnVBnOBE5K3VRjQtmIDrBjaUwj1H42u3ZCTqzSJ6FUtmJDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/IzHSWowZvNFYSqIkWT6OulzhcyIsSWUKW5vJWxIFWXGBlSyIXiLLy+T5lnVu6ie351Xatd5HEU4gmM4BQ8uoQa3UIcGMHiEZ3iFN0c6L8678zFvLTj5zCH8gfP5A+/Pj2E=</latexit>

est

For compactly supported initial data the asymptotic analysis  
of the Green’s function near             gives:

<latexit sha1_base64="1Swi45fIkUFm8yCPyE2QYrNO+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHvS12ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A0cONgQ==</latexit>

s = 0



QNMs
<latexit sha1_base64="y02K+y5wYJytGsGtVetWF2u+jJI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjRfsB7VKyabYNTbJLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWj3acsECSgeIRp8Q66UFee71yxat6M+Bl4uekAjnqvfJXtx/TVDJlqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVBHJTJDNTp3gE6f0cRRrV8rimfp7IiPSmLEMXackdmgWvan4n9dJbXQVZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOiUXgr/48jJpnlX9i+r5/XmldpPHUYQjOIZT8OESanAHdWgAhQE8wyu8IYFe0Dv6mLcWUD5zCH+APn8AyJ+New==</latexit>

m = 0
<latexit sha1_base64="4k4KbD7fbfet1JRwX5bqOc4cm2c=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqBeh6MVjRfsB7VKyabYNTbJLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmhYngxnreNyqsrK6tbxQ3S1vbO7t75f2DpolTTVmDxiLW7ZAYJrhiDcutYO1EMyJDwVrh6Hbqt56YNjxWj3acsECSgeIRp8Q66UFe+71yxat6M+Bl4uekAjnqvfJXtx/TVDJlqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVBHJTJDNTp3gE6f0cRRrV8rimfp7IiPSmLEMXackdmgWvan4n9dJbXQVZFwlqWWKzhdFqcA2xtO/cZ9rRq0YO0Ko5u5WTIdEE2pdOiUXgr/48jJpnlX9i+r5/XmldpPHUYQjOIZT8OESanAHdWgAhQE8wyu8IYFe0Dv6mLcWUD5zCH+APn8AyiONfA==</latexit>

m = 1
<latexit sha1_base64="ZyzbxR8Mk6u9eV2DAXlLXrbHPss=">AAAB6nicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbinoRil48VrQf0C4lm2bb0CS7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//wD08auk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm9nfvuJKs1i+WgmCQ0EHkoWMYKNlR7EdbXvlr2KNwdaJX5OypCj0Xe/eoOYpIJKQzjWuut7iQkyrAwjnE5LvVTTBJMxHtKupRILqoNsfuoUnVllgKJY2ZIGzdXfExkWWk9EaDsFNiO97M3E/7xuaqKrIGMySQ2VZLEoSjkyMZr9jQZMUWL4xBJMFLO3IjLCChNj0ynZEPzll1dJq1rxLyq1+1q5fpPHUYQTOIVz8OES6nAHDWgCgSE8wyu8Odx5cd6dj0VrwclnjuEPnM8fy6eNfQ==</latexit>

m = 2

<latexit sha1_base64="IZ9EEV/tJ1GNRoB1whehmQvenk4=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVol6EohePFe0HtEvJptk2NMkuSVYoS3+CFw+KePUXefPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDSTmPoCDyULGcHGSg/i+rxfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2alTdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxIRXfspknBgqyXxRmHBkIpT9jQZMUWL4xBJMFLO3IjLCChNj0ynZELzFl5dJ66zqXVRr97VK/SaPowhHcAyn4MEl1OEOGtAEAkN4hld4c7jz4rw7H/PWgpPPHMIfOJ8/zSuNfg==</latexit>

m = 3
<latexit sha1_base64="KQYJqlXQ6sHBvRDL1epoumnsKZE=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVor0IRS8eK7ptoV1KNs22oUl2SbJCWfoTvHhQxKu/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9nfvuJKs1i+WgmCQ0EHkoWMYKNlR7Edb1frrhVdw60SrycVCBHs1/+6g1ikgoqDeFY667nJibIsDKMcDot9VJNE0zGeEi7lkosqA6y+alTdGaVAYpiZUsaNFd/T2RYaD0Roe0U2Iz0sjcT//O6qYnqQcZkkhoqyWJRlHJkYjT7Gw2YosTwiSWYKGZvRWSEFSbGplOyIXjLL6+S1kXVu6zW7muVxk0eRxFO4BTOwYMraMAdNMEHAkN4hld4c7jz4rw7H4vWgpPPHMMfOJ8/1L+Ngw==</latexit>

m = 8

…



Numerical results

Plots of
<latexit sha1_base64="h1jPyHFYNimJ5erZAh+SHglx4YQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRahQimJFNtl0Y3LCvYCTSiT6aQdOrkwcyKUNM/hxldx40IRd+LGt3GaZqGtB4b5+P9zmDm/G3EmwTS/tbX1jc2t7cJOcXdv/+BQPzruyDAWhLZJyEPRc7GknAW0DQw47UWCYt/ltOtObuZ+94EKycLgHqYRdXw8CpjHCAYlDXTL5tSDmR1JllEZKma1UbE9gUliRyxN6qkt2GgMF4trNtBLZtXMylgFK4cSyqs10D/tYUhinwZAOJayb5kROAkWwAinadGOJY0wmeAR7SsMsE+lk2Srpca5UoaGFwp1AjAy9fdEgn0pp76rOn0MY7nszcX/vH4MXsNJWBDFQAOyeMiLuQGhMc/JGDJBCfCpAkwEU381yBirVEClWVQhWMsrr0LnsmpdVWt3tVLzOo+jgE7RGSojC9VRE92iFmojgh7RM3pFb9qT9qK9ax+L1jUtnzlBf0r7+gGm+6FH</latexit>��� 

⇣
t, 0.8,

⇡

7

⌘��� for
<latexit sha1_base64="sqBaLOLV+KycNkTyWg99M58kT+E="></latexit>(
 0(x, ✓) = (1� x) cosm✓

 1(x, ✓) = 0
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Numerical results

Plots of
<latexit sha1_base64="h1jPyHFYNimJ5erZAh+SHglx4YQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRahQimJFNtl0Y3LCvYCTSiT6aQdOrkwcyKUNM/hxldx40IRd+LGt3GaZqGtB4b5+P9zmDm/G3EmwTS/tbX1jc2t7cJOcXdv/+BQPzruyDAWhLZJyEPRc7GknAW0DQw47UWCYt/ltOtObuZ+94EKycLgHqYRdXw8CpjHCAYlDXTL5tSDmR1JllEZKma1UbE9gUliRyxN6qkt2GgMF4trNtBLZtXMylgFK4cSyqs10D/tYUhinwZAOJayb5kROAkWwAinadGOJY0wmeAR7SsMsE+lk2Srpca5UoaGFwp1AjAy9fdEgn0pp76rOn0MY7nszcX/vH4MXsNJWBDFQAOyeMiLuQGhMc/JGDJBCfCpAkwEU381yBirVEClWVQhWMsrr0LnsmpdVWt3tVLzOo+jgE7RGSojC9VRE92iFmojgh7RM3pFb9qT9qK9ax+L1jUtnzlBf0r7+gGm+6FH</latexit>��� 

⇣
t, 0.8,

⇡

7

⌘��� for
<latexit sha1_base64="sqBaLOLV+KycNkTyWg99M58kT+E="></latexit>(
 0(x, ✓) = (1� x) cosm✓

 1(x, ✓) = 0
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Numerical results

The power tails differ from t-1 

since the initial data are not compactly supported

Plots of
<latexit sha1_base64="h1jPyHFYNimJ5erZAh+SHglx4YQ=">AAACGnicbZDLSsNAFIYnXmu9RV26CRahQimJFNtl0Y3LCvYCTSiT6aQdOrkwcyKUNM/hxldx40IRd+LGt3GaZqGtB4b5+P9zmDm/G3EmwTS/tbX1jc2t7cJOcXdv/+BQPzruyDAWhLZJyEPRc7GknAW0DQw47UWCYt/ltOtObuZ+94EKycLgHqYRdXw8CpjHCAYlDXTL5tSDmR1JllEZKma1UbE9gUliRyxN6qkt2GgMF4trNtBLZtXMylgFK4cSyqs10D/tYUhinwZAOJayb5kROAkWwAinadGOJY0wmeAR7SsMsE+lk2Srpca5UoaGFwp1AjAy9fdEgn0pp76rOn0MY7nszcX/vH4MXsNJWBDFQAOyeMiLuQGhMc/JGDJBCfCpAkwEU381yBirVEClWVQhWMsrr0LnsmpdVWt3tVLzOo+jgE7RGSojC9VRE92iFmojgh7RM3pFb9qT9qK9ax+L1jUtnzlBf0r7+gGm+6FH</latexit>��� 

⇣
t, 0.8,

⇡

7

⌘��� for
<latexit sha1_base64="sqBaLOLV+KycNkTyWg99M58kT+E="></latexit>(
 0(x, ✓) = (1� x) cosm✓

 1(x, ✓) = 0



Nonlinear problem

<latexit sha1_base64="wdzHt4+vMYX3XXAl/yjJy4zate0=">AAACH3icbVC7TsMwFHV4lvIKMLJYVEgsrRJUlS5IFSyMBdGH1ITKcZzWqvPAdpCqtH/Cwq+wMIAQYuvf4KQZoOVIlo7Puffa9zgRo0IaxkxbWV1b39gsbBW3d3b39vWDw7YIY45JC4cs5F0HCcJoQFqSSka6ESfIdxjpOKPr1O88ES5oGNzLcURsHw0C6lGMpJL6es0SjzHiBFqRoLAMLY8jnNxNk/o0VcoWU7NcBCfpbfJQzeoujb5eMipGBrhMzJyUQI5mX/+23BDHPgkkZkiInmlE0k4QlxQzMi1asSARwiM0ID1FA+QTYSfZflN4qhQXeiFXJ5AwU393JMgXYuw7qtJHcigWvVT8z+vF0qvbCQ2iWJIAzx/yYgZlCNOwoEs5wZKNFUGYU/VXiIdIJSRVpEUVgrm48jJpn1fMWqV6Wy01rvI4CuAYnIAzYIIL0AA3oAlaAINn8ArewYf2or1pn9rXvHRFy3uOwB9osx9DAKJ9</latexit>

⇤ � R

8
 � �| |4 = 0

Conformally invariant equation



Nonlinear problem

<latexit sha1_base64="wdzHt4+vMYX3XXAl/yjJy4zate0=">AAACH3icbVC7TsMwFHV4lvIKMLJYVEgsrRJUlS5IFSyMBdGH1ITKcZzWqvPAdpCqtH/Cwq+wMIAQYuvf4KQZoOVIlo7Puffa9zgRo0IaxkxbWV1b39gsbBW3d3b39vWDw7YIY45JC4cs5F0HCcJoQFqSSka6ESfIdxjpOKPr1O88ES5oGNzLcURsHw0C6lGMpJL6es0SjzHiBFqRoLAMLY8jnNxNk/o0VcoWU7NcBCfpbfJQzeoujb5eMipGBrhMzJyUQI5mX/+23BDHPgkkZkiInmlE0k4QlxQzMi1asSARwiM0ID1FA+QTYSfZflN4qhQXeiFXJ5AwU393JMgXYuw7qtJHcigWvVT8z+vF0qvbCQ2iWJIAzx/yYgZlCNOwoEs5wZKNFUGYU/VXiIdIJSRVpEUVgrm48jJpn1fMWqV6Wy01rvI4CuAYnIAzYIIL0AA3oAlaAINn8ArewYf2or1pn9rXvHRFy3uOwB9osx9DAKJ9</latexit>

⇤ � R

8
 � �| |4 = 0

Conformally invariant equation

<latexit sha1_base64="PxxjbvkYMleQYu6gvyIkTiGlIa4="></latexit>

� @2t  + @x(x
2@x ) + 2@t@x + @2✓ 

� x3

1 + x2
@x � x

1 + x2
@t � �1 + 2x2

4(1 + x2)2
 � �| |4 = 0



Conformal factor depending only on x does not change QNFs
<latexit sha1_base64="3csLk/GXkKCv9x3sVtZC/9y2vJk=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoojUpRV0W3bizgn1AE8tkOmmHTjJhZiKU0H9w46+4caGIWzfu/BunaRbaemDgcM653LnHixiVyrK+jdzC4tLySn61sLa+sbllbu80JY8FJg3MGRdtD0nCaEgaiipG2pEgKPAYaXnDq4nfeiBCUh7eqVFE3AD1Q+pTjJSWuuZRqX/sRJIeOoqXnJuA9NF9BWptSpMT+7QyhmmiaxatspUCzhM7I0WQod41v5wex3FAQoUZkrJjW5FyEyQUxYyMC04sSYTwEPVJR9MQBUS6SXrTGB5opQd9LvQLFUzV3xMJCqQcBZ5OBkgN5Kw3Ef/zOrHyL9yEhlGsSIini/yYQcXhpCDYo4JgxUaaICyo/ivEAyQQVrrGgi7Bnj15njQrZfusXL2tFmuXWR15sAf2QQnY4BzUwDWogwbA4BE8g1fwZjwZL8a78TGN5oxsZhf8gfH5A5uxnB4=</latexit>

(g, ) ! (⌦2g,⌦�1/2 )



Conformal factor depending only on x does not change QNFs
<latexit sha1_base64="3csLk/GXkKCv9x3sVtZC/9y2vJk=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoojUpRV0W3bizgn1AE8tkOmmHTjJhZiKU0H9w46+4caGIWzfu/BunaRbaemDgcM653LnHixiVyrK+jdzC4tLySn61sLa+sbllbu80JY8FJg3MGRdtD0nCaEgaiipG2pEgKPAYaXnDq4nfeiBCUh7eqVFE3AD1Q+pTjJSWuuZRqX/sRJIeOoqXnJuA9NF9BWptSpMT+7QyhmmiaxatspUCzhM7I0WQod41v5wex3FAQoUZkrJjW5FyEyQUxYyMC04sSYTwEPVJR9MQBUS6SXrTGB5opQd9LvQLFUzV3xMJCqQcBZ5OBkgN5Kw3Ef/zOrHyL9yEhlGsSIini/yYQcXhpCDYo4JgxUaaICyo/ivEAyQQVrrGgi7Bnj15njQrZfusXL2tFmuXWR15sAf2QQnY4BzUwDWogwbA4BE8g1fwZjwZL8a78TGN5oxsZhf8gfH5A5uxnB4=</latexit>

(g, ) ! (⌦2g,⌦�1/2 )

<latexit sha1_base64="daknF3yhPhSHTDSS+I2ScBAQ2dI="></latexit>

� @2t  + @x(x
2@x ) + 2@t@x + @2✓ 

+
1

4

✓
1 +

2x2

(1 + x2)2

◆
 � �| |4 = 0

<latexit sha1_base64="PHNcZXYHp5EmpvtwGs9Mly/kbhA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJSlE3QtGNOyvYBzSxTKaTduhMEmcm0hK78FfcuFDErb/hzr9x2mahrQcuHM65l3vv8SJGpbKsbyOzsLi0vJJdza2tb2xumds7dRnGApMaDlkomh6ShNGA1BRVjDQjQRD3GGl4/cux33ggQtIwuFXDiLgcdQPqU4yUltrmnnPNSRcVBkfnjrwXKrGPB3elUdvMW0VrAjhP7JTkQYpq2/xyOiGOOQkUZkjKlm1Fyk2QUBQzMso5sSQRwn3UJS1NA8SJdJPJ/SN4qJUO9EOhK1Bwov6eSBCXcsg93cmR6slZbyz+57Vi5Z+5CQ2iWJEATxf5MYMqhOMwYIcKghUbaoKwoPpWiHtIIKx0ZDkdgj378jypl4r2SbF8U85XLtI4smAfHIACsMEpqIArUAU1gMEjeAav4M14Ml6Md+Nj2pox0pld8AfG5w/Za5Vd</latexit>

⌦(x) =
p
1 + x2



Conformal factor depending only on x does not change QNFs
<latexit sha1_base64="3csLk/GXkKCv9x3sVtZC/9y2vJk=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoojUpRV0W3bizgn1AE8tkOmmHTjJhZiKU0H9w46+4caGIWzfu/BunaRbaemDgcM653LnHixiVyrK+jdzC4tLySn61sLa+sbllbu80JY8FJg3MGRdtD0nCaEgaiipG2pEgKPAYaXnDq4nfeiBCUh7eqVFE3AD1Q+pTjJSWuuZRqX/sRJIeOoqXnJuA9NF9BWptSpMT+7QyhmmiaxatspUCzhM7I0WQod41v5wex3FAQoUZkrJjW5FyEyQUxYyMC04sSYTwEPVJR9MQBUS6SXrTGB5opQd9LvQLFUzV3xMJCqQcBZ5OBkgN5Kw3Ef/zOrHyL9yEhlGsSIini/yYQcXhpCDYo4JgxUaaICyo/ivEAyQQVrrGgi7Bnj15njQrZfusXL2tFmuXWR15sAf2QQnY4BzUwDWogwbA4BE8g1fwZjwZL8a78TGN5oxsZhf8gfH5A5uxnB4=</latexit>

(g, ) ! (⌦2g,⌦�1/2 )

<latexit sha1_base64="daknF3yhPhSHTDSS+I2ScBAQ2dI="></latexit>

� @2t  + @x(x
2@x ) + 2@t@x + @2✓ 

+
1

4

✓
1 +

2x2

(1 + x2)2

◆
 � �| |4 = 0

<latexit sha1_base64="PHNcZXYHp5EmpvtwGs9Mly/kbhA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJSlE3QtGNOyvYBzSxTKaTduhMEmcm0hK78FfcuFDErb/hzr9x2mahrQcuHM65l3vv8SJGpbKsbyOzsLi0vJJdza2tb2xumds7dRnGApMaDlkomh6ShNGA1BRVjDQjQRD3GGl4/cux33ggQtIwuFXDiLgcdQPqU4yUltrmnnPNSRcVBkfnjrwXKrGPB3elUdvMW0VrAjhP7JTkQYpq2/xyOiGOOQkUZkjKlm1Fyk2QUBQzMso5sSQRwn3UJS1NA8SJdJPJ/SN4qJUO9EOhK1Bwov6eSBCXcsg93cmR6slZbyz+57Vi5Z+5CQ2iWJEATxf5MYMqhOMwYIcKghUbaoKwoPpWiHtIIKx0ZDkdgj378jypl4r2SbF8U85XLtI4smAfHIACsMEpqIArUAU1gMEjeAav4M14Ml6Md+Nj2pox0pld8AfG5w/Za5Vd</latexit>

⌦(x) =
p
1 + x2

We start with the linear problem



Leaver method

<latexit sha1_base64="EEgvs6bx+YQW5wcpwexMwpgsGNg=">AAACEnicbVBLS0JBFJ5rL7OX1bLNkAQKIveGVJtAatPSIB+gJnPHow7OfTBzbigXf0Ob/kqbFkW0bdWuf9P4WJT2wTl8fN85zJzPDaXQaNvfVmJldW19I7mZ2tre2d1L7x9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cT/zaAygtAv8ORyG0PNbzRVdwhkZqp3PNUIss5of5JvYBWe4S7mONY9OFR2famEbZYa6dztgFewq6TJw5yZA5yu30V7MT8MgDH7lkWjccO8RWzBQKLmGcakYaQsYHrAcNQ33mgW7F05PG9MQoHdoNlCkf6VT9vREzT+uR55pJj2FfL3oT8T+vEWH3ohULP4wQfD57qBtJigGd5EM7QgFHOTKEcSXMXynvM8U4mhRTJgRn8eRlUj0tOGeF4m0xU7qax5EkR+SYZIlDzkmJ3JAyqRBOHskzeSVv1pP1Yr1bH7PRhDXfOSR/YH3+AHu5nV0=</latexit>

 (t, x, ✓) = esteim✓u(x)

<latexit sha1_base64="guCCKsyAp8WHxEEbp8Y9oKYytrY="></latexit>

(x2u0)0 + 2su0 � (s2 +m2)u+
1

4

✓
1 +

2x2

(1 + x2)2

◆
u = 0



Leaver method

<latexit sha1_base64="EEgvs6bx+YQW5wcpwexMwpgsGNg=">AAACEnicbVBLS0JBFJ5rL7OX1bLNkAQKIveGVJtAatPSIB+gJnPHow7OfTBzbigXf0Ob/kqbFkW0bdWuf9P4WJT2wTl8fN85zJzPDaXQaNvfVmJldW19I7mZ2tre2d1L7x9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cT/zaAygtAv8ORyG0PNbzRVdwhkZqp3PNUIss5of5JvYBWe4S7mONY9OFR2famEbZYa6dztgFewq6TJw5yZA5yu30V7MT8MgDH7lkWjccO8RWzBQKLmGcakYaQsYHrAcNQ33mgW7F05PG9MQoHdoNlCkf6VT9vREzT+uR55pJj2FfL3oT8T+vEWH3ohULP4wQfD57qBtJigGd5EM7QgFHOTKEcSXMXynvM8U4mhRTJgRn8eRlUj0tOGeF4m0xU7qax5EkR+SYZIlDzkmJ3JAyqRBOHskzeSVv1pP1Yr1bH7PRhDXfOSR/YH3+AHu5nV0=</latexit>

 (t, x, ✓) = esteim✓u(x)

<latexit sha1_base64="guCCKsyAp8WHxEEbp8Y9oKYytrY="></latexit>

(x2u0)0 + 2su0 � (s2 +m2)u+
1

4

✓
1 +

2x2

(1 + x2)2

◆
u = 0

<latexit sha1_base64="IRQqawV7trcubMtpKYe66QWCNp0=">AAACDHicbVDLTgIxFO3gC/GFunTTSExgIZkxRN2QEN2wxEQeCQOkUzrQTKczaTsGMpkPcOOvuHGhMW79AHf+jQVmoeBJmpycc25u73FCRqUyzW8js7a+sbmV3c7t7O7tH+QPj1oyiAQmTRywQHQcJAmjnDQVVYx0QkGQ7zDSdrzbmd9+IELSgN+raUh6Phpx6lKMlJYG+UJUnJSqtoz8QexVzaQf25S7aprUBx4sWueTUt/TKbNszgFXiZWSAkjRGOS/7GGAI59whRmSsmuZoerFSCiKGUlydiRJiLCHRqSrKUc+kb14fkwCz7QyhG4g9OMKztXfEzHypZz6jk76SI3lsjcT//O6kXKvezHlYaQIx4tFbsSgCuCsGTikgmDFppogLKj+K8RjJBBWur+cLsFaPnmVtC7K1mW5clcp1G7SOrLgBJyCIrDAFaiBOmiAJsDgETyDV/BmPBkvxrvxsYhmjHTmGPyB8fkDKFSaaw==</latexit>

u(x) =
1X

k=0

Hk(1� x)k
The Taylor expansion:



Leaver method

<latexit sha1_base64="EEgvs6bx+YQW5wcpwexMwpgsGNg=">AAACEnicbVBLS0JBFJ5rL7OX1bLNkAQKIveGVJtAatPSIB+gJnPHow7OfTBzbigXf0Ob/kqbFkW0bdWuf9P4WJT2wTl8fN85zJzPDaXQaNvfVmJldW19I7mZ2tre2d1L7x9UdRApDhUeyEDVXaZBCh8qKFBCPVTAPFdCzR1cT/zaAygtAv8ORyG0PNbzRVdwhkZqp3PNUIss5of5JvYBWe4S7mONY9OFR2famEbZYa6dztgFewq6TJw5yZA5yu30V7MT8MgDH7lkWjccO8RWzBQKLmGcakYaQsYHrAcNQ33mgW7F05PG9MQoHdoNlCkf6VT9vREzT+uR55pJj2FfL3oT8T+vEWH3ohULP4wQfD57qBtJigGd5EM7QgFHOTKEcSXMXynvM8U4mhRTJgRn8eRlUj0tOGeF4m0xU7qax5EkR+SYZIlDzkmJ3JAyqRBOHskzeSVv1pP1Yr1bH7PRhDXfOSR/YH3+AHu5nV0=</latexit>

 (t, x, ✓) = esteim✓u(x)

<latexit sha1_base64="guCCKsyAp8WHxEEbp8Y9oKYytrY="></latexit>

(x2u0)0 + 2su0 � (s2 +m2)u+
1

4

✓
1 +

2x2

(1 + x2)2

◆
u = 0

<latexit sha1_base64="IRQqawV7trcubMtpKYe66QWCNp0=">AAACDHicbVDLTgIxFO3gC/GFunTTSExgIZkxRN2QEN2wxEQeCQOkUzrQTKczaTsGMpkPcOOvuHGhMW79AHf+jQVmoeBJmpycc25u73FCRqUyzW8js7a+sbmV3c7t7O7tH+QPj1oyiAQmTRywQHQcJAmjnDQVVYx0QkGQ7zDSdrzbmd9+IELSgN+raUh6Phpx6lKMlJYG+UJUnJSqtoz8QexVzaQf25S7aprUBx4sWueTUt/TKbNszgFXiZWSAkjRGOS/7GGAI59whRmSsmuZoerFSCiKGUlydiRJiLCHRqSrKUc+kb14fkwCz7QyhG4g9OMKztXfEzHypZz6jk76SI3lsjcT//O6kXKvezHlYaQIx4tFbsSgCuCsGTikgmDFppogLKj+K8RjJBBWur+cLsFaPnmVtC7K1mW5clcp1G7SOrLgBJyCIrDAFaiBOmiAJsDgETyDV/BmPBkvxrvxsYhmjHTmGPyB8fkDKFSaaw==</latexit>

u(x) =
1X

k=0

Hk(1� x)k
The Taylor expansion:

Then we want:
<latexit sha1_base64="4zqnQhZAiL2R5MySzFYL+W42d/o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9NJjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6H7mt564NiJRjzhOeRDTgRKRYBSt5Nd77q3bK1fcqjsHWSVeTiqQo9Erf3X7CctirpBJakzHc1MMJlSjYJJPS93M8JSyER3wjqWKxtwEk/mxU3JmlT6JEm1LIZmrvycmNDZmHIe2M6Y4NMveTPzP62QY3QQTodIMuWKLRVEmCSZk9jnpC80ZyrEllGlhbyVsSDVlaPMp2RC85ZdXSfOi6l1VLx8uK7W7PI4inMApnIMH11CDOjTABwYCnuEV3hzlvDjvzseiteDkM8fwB87nD7Trjfk=</latexit>

H0 = 0

<latexit sha1_base64="gCW2zUOcZt0xre/BrMdfdmAFHb4=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EieCqJFPUiFL30WMF+QBPCZrtpl242YXcihNiDf8WLB0W8+je8+W/ctjlo64OBx3szzMwLEs4U2Pa3UVpZXVvfKG9WtrZ3dvfM/YOOilNJaJvEPJa9ACvKmaBtYMBpL5EURwGn3WB8O/W7D1QqFot7yBLqRXgoWMgIBi355pHLWeTnYxdil4kQsknTH1/bvlm1a/YM1jJxClJFBVq++eUOYpJGVADhWKm+Yyfg5VgCI5xOKm6qaILJGA9pX1OBI6q8fHb/xDrVysAKY6lLgDVTf0/kOFIqiwLdGWEYqUVvKv7n9VMIr7yciSQFKsh8UZhyC2JrGoY1YJIS4JkmmEimb7XICEtMQEdW0SE4iy8vk855zbmo1e/q1cZNEUcZHaMTdIYcdIkaqIlaqI0IekTP6BW9GU/Gi/FufMxbS0Yxc4j+wPj8ASxwljQ=</latexit>

lim
k!1

Hk = 0 — quantisation condition



Leaver method

<latexit sha1_base64="fUFQOC3X52Tlr0ODPIdAb1L25FQ="></latexit>

Hk =
1

(k � 1)k

2

42(k � 1)(k � 1 + s)Hk�1 �
✓
(k � 2)(k � 1)� (s2 +m

2) +
1

4

◆
Hk�2 +

k�2X

j=0

ak�j�2Hj

3

5

<latexit sha1_base64="5f3e97EC+eAge8A2K0rrNSuY92E="></latexit>

x2

2(1 + x2)2
=

1X

n=0

an(1� x)nwhere



Leaver method

<latexit sha1_base64="fUFQOC3X52Tlr0ODPIdAb1L25FQ="></latexit>

Hk =
1

(k � 1)k

2

42(k � 1)(k � 1 + s)Hk�1 �
✓
(k � 2)(k � 1)� (s2 +m

2) +
1

4

◆
Hk�2 +

k�2X

j=0

ak�j�2Hj

3

5

<latexit sha1_base64="5f3e97EC+eAge8A2K0rrNSuY92E="></latexit>

x2

2(1 + x2)2
=

1X

n=0

an(1� x)nwhere<latexit sha1_base64="AVsLPpKVxQsUK+FPLLO9oJlruWU="></latexit>

H0 = 0

H1 = 1

H2 = 1 + s

H3 =
39

16
+ 2s+

5s2

6

H4 =
31

8
+

71s

16
+

7s2

3
+

s
3

2

20 40 60 80 100
k

-2.5

-2.0

-1.5

-1.0

-0.5

Re s

<latexit sha1_base64="2rTVUnQ1qacaKvwEinH73MesxKU=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXinoRil56rGA/oF1KNs22odnsmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeX4suDaO841ya+sbm1v57cLO7t7+QfHwqKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w389tPTGkeyQcziZkXkqHkAafEWKlT74/L+vzG6RdLTsWZA68SNyMlyNDoF796g4gmIZOGCqJ113Vi46VEGU4FmxZ6iWYxoWMyZF1LJQmZ9tL5vVN8ZpUBDiJlSxo8V39PpCTUehL6tjMkZqSXvZn4n9dNTHDtpVzGiWGSLhYFicAmwrPn8YArRo2YWEKo4vZWTEdEEWpsRAUbgrv88ippXVTcy0r1vlqq3WZx5OEETqEMLlxBDerQgCZQEPAMr/CGHtELekcfi9YcymaO4Q/Q5w+sRo8W</latexit>

Hk(s) = 0



Leaver method

<latexit sha1_base64="fUFQOC3X52Tlr0ODPIdAb1L25FQ="></latexit>

Hk =
1

(k � 1)k

2

42(k � 1)(k � 1 + s)Hk�1 �
✓
(k � 2)(k � 1)� (s2 +m

2) +
1

4

◆
Hk�2 +

k�2X

j=0

ak�j�2Hj

3

5

<latexit sha1_base64="5f3e97EC+eAge8A2K0rrNSuY92E="></latexit>

x2

2(1 + x2)2
=

1X

n=0

an(1� x)nwhere

More advanced methods are available for more complicated cases

<latexit sha1_base64="AVsLPpKVxQsUK+FPLLO9oJlruWU="></latexit>
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+ 2s+

5s2

6
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7s2
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s
3
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<latexit sha1_base64="2rTVUnQ1qacaKvwEinH73MesxKU=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BItQL2VXinoRil56rGA/oF1KNs22odnsmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeX4suDaO841ya+sbm1v57cLO7t7+QfHwqKWjRFHWpJGIVMcnmgkuWdNwI1gnVoyEvmBtf3w389tPTGkeyQcziZkXkqHkAafEWKlT74/L+vzG6RdLTsWZA68SNyMlyNDoF796g4gmIZOGCqJ113Vi46VEGU4FmxZ6iWYxoWMyZF1LJQmZ9tL5vVN8ZpUBDiJlSxo8V39PpCTUehL6tjMkZqSXvZn4n9dNTHDtpVzGiWGSLhYFicAmwrPn8YArRo2YWEKo4vZWTEdEEWpsRAUbgrv88ippXVTcy0r1vlqq3WZx5OEETqEMLlxBDerQgCZQEPAMr/CGHtELekcfi9YcymaO4Q/Q5w+sRo8W</latexit>

Hk(s) = 0



Nonlinear equation

For larger fields nonlinearities introduce many effects.



Nonlinear equation

For larger fields nonlinearities introduce many effects.

<latexit sha1_base64="szBAOkw4Bq0CYXilpNbGBSJ1N1A="></latexit>
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Nonlinear equation

For larger fields nonlinearities introduce many effects.

<latexit sha1_base64="szBAOkw4Bq0CYXilpNbGBSJ1N1A="></latexit>

�@2
t �m + @x(x

2@x�m) + 2@t@x�m �m2�m +
1

4

✓
1 +

2x2

(1 + x2)2

◆
�m

��(1 + x2)
X

m1,m2,m3,m4

�m1 �̄m2�m3 �̄m4�m�m1+m2�m3+m4 = 0.

but QNM are usually small…

Mode mixing — but there are no QNM for m=0 and m=1.



Nonlinear equation
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Nonlinear equation
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Extremal RNAdS
<latexit sha1_base64="6ioIcSdtv0UMLHlr6nk/qCT2zH0=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCRVqSUNSNUHTjzgr2Ak1SJpNJO3RyYWYilNCncOOruHGhiFtx59s4bbPQ1h8GPv5zDmfO7yWMCmkY39rS8srq2npho7i5tb2zq+/tt0ScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG15P6u0HwgWNo3s5SogTon5EA4qRVFZPr/jCtS4rQdnmg/jEl651mrObVcwx9LlyfPs2JH3kWj29ZFSNqeAimDmUQK5GT/+y/RinIYkkZkiIrmkk0skQlxQzMi7aqSAJwkPUJ12FEQqJcLLpWWN4rBwfBjFXL5Jw6v6eyFAoxCj0VGeI5EDM1ybmf7VuKoMLJ6NRkkoS4dmiIGVQxnCSEfQpJ1iykQKEOVV/hXiAOMJSJVlUIZjzJy9Cy6qaZ9XaXa1Uv8rjKIBDcATKwATnoA5uQAM0AQaP4Bm8gjftSXvR3rWPWeuSls8cgD/SPn8AotCdMA==</latexit>

ds2 = �f(⇢)dt2 + f(⇢)�1dr2 + d⌦2

<latexit sha1_base64="XFmaa7d6qCHT/EO9hjsV47FOkws="></latexit>

f(⇢) = 1� 2(1 + 2�)

⇢
+

1 + 3�

⇢2
+ �⇢2

<latexit sha1_base64="Pqzf4YLajXtE8b5fIWxHLvVBm20=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNS1I1QdOOygn1Ak4abyaQdOnkwMxFqKf6KGxeKuPU/3Pk3TtsstPXAwOGcc7l3jp9yJpVlfRtLyyura+uFjeLm1vbOrrm335RJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nLH9xM/NYDFZIl8b0aptSNoBezkBFQWvLMQ4frcABXwnNAqm7ljHcrnlmyytYUeJHYOSmhHHXP/HKChGQRjRXhIGXHtlLljkAoRjgdF51M0hTIAHq0o2kMEZXuaHr9GJ9oJcBhIvSLFZ6qvydGEEk5jHydjED15bw3Ef/zOpkKL90Ri9NM0ZjMFoUZxyrBkypwwAQlig81ASKYvhWTPgggShdW1CXY819eJM1K2T4vV++qpdp1XkcBHaFjdIpsdIFq6BbVUQMR9Iie0St6M56MF+Pd+JhFl4x85gD9gfH5A44dlKY=</latexit>

� = r2⇤/l
2

<latexit sha1_base64="MRpNiSXdViPdzxmsmP156jD0xUY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU92Vol6EohePFewHdJeSTbNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQasPBh7vzTAzL0w408Z1v5zCyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2Ho9uZ3x5TpZkUD2aS0CDGA8EiRrCxUuCrobxWZ6rnY2165YpbdedAf4mXkwrkaPTKn35fkjSmwhCOte56bmKCDCvDCKfTkp9qmmAywgPatVTgmOogmx89RSdW6aNIKlvCoLn6cyLDsdaTOLSdMTZDvezNxP+8bmqiqyBjIkkNFWSxKEo5MhLNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8st/Seu86l1Ua/e1Sv0mj6MIR3AMp+DBJdThDhrQBAKP8AQv8OqMnWfnzXlftBacfOYQfsH5+AaULpH9</latexit>

⇢ = r/r⇤Single horizon at <latexit sha1_base64="lH/zdVUfXHrJkLI1RgI/kZUzgCY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2illu73qMF+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AKtejzQ=</latexit>r⇤



Extremal RNAdS
<latexit sha1_base64="6ioIcSdtv0UMLHlr6nk/qCT2zH0=">AAACFnicbZDLSsNAFIYnXmu9RV26GSxCRVqSUNSNUHTjzgr2Ak1SJpNJO3RyYWYilNCncOOruHGhiFtx59s4bbPQ1h8GPv5zDmfO7yWMCmkY39rS8srq2npho7i5tb2zq+/tt0ScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG15P6u0HwgWNo3s5SogTon5EA4qRVFZPr/jCtS4rQdnmg/jEl651mrObVcwx9LlyfPs2JH3kWj29ZFSNqeAimDmUQK5GT/+y/RinIYkkZkiIrmkk0skQlxQzMi7aqSAJwkPUJ12FEQqJcLLpWWN4rBwfBjFXL5Jw6v6eyFAoxCj0VGeI5EDM1ybmf7VuKoMLJ6NRkkoS4dmiIGVQxnCSEfQpJ1iykQKEOVV/hXiAOMJSJVlUIZjzJy9Cy6qaZ9XaXa1Uv8rjKIBDcATKwATnoA5uQAM0AQaP4Bm8gjftSXvR3rWPWeuSls8cgD/SPn8AotCdMA==</latexit>

ds2 = �f(⇢)dt2 + f(⇢)�1dr2 + d⌦2

<latexit sha1_base64="XFmaa7d6qCHT/EO9hjsV47FOkws="></latexit>

f(⇢) = 1� 2(1 + 2�)

⇢
+

1 + 3�

⇢2
+ �⇢2

<latexit sha1_base64="Pqzf4YLajXtE8b5fIWxHLvVBm20=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZNS1I1QdOOygn1Ak4abyaQdOnkwMxFqKf6KGxeKuPU/3Pk3TtsstPXAwOGcc7l3jp9yJpVlfRtLyyura+uFjeLm1vbOrrm335RJJghtkIQnou2DpJzFtKGY4rSdCgqRz2nLH9xM/NYDFZIl8b0aptSNoBezkBFQWvLMQ4frcABXwnNAqm7ljHcrnlmyytYUeJHYOSmhHHXP/HKChGQRjRXhIGXHtlLljkAoRjgdF51M0hTIAHq0o2kMEZXuaHr9GJ9oJcBhIvSLFZ6qvydGEEk5jHydjED15bw3Ef/zOpkKL90Ri9NM0ZjMFoUZxyrBkypwwAQlig81ASKYvhWTPgggShdW1CXY819eJM1K2T4vV++qpdp1XkcBHaFjdIpsdIFq6BbVUQMR9Iie0St6M56MF+Pd+JhFl4x85gD9gfH5A44dlKY=</latexit>

� = r2⇤/l
2

<latexit sha1_base64="MRpNiSXdViPdzxmsmP156jD0xUY=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU92Vol6EohePFewHdJeSTbNtaDZZk2yhLP0dXjwo4tUf481/Y9ruQasPBh7vzTAzL0w408Z1v5zCyura+kZxs7S1vbO7V94/aGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2Ho9uZ3x5TpZkUD2aS0CDGA8EiRrCxUuCrobxWZ6rnY2165YpbdedAf4mXkwrkaPTKn35fkjSmwhCOte56bmKCDCvDCKfTkp9qmmAywgPatVTgmOogmx89RSdW6aNIKlvCoLn6cyLDsdaTOLSdMTZDvezNxP+8bmqiqyBjIkkNFWSxKEo5MhLNEkB9pigxfGIJJorZWxEZYoWJsTmVbAje8st/Seu86l1Ua/e1Sv0mj6MIR3AMp+DBJdThDhrQBAKP8AQv8OqMnWfnzXlftBacfOYQfsH5+AaULpH9</latexit>

⇢ = r/r⇤Single horizon at <latexit sha1_base64="lH/zdVUfXHrJkLI1RgI/kZUzgCY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2illu73qMF+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn82un5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+5lQSYpcscWiMJUEYzJ7nQyE5gzlxBLKtLC3EjaimjK0AZVsCN7yy6ukdVH1Lqu1+1qlfpPHUYQTOIVz8OAK6nAHDWgCg0d4hld4c2LnxXl3PhatBSefOYY/cD5/AKtejzQ=</latexit>r⇤

<latexit sha1_base64="dcPH0TuUsN3OK+qsyRIHvV59BhE="></latexit>

�att(x)@
2
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2↵(x)2
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+↵(x)2@x
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x2
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@x 

◆
+ (a0(x)� l(l + 1)↵(x)) = 0

Work in progress…



Summary

• The completely solvable toy-model gives us some 
insights regarding QNM.


• Using conformal invariance one can swiftly change 
between various equivalent problems.


• Nonlinearities may impact the behaviour of the system 
also in the weak field regime.



<latexit sha1_base64="thl2wVYom+vzwslmECjJ1T14JZA=">AAACAnicbVDLSgMxFM34rPU16krcBIvQgpQZKepGKLpxWcE+oB1LJs20oZnMmGSK7VDc+CtuXCji1q9w59+YaWehrQcu93DOvST3uCGjUlnWt7GwuLS8sppZy65vbG5tmzu7NRlEApMqDlggGi6ShFFOqooqRhqhIMh3Gam7/avErw+IkDTgt2oYEsdHXU49ipHSUtvcj/IPhQtyF4/GLXkvVNKP4SA/KrTNnFW0JoDzxE5JDqSotM2vVifAkU+4wgxJ2bStUDkxEopiRsbZViRJiHAfdUlTU458Ip14csIYHmmlA71A6OIKTtTfGzHypRz6rp70kerJWS8R//OakfLOnZjyMFKE4+lDXsSgCmCSB+xQQbBiQ00QFlT/FeIeEggrnVpWh2DPnjxPaidF+7RYuinlypdpHBlwAA5BHtjgDJTBNaiAKsDgETyDV/BmPBkvxrvxMR1dMNKdPfAHxucPhB2W3w==</latexit>

u(x) = ez
p
z v(z)

<latexit sha1_base64="f5TJXaF28L/9QgHZ/h2tFqH3Tu4=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkqBeh6MVjBfsBbSib7aZdutnE3U2xhvwOLx4U8eqP8ea/cdvmoK0PBh7vzTAzz485U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tlj26mfmtMpWKRuNeTmHohHggWMIK1kbynq24gMUlVlj5mPbvsVJwZ0DJxc1KGHPWe/dXtRyQJqdCEY6U6rhNrL8VSM8JpVuomisaYjPCAdgwVOKTKS2dHZ+jEKH0URNKU0Gim/p5IcajUJPRNZ4j1UC16U/E/r5Po4NJLmYgTTQWZLwoSjnSEpgmgPpOUaD4xBBPJzK2IDLFJQZucSiYEd/HlZdI8q7jnlepdtVy7zuMowhEcwym4cAE1uIU6NIDAAzzDK7xZY+vFerc+5q0FK585hD+wPn8Ac1+Sjw==</latexit>

z =
s

x
<latexit sha1_base64="ow9M9Wi8z39yjFTn+DosgoYTJOg="></latexit>

z2
d2v

dz2
+ z

dv

dz
�

�
z2 + �2

�
v = 0

<latexit sha1_base64="3i7fJgDMuwE/E4JpZY2FpG/FGDo=">AAACC3icbVDLSgMxFM34rPU16tJNaBEEocyUom6EohuXFewDOmPJpJk2NMmMSUYow+zd+CtuXCji1h9w59+YtrPQ1gMXDuecS3JPEDOqtON8W0vLK6tr64WN4ubW9s6uvbffUlEiMWniiEWyEyBFGBWkqalmpBNLgnjASDsYXU389gORikbiVo9j4nM0EDSkGGkj9eySx0y4jy48dS91qu6qJ9yMF0qEUzdLa1nWs8tOxZkCLhI3J2WQo9Gzv7x+hBNOhMYMKdV1nVj7KZKaYkayopcoEiM8QgPSNVQgTpSfTm/J4JFR+jCMpBmh4VT9vZEirtSYBybJkR6qeW8i/ud1Ex2e+ykVcaKJwLOHwoRBHcFJMbBPJcGajQ1BWFLzV4iHyNSgTX1FU4I7f/IiaVUr7mmldlMr1y/zOgrgEJTAMXDBGaiDa9AATYDBI3gGr+DNerJerHfrYxZdsvKdA/AH1ucPkeuaww==</latexit>
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r
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<latexit sha1_base64="S/yV6Uj0OYiqm13jiW04P4KrYek="></latexit>

� d
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x2 d
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u

◆
� 2s

d

dx
u+ (s2 +m2)u = 0

Solutions: the modified Bessel functions
<latexit sha1_base64="y3rZSSVnGVV5Lfyng/ReRmepbDA=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQoZREirosulHcVLAPaEKYTKbt0MkkzEyEGrpy46+4caGIW7/BnX/jtM2ith4YOJxzLnfu8WNGpbKsHyO3tLyyupZfL2xsbm3vmLt7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g6ux33ogQtKI36thTNwQ9TjtUoyUljzz8NZzmI4HqPR4UnbKEN7MCJ5ZtCrWBHCR2Bkpggx1z/x2gggnIeEKMyRlx7Zi5aZIKIoZGRWcRJIY4QHqkY6mHIVEuunkjBE81koAu5HQjys4UWcnUhRKOQx9nQyR6st5byz+53US1b1wU8rjRBGOp4u6CYMqguNOYEAFwYoNNUFYUP1XiPtIIKx0cwVdgj1/8iJpnlbss0r1rlqsXWZ15MEBOAIlYINzUAPXoA4aAIMn8ALewLvxbLwaH8bnNJozspl98AfG1y9lPZcs</latexit>

K�(z), I�(z)

Homogenous problem

<latexit sha1_base64="IPmnR2ch2bfwba4bv4aRE9htQEI="></latexit>
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