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Introduction

Real neutral spaces - 4-dimensional real spaces equipped with a metric of
neutral signature (+ + ——)

o Integrable systems - they admit ASD conformal structures!

12010, Dunajski M., Solitons, Instantons and Twistors, Oxford University Press
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Introduction

Real neutral spaces - 4-dimensional real spaces equipped with a metric of
neutral signature (+ + ——)

o Integrable systems - they admit ASD conformal structures!

e Two solids rolling on each other without slipping or twisting?3

12010, Dunajski M., Solitons, Instantons and Twistors, Oxford University Press

21993, Bryant R., Hsu L., Rigidity of integral curves of rank two distributions,
Invent. Math. 114, 435-461

32014, An D., Nurowski P., Twistor space for rolling bodies, Comm. Math. Phys.,
326(2), 393-414
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Introduction

Real neutral spaces - 4-dimensional real spaces equipped with a metric of
neutral signature (+ + ——)

o Integrable systems - they admit ASD conformal structures!
e Two solids rolling on each other without slipping or twisting?3

o A relation between para-Kahler Einstein spaces and non-integrable
twistor distributions*

12010, Dunajski M., Solitons, Instantons and Twistors, Oxford University Press

21993, Bryant R., Hsu L., Rigidity of integral curves of rank two distributions,
Invent. Math. 114, 435-461

32014, An D., Nurowski P., Twistor space for rolling bodies, Comm. Math. Phys.,
326(2), 393-414

42022, Bor G., Makhmali O. and Nurowski P., Para-Kihler-Einstein 4-manifolds
and non-integrable twistor distributions, Geometriae Dedicata, 216, 9
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Research programme: Weak H7H-spaces — para-Kahler spaces
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Research programme: Weak H7H-spaces — para-Kahler spaces
Main goal: to find the most general metric of algebraically degenerate
para-Kahler Einstein spaces
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Introduction

Research programme: Weak H7H-spaces — para-Kahler spaces
Main goal: to find the most general metric of algebraically degenerate
para-Kahler Einstein spaces

@ Weak nonexpanding HH-spaces® (The 7th Conference of the Polish
Society on Relativity, £6dz, 2021)

52022, A. C., Hyperheavenly spaces and their application in Walker and
para-Kahler geometries: Part I, Journal of Geometry and Physics 179, 104591

Adam Chudecki* Hyperheavenly spaces and their application in para-Kéhler geometries



Introduction
Criteri lassification
From weak 7 H-spaces to algebraically degener: hler spaces

a hler Ei n spaces
Para-Kihler Ein: paces: Summary

Introduction

Research programme: Weak H7H-spaces — para-Kahler spaces
Main goal: to find the most general metric of algebraically degenerate
para-Kahler Einstein spaces
@ Weak nonexpanding HH-spaces® (The 7th Conference of the Polish
Society on Relativity, £6dz, 2021)

o Weak expanding HH-spaces®

52022, A. C., Hyperheavenly spaces and their application in Walker and
para-Kahler geometries: Part I, Journal of Geometry and Physics 179, 104591
62022, A. C., Hyperheavenly spaces and their application in Walker and

para-Kahler geometries: Part Il, to appear in arXiv
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Introduction

Research programme: Weak H7H-spaces — para-Kahler spaces
Main goal: to find the most general metric of algebraically degenerate
para-Kahler Einstein spaces

@ Weak nonexpanding HH-spaces® (The 7th Conference of the Polish
Society on Relativity, £6dz, 2021)

o Weak expanding HH-spaces®
Remarks:

@ All considerations are local

52022, A. C., Hyperheavenly spaces and their application in Walker and
para-Kahler geometries: Part I, Journal of Geometry and Physics 179, 104591
62022, A. C., Hyperheavenly spaces and their application in Walker and

para-Kahler geometries: Part Il, to appear in arXiv
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Introduction

Research programme: Weak H7H-spaces — para-Kahler spaces
Main goal: to find the most general metric of algebraically degenerate
para-Kahler Einstein spaces

@ Weak nonexpanding HH-spaces® (The 7th Conference of the Polish
Society on Relativity, £6dz, 2021)

o Weak expanding HH-spaces®
Remarks:
@ All considerations are local

@ All metrics are complex (coordinates are complex, functions are
holomorphic) but they have neutral slices

52022, A. C., Hyperheavenly spaces and their application in Walker and
para-Kahler geometries: Part I, Journal of Geometry and Physics 179, 104591
62022, A. C., Hyperheavenly spaces and their application in Walker and

para-Kahler geometries: Part Il, to appear in arXiv
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Plan of the presentation:

@ Part 1: Criteria of classification (Petrov-Penrose classification,
properties of congruences of null strings, properties of intersections
of congruences of null strings)
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Introduction

Plan of the presentation:
@ Part 1: Criteria of classification (Petrov-Penrose classification,
properties of congruences of null strings, properties of intersections

of congruences of null strings)
o Part 2: From weak expanding H7{-spaces to algebraically
degenerate para-Kahler spaces
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Introduction

Plan of the presentation:

@ Part 1: Criteria of classification (Petrov-Penrose classification,
properties of congruences of null strings, properties of intersections
of congruences of null strings)

o Part 2: From weak expanding H7{-spaces to algebraically
degenerate para-Kahler spaces

o Part 3: General metrics of all algebraically degenerate para-Kahler
Einstein spaces
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From weak 7 H-spaces to algebraically degenerate para-Kihler spaces
Para-Kihler Einstein spaces

Para-Kihler Einstein spaces: Summary

Criterion 1: Petrov-Penrose classification

© n 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol

Examples

Part 1: Criteria of classification

Adam Chudecki*
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Criterion 2: Congruence of null strings
H 7 -spaces to algebraically ara er spz Criterion 3: Intersection of congruences of SD and ASD null strings
Para-Kabhler Eir 2 Symbol
Para-Kabhler Ein Summary Examples

Petrov-Penrose classi

Penrose theorem says Capcp = a(AbBccdD), where a4, ba, ca and dgy
are undotted Penrose spinors.
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Petrov-Penrose classificati

From weak 7 H-spaces to algebraically degen

Penrose theorem says Capcp = a(AbBccdD), where a4, ba, ca and dgy
are undotted Penrose spinors.

Complex case Real neutral case
Type | Capcp = | Type CaBcp =
0 | aabsecdpy | (1] MANBrCcSD)
[Irc] m(AnBaCdD)
L] a(aapbcbp)

] | aaapbcepy | [I.] | mampnerp
[IT,.] mAMBacap)

D] | aaasbecbpy | [Dy] | mampnenp,
D, a(AaBacap)
[HI] a(AaBacbD) [HIT] mampmenp)
N asapacap N, mampgmecmp
(0) - O, —

Spinors a4, ba, ca and d4 are complex, spinors m 4, na, r4 and s, are
real; bar stands for the complex conjugation.

Hyperheavenly spaces and their application in para-Kahler geometries



Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

Congruence (foliatio
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Criteria of the fication Criterion 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically de; > spaces Criterion 3: Intersection of congruences of SD and ASD null strings
Para-Kihler Eins spaces Symbol
Para-Kihler Einstein spaces: Summary Examples

Congruence (foliation) o

Definition

A congruence (foliation) of null strings is a family of totally null and
totally geodesics 2-dimensional holomorphic surfaces, such that for every
point p € M there exists only one surface of this family such that p
belongs to this surface.
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Congruence (foliation) of

Definition

A congruence (foliation) of null strings is a family of totally null and
totally geodesics 2-dimensional holomorphic surfaces, such that for every
point p € M there exists only one surface of this family such that p
belongs to this surface.

If a congruence is self-dual (SD) then null strings are integral manifolds
of a 2-dimensional SD distribution D = {maaz, mabg}, a b # 0.
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lassification Criterion 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically degen hler spaces Criterion 3: Intersection of congruences of SD and ASD null strings
ara ein spaces Symbol
Para-Kahler Einstein spaces: Summary Examples

Congruence (foliation) of th

Definition

A congruence (foliation) of null strings is a family of totally null and
totally geodesics 2-dimensional holomorphic surfaces, such that for every
point p € M there exists only one surface of this family such that p
belongs to this surface.

If a congruence is self-dual (SD) then null strings are integral manifolds
of a 2-dimensional SD distribution D = {maap, mabpg}, a;b* #0. D is
integrable in the Frobenius sense, if
mBVAMmB =maMy, A B=12, M=1,2
Spinor field M, is called expansion of the congruence
e My, # 0 - expanding congruence C¢
e M,; = 0 — nonexpanding congruence C"
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Introduction Criterion 1: Petrov-Penrose classification
Criteria of the cla Criterion 2: Congruence of null strings

- Criterion 3: Intersection of congruences of SD and ASD null strings
Einstein spaces Symbol

spaces: Summary Examples

Congruence of the null

Nonexpanding congruence = distribution D is parallely propagated:

Vv X € D for any vector field V' and any vector field X € D

- VX
[

V

= X
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Criteria of the classification Crite 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically degener ler spaces Criterion 3: Intersection of congruences of SD and ASD null strings
Para-Kihler Einstein spaces Symbol
Para-Kahler Einstein spaces: Summary Examples

Intersection of SD and AS

Consider two congruences of null strings
@ a SD congruence generated by a spinor m 4 with an expansion given
by a spinor M 4
@ an ASD congruence generated by a spinor m ; with an expansion
given by a spinor M 4

expansion MA

expansion M4
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Criteria of the fication Crite 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically degener spaces Criterion 3: Intersection of congruences of SD and ASD null strings
Para-Kihler Einstein spaces Symbol
Para-Kihler Einstein spaces: Summary Examples

Intersection of SD and A

Intersection of these congruences constitutes a congruence of null

geodesics. It is given by the vector field K ~ m4 B Define complex
expansion 6 and complex twist ¢ by the formulas

1 .
0= §V“Ka ~ maMA +miMA

1 .
0" = S ViKy VK"~ maMA —m M2
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lassification Criterion 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically degen ahler spaces Criterion 3: Intersection of congruences of SD and ASD null strings
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Intersection of SD and ASI

Intersection of these congruences constitutes a congruence of null
geodesics. It is given by the vector field K* ~ mAmP. Define complex
expansion 6 and complex twist ¢ by the formulas

1 .
0:= VK, ~ maM* +m ;M4

1 .
0" = S ViKy VK"~ maMA —m M2

o [++]: 6 #0,0+#0; expanding, twisting

o [+—]: 6 #0,0=0; expanding, nontwisting

o [—+]: 6 =0,0# 0; nonexpanding, twisting

e [-—]: 6 =0,0=0; nonexpanding, nontwisting
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Criterion 1: Petrov-Penrose classification

Crit 2: Congruence of null strings

From weak 7{ 7 -spaces to algebraically e aces Criterion 3: Intersection of congruences of SD and ASD null strings
- > Symbol

Examples

In complex and real neutral geometries the following symbol is used

[SDWeyl] ® [ASDWeyl]

where
SDweyl; ASDwey1 = {LII,D,III,N, O} in complex spaces
SDWeyla ASDWeyl = {Ir» Irca Ic» II’I"? IIrca Dra Dca IIIra Nra Or}
in neutral spaces
for example

(Dl @ [N]
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

An extension of this symbol reads

{[SDWeyl]iliz"' X [ASDWeyl]j1j2"', [kiljl s ki1j2a -~-ki2j1 s k‘i2j2, ]}
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

An extension of this symbol reads

{[SDWeyl]ilizm ® [ASDWeyl]j1j2...7 [kil.h ) ki1j2’ "'kizjl ) kizjzv ]}

where
i17i2, ---7j17j27 e = {n, 6}

n stands for nonexpanding congruence, e stands for expanding
congruence

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Criterion 1: Petrov-Penrose classification
Criterion 2: Congruence of null strings
H 7 -spaces to algebraically ara er spz Criterion 3: Intersection of congruences of SD and ASD null strings
Para-Kabhler Eir 2 Symbol
Para-Kabhler Ein Summary Examples

An extension of this symbol reads

{[SDWeyl]ilizm ® [ASDWeyl]j1j2...7 [k’il.h ) ki1j2’ "'kizjl ) kizjzv ]}

where
i17i2, ---7j17j27 e = {n, 6}

n stands for nonexpanding congruence, e stands for expanding
congruence and

kiljl’kiljw "'kizjlvk’izjz"' = {++7 +=, =, __}
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

Example 1
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Introduction Criterion 1: Petrov-Penrose classification
Criteria of the classification Criterion 2: Congruence of null strings
From weak 7{ 7 -spaces to algebraically deg -Kahler spaces Criterion 3: Intersection of congruences of SD and ASD null strings
ara c nstein spaces Symbol
Para-Kihler Einstein spaces: Summary Examples

One SD, one ASD congr

If there is one SD and one ASD congruence of null strings, there are 7

subtypes:

Type / Subtype Conditions

Type [-]"®[]" M~A=MA=0
] -

Type []"®[]° | MA=0, MA#0
- maMA =0
++ maM? #0

Type [J°®[]° |  MA#0, MA#0
[—=] maMA =m M4 =0
[+-] maMA =’mA'MA7é0
[—+] maMA =-—m M4 #0
[++] maMA £m M4 £0
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

Example 2
{-I°a[-]" [-—+-1}
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Introduction Criterion 1: Petrov-Penrose classification
lassification Criterion 2: Congruence of null strings
hler spaces Criterion 3: Intersection of congruences of SD and ASD null strings
n spaces Symbol
: Summary Examples

One SD, two ASD congr

If there is one SD and two ASD congruence of null strings, there are 24
subtypes:

Type / Subtype Conditions
Type[.]n®[,]nn MA=NA=MA=0

Type [-]"®[-]*¢ | MA=MA=0, N2 #0
—_ == mANA:O

—— ++ maN~ #0

Type [-]"®[-]¢¢ | MA =0, MA #0, N*#0
—_ maMA =maN2 =0

1+ maMA =0, maN3#0
o, ++ mAaMA #0, maNA #£0
Type [-]°®@[-]"™ | MA#0, MA=N4=0
[——,++] mAMAZO, nAMA7éO
[+, ++] mgMA#£0 nyMA#0
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From weak 7 H-spaces to algebraically degenerate p

Para-Kihler Einstein spaces Symbol

Para-Kabhler Einste

One SD, two ASD congrue

Introduction Criterion 1: Petrov-Penrose classification
ssification Crite 2: Congruence of null strings
ler spaces Criterion 3: Intersection of congruences of SD and ASD null strings

spaces: Summary Examples

Type / Subtype Conditions

Type [-]°® [-]° M4 #0, M4 =0, N4 #0
[——,+-] mAMA:O,mANA:nAMA;EO
[——, —+] miM* =0, maN* = —n;M* £0
[——, ++] miM* =0, maN* £n ;M4 #£0
[++, ——] miM* #£0, maN* =n M* =0
[++,+-] miM* #£0, maN* =n ;M* #0
[++,—+] miM2 #0, maN4 = —n ;M #£0
[+4, ++] miM* #£0, maN* £n;M* £0

Type [-]°®[-]° M2 #£0, M* £0, N* #0
[——, +-] maM* =miM* =0, maN* =n,;M* #0
[——, —+] maM?* =miM* =0, maN* = —n,M* #0
[——, ++] maMA =m M? =0, maN4 +n;M* #0
+—,+-] maM?* =m i M* #£0, maN* =n,M* #0
[+—, —+] mAMAzmAMA;éO,mANAz—nAMA;éO
-+, —+] maM* = —m M #0, maN* = —n ;M* #0
[++,+-] maM”* £ m i M* #0, maN* =n;M* #£0
[++, —+] mAM?A £ m iM* #£0, maN* = —n;M* #£0
[+, ++] maM* £ m i M* #£0 maN* +n ;M #£0
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Criterion 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

Example 3

{[ : ]en ® [ ]ne, [__7 t= = ++]}
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Criterion 1: Petrov-Penrose classification

Criteria of the classification Crit 2: Congruence of null strings

Criterion 3: Intersection of congruences of SD and ASD null strings
Symbol
Examples

Two SD, two ASD c

If there are two SD and two ASD congruences of null strings, there are
89 subtypes.
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Introduction

Criteria of the classification Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces

Para-Kihler Einstein spaces Weak H H-spaces — algebraically degenerate para-Kahler spaces
Para-Kihler Einstein spaces: Summary

Part 2: From weak HH-spaces to

algebraically degenerate para-Kahler
spaces
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Introduction
Criteria of the classification Para-Kahler spaces

From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Para-Kahler Einstein spaces Weak H H-spaces — algebraically degenerate para-Kahler spaces

Para-Kihler Einstein spaces: Summary

Para-Kahler spaces (type

Definition

Para-Kihler space (pK space) is a pair (M, ds*) where M is a
4-dimensional real differential manifold and ds? is a smooth metric of the
signature (+ + ——) which satisfies the following condition:
o there exist two different (complementary) nonexpanding congruences
of null strings

Adam Chudecki* Hyperheavenly spaces and their application in para-Kéhler geometries



Criteria of the on Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerat ler spaces Weak 7 7 .-spaces
Para. Einstein spaces Weak 7 #-spaces — algebraically degenerate para-Kahler spaces
Para-Kihler Ein spaces: Summary

The metric of para-Ka

The metric of any para-Kahler space can be brought to the form
1
Eals2 = Mgydgdx + My, dqdy + Mpzdpdx + M, dpdy
where M = M (q,p, x,y).

For para-Kahler Einstein spaces function M satisfies

Mgz Mpy — Mgy Mp, = e MM

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Introduction

Criteria of the classification Para-Kahler spaces

From weak 7{ 7 -spaces to algebraically degenerate para-Kahler spaces Weak 7 H.-spaces
Para ler Einstein spaces Weak H H-spaces — algebraically degenerate para-Kahler spaces
Para-Kihler Einstein spaces: Summary

Weak HH-spaces (types [d

Weak hyperheavenly space (weak H#H-space) is a pair (M, ds?) where

M is a 4-dimensional complex analytic differential manifold and ds> is a
holomorphic metric which satisfies the following conditions:
@ there exists a congruence of SD null strings generated by a spinor
ma
mAmPv anyms =0
o the self-dual Weyl spinor Capcp is algebraically degenerate and m 4
is a multiple Penrose spinor i.e.

OABC’D mAmBmC =0

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Introduction
Criteria of the classification Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H #-spaces
Para-Kahler Einstein spaces Weak H H-spaces — algebraically degenerate para-Kahler spaces
Para-Kihler Einstein spaces: Summary

The metric of weak HH

The metric of a weak H7H-space can be brought to the form

1

§d52 = ¢ % (dgdy — dpdx + Adp® — 2Q dpdq + B dq?)
where (g,p, z,y) are local coordinates; A = A(q,p,x,y),
Q = 9(g,p,x,y) and B = B(q, p, z,y) are arbitrary holomorphic

functions and

for weak expanding HH-space ¢ =0(q,p,z,Y), |dz| + |yl #0
for weak nonexpanding H#H-space p=1

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Weak 7 #-spaces — algebraically degenerate para-Kahler spaces

Schemes

[deg]® ® [any] (weak expanding H7H-space)

SD C°

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Weak 7 #-spaces — algebraically degenerate para-Kahler spaces

Schemes

[deg]® @ [any] — [deg]” @ [any]®

Adam Chudecki* Hyperheavenly spaces and their application in para-Kahler geometries



Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Weak 7 #-spaces — algebraically degenerate para-Kahler spaces

Schemes

[deg]® ® [any]® — [deg]® ® [deg]"
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Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Weak 7 #-spaces — algebraically degenerate para-Kahler spaces

Schemes

[deg]® ® [deg]” — [deg]® ® [deg]™®
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Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerate para-Kahler spaces Weak H H-spaces
Weak 7 #-spaces — algebraically degenerate para-Kahler spaces

Schemes

[deg]® ® [deg]™® — [deg]® ® [D]"™" (para-K3hler spaces)
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Criteria of the Para-Kahler spaces
From weak 7 7 -spaces to algebraically degenerat Kahler spaces Weak 7 7 .-spaces
Par i aces Weak 7 #-spaces — algebraically degenerate para-Kahler spaces
Para-Kabhler Einste

Schemes

Nonexpanding case: Expanding case:
[deg]” ® [any] [deg]® ® [any]

<~ et C;

i i _—
4 exists l
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Para-Kahler spaces
From weak 7{ 7. -spaces to algebraically degener: -Ka a Weak 7 7 .-spaces
Para-Kit i es Weak 7 #-spaces — algebraically degenerate para-Kahler spaces
Para-Kabhler Einsteir

Schemes

Nonexpanding case: Expanding case:
{[deg]" © [deg]™®, [-—, ——1]} {[deg]® © [deg]™*, [-—, +—]}
{[deg]" © [deg]™®, [-—, ++]} {[deg]® ® [deg]™, [-—, —+]}

{[deg]® ® [deg]"*, [=—, ++]}
{[deg]® ® [deg]™, [++, ——]}
{ldeg]® ® [deg]™, [++, +—]}
{[deg]® © [deg]™, [++, ++]}
~——letC 4 =C" —>l
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] ; A Class 1
Criteria of the classification

- . = Class 2

From weak 7{7{-spaces to algebraically degenerate para-Kahler spaces e
Para-Kahler Einstein spaces

Class 4

Para-Kihler Einstein spaces: Summary

Part 3: Para-Kahler Einstein spaces
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Class 1
Class 2
Class 3
Class 4

From weak 7 H-spaces to algebraically

Para-K: ein spa

Para-Kahler Einstein sp

The metric of an Einstein space of the type [[1]" ® [D]"*" or
[D]™™ ® [D]™ can be brought to the form

1 A A
5d52 = dgdy — dpdz + (5.@2 + Q) dp? + (§y2 + 2) dg?

where (g, p, x,y) are local coordinates; 2 = Q(q,p) and ¥ = X(q,p) are
functions such that

for the type [II]" ® [D]™" : |X,| + Q4] # 0;
for the type [D]"" @ [D|"" : £ =Q =0.
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Class 1
Class 2
Class 3
Class 4

From weak H H
Para-Kahler Einst:
Para-Kabhler Einstei es: Summary

Para-Kahler Einstein

{[deg]® ® [D]™, [++, ——]}; SD Weyl = {11, D, ITI, N}
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Introduction

Criteria of the classification Class 1

) . Class 2

From weak 7{ 7 -spaces to algebraically degenerate Class 3
Para-Kak tein spaces

Class 4

Para-Kahler Einsteir : Summary

Para-Kahler Einstein space

The metric of an Einstein space of the type {[deg]® ® [D]"", [++, ——]}
can be brought to the form

%ds2 = m_2{dqdy — dpdx + (Aar:3 + %) dp?
Ay M,
A
( ya? + + 2A >dqdp

Ay M,
2 2
—|—(Ay:c+3x2+ Apxy—i—Nx—My) dq}

where A # 0 is a cosmological constant, A = A(q,p), M = M(q,p) and
N = N(q,p) are arbitrary holomorphic (real smooth) functions.
{0 @ D", [++, -1} : A#0,2000® —30®c™ #£0
(@ DI, [+, =) = A=0,Mp, #0
{NI* @ D", [++, =]}« A=0,M =M= {-1,0,1},

3Npp — 2Mgp #0
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Class 1
Class 2
Class 3
Class 4

From weak 7{ 7 -spaces to algebraically
F g Y
Para-Kahler Einst:
Para-Kihler Einstein spaces: Summary

Para-Kahler Einstein

{[deg]® ® [D]"™, [++, ++]}; SD Weyl = {II, D, ITI, N}
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Introduction

] PR Class 1
Criteria of the classification

- . Class 2

From weak 7 7{-spaces to algebraically deger para-Kihler spaces e
Pa hler Einstein spaces

2 Class 4

Para-Kihler Einstein spaces: Summary

Para-Kahler Einstein spa

The metric of an Einstein space of the type {[deg]¢ ® [D]"", [++, ++]} can be
brought to the form

1 A
Zds? = x_Q{dqdy — dpdx + (Az3 — Cz? — Bz(1—2y) + 5(1 — 3y + 3y2)) dp?

2
Ay(l—y)(1-2y)

-2 (Aa:2y — By(1 —y) — M2 + 3 ) dqdp

Ay?2(1—-9y)2 2B
+(Aacy2—Cy(l—y)-i—Mx(l—?y)—i-fy -y + q+0p:c) dqz}
3 2 2A

where A # 0 is a cosmological constant, A = A(q,p), B = B(gq,p), C = C(q,p) and
M = M(q,p) are arbitrary holomorphic (real smooth) functions.

{[1]¢ ® [D]™", [++,++]} : A#0,20PcP _3cBGcM 29

B
{0 @ D™, [+, ++]} © A=0,2Mp + Cq + +(2Bq + Cp) # 0

B
{[N]® ® [D]"", [++,++]} : A=0,2Mp +Cq + K(QBq +Cp)=0
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PR Class 1
lassification

- . Class 2

From weak 7{ 7 -spaces to algebraically degene ara-Kahler spaces Class 3
Para-Ka nstein spaces

2 Class 4

Para-Kihler Einstein spaces: Summary

Para-Kahler Einstein spa

The metric of an Einstein space of the type {[N]° ® [D]"", [++, ++]} can be brought to the
form

1
5als2 - z*z{dqdy — (Pydt + Pydq)dz
B2 2 A 2 2
+1—-|t- e —Bz(1—2y)+§(l—3y+3y ) | (Pedt + Pgdq)

-2 <—By(1 —y) - ( + fTZ) 2% + %W) dq(Pydt + Pydq)

2 3 B
" [_ (t_%)yu_w (%ﬁ%) oo+ A0
1 1 QBt
+ﬁ (2Bq + E — (2P — Nt)) :z;i| dqz}

where A # 0 is a cosmological constant, B := A(P; — N¢); N = N(q,t) and P = P(q,t) are
arbitrary holomorphic (real smooth) functions such that P, # 0 and

_LLQ(LE (23 PRl Bt+——EiBBt))—l—8t(NB)
2A P Ot \ P; Ot Py Py A P
+é(N—&N,§)—£iB t+gi+£( )_iiBZ;ﬁO
6 \'? P 3A P, 3 3A P,
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Class 1
Class 2
Class 3

Para-Kahler Einstein spaces
4 instein sp Class 4

Para-Kahler Einstei

Type [I] @ [D]*". No examples.
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Para-Kihler Einstein spaces: Summary

Para-Kahler Einstei
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From weak 7{ 7 -spaces to algebraically

Par;

Para-Kahler Einstein

o Algebraically special pKE-spaces

Class 1: {[deg]" ® [D]™,[——, ——]}
Class 2: {[deg]® ® [D]™™, [++,——]} 7 all known in all the generality
Class 3: {[deg]® ® [D]"", [++, ++]}
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From weak 7 H-spaces to algebraically degenera

Para-Kahler Ei

Para-Kahler Einstein sf

o Algebraically special pKE-spaces
Class 1: {[deg]" @ [D]"", [-—, —=]}

Class 2: {[deg]® ® [D]™™, [++,——]} 7 all known in all the generality
Class 3: {[deg]® ® [D]™™, [++, ++]}

@ Algebraically general pKE-spaces

Class 4: [I] ® [D]™™ no examples are known
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