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Classification of closed 3-manifolds  (Thurston’s classification):Σ

For a homogeneous and isotropic solution:
ℛij = 2K hij ℛij = 2K hijℛij = 0

In general:
ℛij ≠ 0

  with  

ℛij ≠ 2K hij
ℛij ≠ 0   with  

ℛij ≠ 2K hij
ℛij ≠ 0

Euclidean topology Spherical topology Hyperbolic topology

Not characterised by the scalar curvature, but by topological properties:

The covering space :Σ̃ "3 #3 ℍ3

“Non-Euclidean topologies”

+ Others



Relativistic regime

c → ∞

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)

Others

Non-Euclidean ( )Σ̃ ≠ "3

, ,

Rμν = κT*μν + Λgμν Rμν = κT*μν + Λgμν

ΔΦ = 4πG (ρ − ⟨ρ⟩),
ℛij = 0
. . .
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Relativistic regime

c → ∞

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)
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Non-Euclidean ( )Σ̃ ≠ "3

, ,

Rμν = κT*μν + Λgμν Rμν = κT*μν + Λgμν

ΔΦ = 4πG (ρ − ⟨ρ⟩),
ℛij = 0
. . . ?

Questions:
How to define a Newtonian theory on a non-Euclidean topology?
Compatibility with Einstein’s equation?

Non-Euclidean Newtonian theory
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Main physical motivation:
Study of the cosmological backreaction

Non-Euclidean Newtonian theory
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DEFINITION OF A NON-EUCLIDEAN NEWTONIAN THEORY

4

Lorentzian manifold
4-manifold  + Lorentzian structure ( ):

-     =               +

-  =

ℳ g, 4 ∇
g

4 ∇

ℳ

Galilean manifold [e.g. Künzle (1972)]

4-manifold  + Galilean structure ( ):
-    = 

-     =

-  =

ℳ h, τ, 4 ∇̂
h
τ

4 ∇̂

—>   symmetric (2,0)-tensor of rank 3
—>   closed 1-form
—>  ,

—>    ;  .

h
τ
τμhμα := 0

4 ∇̂μhαβ := 0 4 ∇̂ατβ := 0
ℳ
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Einstein’s equation:

Rμ
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Einstein’s equation:

Rμ
αμβ = κT*μν + Λgμν

Newton-Cartan equation [e.g. Künzle (1972)]:

 = κT*μν − Λτμτν
Rμ

αμβ R̂μ
αμβ

  

ga = ·va + 2Hva − (a≠grav)a

ΔΦ = 4πG (ρ − ⟨ρ⟩)
·ρ + ρ (3H + ∇ivi) = 0
q = Ωm/2 − ΩΛ
ℛij = 0

Spatial projection

Newton’s equations
with expansion

[Vigneron (2021), 2012.10213]
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4-manifold  + Lorentzian structure ( ):
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h
τ

4 ∇̂

—>   symmetric (2,0)-tensor of rank 3
—>   closed 1-form
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q = Ωm/2 − ΩΛ
ℛij = 0

Spatial projection

Newton’s equations
with expansion

[Vigneron (2021), 2012.10213]

Definition: A non-Euclidean Newtonian theory  is a theory defined on a Galilean manifold whose spatial 
sections have a non-Euclidean topology. It is given by equations relating the Riemann tensor of the 
Galilean structure to the energy content of the manifold. [Vigneron (b) (2022), 2201.02112]
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Relativistic regime

c → ∞
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(i.e. covering space )Σ̃
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ΔΦ = 4πG (ρ − ⟨ρ⟩),
ℛij = 0
. . . ?

Rμν = κT*μν + Λgμν Rμν = κT*μν + Λgμν



Relativistic regime
(g, ∇)

c → ∞

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)

(τ, h, ∇̂)
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ℳ

Others

Non-Euclidean ( )Σ̃ ≠ "3

, ,

R̂μν = (κρ/2 − Λ)τμτν. . . ?

Rμν = κT*μν + Λgμν Rμν = κT*μν + Λgμν
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Newton-Cartan equation:   R̂μν = κT*μν − Λτμτν

https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112


NON-EUCLIDEAN NEWTONIAN THEORY
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Newton-Cartan equation:   R̂μν = κT*μν − Λτμτν

    —>  Needs to be modified for non-Euclidean topologies

 
(Euclidean topology)

ℛij = 0

https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112


NON-EUCLIDEAN NEWTONIAN THEORY
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Newton-Cartan equation:   R̂μν = κT*μν − Λτμτν

    —>  Needs to be modified for non-Euclidean topologies

Hypothesis for the additional term: [Künzle (1976); Vigneron (b) (2022), 2201.02112]
‣ Zero for Euclidean topology
‣ Present in vacuum
‣ Second order or less in the metrics

 
(Euclidean topology)

ℛij = 0

 
(Spherical or hyperbolic)

ℛij = 2Khij

 orthogonal projector to a reference 4-vector , (Galilean observer)bμν := G

R̂μν − 2Kbμν = κT*μν − Λτμτν

https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
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Newton-Cartan equation:   R̂μν = κT*μν − Λτμτν

    —>  Needs to be modified for non-Euclidean topologies

Hypothesis for the additional term: [Künzle (1976); Vigneron (b) (2022), 2201.02112]
‣ Zero for Euclidean topology
‣ Present in vacuum
‣ Second order or less in the metrics

 
(Euclidean topology)

ℛij = 0

 
(Spherical or hyperbolic)

ℛij = 2Khij

Spatial equations of the non-Euclidean Newtonian theory: with ℛij = 2Khij ≠ 0

Constraints on the gravitational field:

   
∇cgc = − 4πG (ρ − ⟨ρ⟩),
∇[agb] = 0

⟶ ΔΦ = 4πG (ρ − ⟨ρ⟩)

Expansion laws:

     {
Ω≠cst + Ωcst = 1,
q = Ωm/2 − ΩΛ

2nd law of Newton:

gi = ·vi + 2Hvi − (a≠grav)i

Mass conservation:
·ρ + 3Hρ + ρ∇ivi = 0

 orthogonal projector to a reference 4-vector , (Galilean observer)bμν := G

R̂μν − 2Kbμν = κT*μν − Λτμτν

[Vigneron (b) (2022), 2201.02112]
[Vigneron & Roukema (2022),

preprint: 2201.09102]

https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
https://link.springer.com/article/10.1007/BF00766139
https://arxiv.org/abs/2201.02112
https://arxiv.org/abs/2201.02112
https://arxiv.org/abs/2201.02112
https://arxiv.org/abs/2201.09102
https://arxiv.org/abs/2201.09102
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Vigneron Q., 2021, 1+3 -Newton-Cartan system and Newton-Cartan cosmology, Phys. Rev. D, (arXiv:2012.10213)
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NON-RELATIVISTIC LIMIT

9

 equipped with        equipped with ℳ (λg, λΓγ
αβ) c→∞⟶ ℳ (h, τ, 0Γγ

αβ)

The Galilean limit: a limit of structures (from a Lorentzian structure to a Galilean structure) [Künzle (1976)].

We consider a family of Lorentzian structures  on a 4-manifold  such that:{(λg, λΓγ
αβ)}λ>0 ℳ

{
λgαβ = hαβ + 5(λ)
λgαβ = − 1

λ τατβ + 5(1)
λΓγ

αβ = Γ̂γ
αβ + 5(λ = 1/c2)

https://link.springer.com/article/10.1007/BF00766139
https://link.springer.com/article/10.1007/BF00766139
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 equipped with        equipped with ℳ (λg, λΓγ
αβ) c→∞⟶ ℳ (h, τ, 0Γγ

αβ)

The Galilean limit: a limit of structures (from a Lorentzian structure to a Galilean structure) [Künzle (1976)].

We consider a family of Lorentzian structures  on a 4-manifold  such that:{(λg, λΓγ
αβ)}λ>0 ℳ

{
λgαβ = hαβ + 5(λ)
λgαβ = − 1

λ τατβ + 5(1)
λΓγ

αβ = Γ̂γ
αβ + 5(λ = 1/c2)

Property:  The differentiable manifold  is unchanged, and so its topology (only the structure changes).ℳ

Στ(X)

λ → 0

X

ℳ
(g, ∇)λ=1/c2

(τ, h, ∇̂)

https://link.springer.com/article/10.1007/BF00766139
https://link.springer.com/article/10.1007/BF00766139
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Non-relativistic limit of the Einstein equation:

,
λ
Rαβ = λ2 κ

λ
T*αβ + λΛλgαβ ; κ = 8πG
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Non-relativistic limit of the Einstein equation:

,
λ
Rαβ = λ2 κ

λ
T*αβ + λΛλgαβ ; κ = 8πG

              (Newton-Cartan equation)                  R̂μν = (κρ − Λ) τμτν/2

Validity of the result:
‣ for vacuum,

‣ for matter fluid: (2,0)-energy tensor regular at the limit       and     .λTμν = 5(1) λTμν = 1
λ2 ρτμτν + 5(1/λ)

λ → 0
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(Euclidean topology)

ℛij = 0
λ → 0
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Non-relativistic limit of the Einstein equation:

,
λ
Rαβ = λ2 κ

λ
T*αβ + λΛλgαβ ; κ = 8πG

              (Newton-Cartan equation)                  R̂μν = (κρ − Λ) τμτν/2

Validity of the result:
‣ for vacuum,

‣ for matter fluid: (2,0)-energy tensor regular at the limit       and     .λTμν = 5(1) λTμν = 1
λ2 ρτμτν + 5(1/λ)

Reminder: topology is unchanged by the limit!
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NON-RELATIVISTIC LIMIT
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A solution of the Einstein equation having a non-relativistic limit necessarily has a Euclidean spatial 
topology, and the limit is Newton’s theory. [Vigneron (c) (2022), preprint: 2204.13980]

Non-relativistic limit of the Einstein equation:

,
λ
Rαβ = λ2 κ

λ
T*αβ + λΛλgαβ ; κ = 8πG

              (Newton-Cartan equation)                  R̂μν = (κρ − Λ) τμτν/2

Validity of the result:
‣ for vacuum,

‣ for matter fluid: (2,0)-energy tensor regular at the limit       and     .λTμν = 5(1) λTμν = 1
λ2 ρτμτν + 5(1/λ)

Reminder: topology is unchanged by the limit!

 
(Euclidean topology)

ℛij = 0
λ → 0

https://arxiv.org/abs/2204.13980
https://arxiv.org/abs/2204.13980


Relativistic regime
(g, ∇)

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)

(τ, h, ∇̂)

ℳ

ℳ

Others

Non-Euclidean ( )Σ̃ ≠ "3

, ,

Rμν = κT*μν + Λgμν

R̂μν = (κρ/2 − Λ)τμτν. . .
R̂μν −2Kbμν = (κρ/2 − Λ)τμτν. . .

Rμν = κT*μν + Λgμν



Relativistic regime
(g, ∇)

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)

(τ, h, ∇̂)

ℳ

ℳ

Others

Non-Euclidean ( )Σ̃ ≠ "3

, ,

Rμν = κT*μν + Λgμν

R̂μν = (κρ/2 − Λ)τμτν. . .

c → ∞

Not possible

Rμν = κT*μν + Λgμν



Relativistic regime
(g, ∇)

Class of topology
(i.e. covering space )Σ̃

Physical regime

Euclidean ( )Σ̃ = "3
Hyperbolic ( )Σ̃ = ℍ3Spherical ( )Σ̃ = #3

Non-relativistic regime
 (i.e. Newtonian)

(τ, h, ∇̂)

ℳ

ℳ

Others

Non-Euclidean ( )Σ̃ ≠ "3

, ,

Rμν = κT*μν + Λgμν

R̂μν = (κρ/2 − Λ)τμτν. . .

c → ∞

Not possible

Rμν = κT*μν + Λgμν

Hypothesis: Requiring the relativistic equation describing our Universe to be compatible with the non-
relativistic regime in any topologies.
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αβγ

Modified Einstein’s equation:
Rμν − R̄ℝ×Σ̃

μν = κT*μν + Λgμν

                                          (  or )R̂μν −2Kbμν = (κρ/2 − Λ)τμτν Σ̃ = #3 ℍ3

with R̄ℝ×Σ̃
μν

c→∞⟶ R̄ℝ×Σ̃
μνc → ∞

https://ui.adsabs.harvard.edu/abs/1980FoPh...10..673R/abstract
https://ui.adsabs.harvard.edu/abs/1980FoPh...10..673R/abstract


An interpretation:
‣Matter curves spacetime,

‣Matter induces a departure from the minimal spacetime curvature given a choice of topology .

—> Vacuum solution possible in any topology.
(ℳ̃ = ℝ × Σ̃)

A SIMPLE SOLUTION: ROSEN’S BI-METRIC THEORY

13

Requirements for :6μν

‣ Is zero for a Euclidean topology
‣ Sets the topological class (“topological term”)
‣ Second derivative or less in the metric —> depends on an additional field
‣Compatible with the non-Euclidean Newtonian theory

A solution: Rosen’s bi-metric theory [e.g. Rosen (1980), General relativity with a background metric]
The theory is composed of:

‣ The physical Lorentzian metric  and its Riemann curvature tensor (g, 4∇) Rμ
αβγ

‣ A reference non-dynamical metric  and its reference Riemann curvature tensor (ḡ, 4∇̄) R̄μ
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Strengths of this cosmological model:
 1. Origin of the modifications not related to cosmology or tensions of CDM.
2. Has the same number of free-parameters than the CDM model.           .

       .

Λ
Λ
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