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Content of the talk:

Lensing of GWs ( Geometric Optics, Wave Optics, Estimates, Applications )

WKB Approximation

Palatini f (R̂) gravity

Eikonal analysis in Palatini f (R̂)

Conclusion

1. Biesiada, Marek, and Sreekanth Harikumar. 2021. ”Gravitational Lensing of Continuous Gravitational Waves”
Universe 7, no. 12: 502. https://doi.org/10.3390/universe7120502
2. Sreekanth H,Laur Järv , Aneta Wojnar, Margus Saal and Marek Biesiada ”Gravitational Wave lensing in Palatini
f(R) gravity ” - in preparation.
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The intervening matter in the line of sight between the source and observer will
lens the gravitational wave signal.
Consequences:

Magnification/de-magnification of signal amplitude ( Frequency dependent
modulation)

Bias in estimated parameters (Chirp mass, Luminosity distance)

GW beat patterns

Multiple Signals

GW Faraday rotation

Lensing Estimates:

Einstein Telescope( 104 to 105) detections per year of which 50 -100
lensed events per year

Estimates for aLIGO Global network- 1 in 1500 events would be lensed

Estimates for DECIGO : 5- 50 lensed events out of 104 − 105 detections
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Geometric Optics:

λ << Rs =
2GML
c2

Wave Optics: λ ≥ Rs ; hµν = heµν

∂µ

(√
−g (L)g (L)µν∂νh

)
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d2θ exp[2πif∆t(θ,β)]

Lens equation β = θ − α(θ)
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Interference

Beat Frequency

ωb =
96

5

(ωf

2

)11/3

M∆t

Ml (1+zl )=
c3

2G
∆t

[
r−1√

r
+ln r
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GW Beat Pattern

h = h1(t) + h2(t +∆t)

Applications

Accurate H0 measurements

Estimation of lens mass

Gravitational wave interference via gravitational lensing: Measurements of luminosity distance, lens mass, and

cosmological parameters. Phys. Rev. D 2020, 101, 064011. doi:black10.1103/PhysRevD.101.064011.
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WKB Approximation

Eikonal ansatz

hµν = R
{[
ξ(0)µν +

1

ω
ξ(1)µν +

1

ω2
ξ(2)µν + ....

]
e iωΦ

}
ω −→ ∞ defines the geometric optics limit.

∇α∇αhµν−2hαβRα
µν

β =e iωΦ

{
ω2[−kβkβξ

(0)
µν ]

+ω[i(∇βkβξ
(0)
µν+kβ∇βξ

(0)
µν )−kβkβξ

(1)
µν ]

+ω0[∇β∇βξ
(0)
µν+i [∇βkβξ

(1)
µν+kβ∇βξ

(1)
µν

+kβ∇βξ
(1)
µν ]

}
−2hαβRα

µν
β

Wave vector- kβ

kα = gαβ∂βΦ

Φ(x) −→ Phase function

Gauge condition

∇µhµν=e iωΦ

{
ω[ikµξ

(0)
µν ]+ω0[ikµξ

(1)
µν+∇µξ

(0)
µν ]

}
=0
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Geometric Optics limit

e iωΦ

{
ω2(−kβkβξ

(0)
µν )+ω(i(∇βkβξ

(0)
µν+kβ∇βξ

(0)
µν )−kβkβξ

(1)
µν )

}
= 0

kβk
β = 0

kµ∇µkν = 0

dxβ

dλ2
+ Γβ

αµ
dxα

dλ

dxµ

dλ
= 0,

From Gauge condition

kµξ(0)µν = 0

In the next order we obtain

2kβ∇βξ
(0)
µν +∇βk

βξ(0)µν = 0

ξ
(0)
µν = AAµν ; A =

√
ξ∗µνξ∗µν

∇ρ(k
ρA2) = 0

kα∇αAµν = 0

Pµ = ℏkµ ; Nµ = A2

ℏ2 P
µ

In GO limit :

Poplatization tensor is parallel propagated along the null vector kµ

Number of gravitons in a ray bundle is conserved ∇µN
µ = 0
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Beyond Geometric Optics −→λ∼b>>Rs

∇β∇βξ(0)µν + i [∇βk
βξ(1)µν + 2kβ∇βξ

(1)
µν ]− 2ξ

(0)
αβR

α
µν

β = 0

∇βk
βξ(1)µν + 2kβ∇βξ

(1)
µν = S (0)

µν

Source Tensor:

S
(0)
µν = −i [2ξ

(0)
αβR

α
µν

β −∇β
βξ

(0)
µν ]

Gravitational waves are not transverse in the

beyond geometric optics limit

kµξ(1)µν = i∇µξ(0)µν

kµξ(1)µν = Sg(0)
µ

(Gauge condition) ∇µhµν=e iωΦ

{
ω[ikµξ

(0)
µν ]+ω0[ikµξ

(1)
µν+∇µξ

(0)
µν ]

}
(Eikonal expansion)

∇α∇αhµν−2hαβRα
µν

β =e iωΦ

{
ω2[−kβkβξ

(0)
µν ]+ω[i(∇βkβξ

(0)
µν+kβ∇βξ

(0)
µν )−kβkβξ

(1)
µν ]

+ω0[∇β∇βξ
(0)
µν+i [∇βkβξ

(1)
µν+kβ∇βξ

(1)
µν+kβ∇βξ

(1)
µν ]

}
−2hαβRα

µν
β
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Palatini f (R̂) gravity

Action:

S [g , Γ, ψm] =
1

2κ

∫ √
−gf (R̂)d4x + Smatter[g , ψm]

Field Equations

f ′(R̂)R̂µν − 1

2
f (R̂)gµν = κTµν

∇β(
√
−gf ′(R̂(T ))gµν) = 0

ĝµν = f ′(R̂(T ))gµν

Trace Equation:

f ′(R̂)R̂ − 2f (R̂) = κT

Γ̂α
µν =

ĝµβ

2
[∂µĝβν+∂ν ĝβµ−∂β ĝµν ]

Sarmah, L., Kalita, S. & Wojnar, A. Stability criterion for white dwarfs in Palatini Physical Review D. 105

(2022,1), https://doi.org/10.1103252Fphysrevd.105.024028
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GWs Palatini f(R) gravity
Scalar Tensor Representation

Ĝµν =
1

f ′
[κTµν − 1

2
gµνU(f ′)]

R̂µν − 1

2
ĝµν R̂ = 0

ĝµν = ĝ (B)
µν + ĥµν

Linearzed Field Equation:

∇̂α∇̂αhµν − 2R̂τ
ρµν ĥ

ρ
τ = −2κT (1)

µν

T (1)
µν = iω

c4

16πG
tµνe

iωϕ.

Eikonal Expansion

∇̂α∇̂αhµν −2hαβ R̂α
µν

β=e iωΦ

{
ω2[−kβkβξ

(0)
µν ]

+ω[i(∇̂βkβξ
(0)
µν+kβ∇̂βξ

(0)
µν )−kβkβξ

(1)
µν ]

+ω0[∇̂β∇̂βξ
(0)
µν+i [∇̂βkβξ

(1)
µν+kβ∇̂βξ

(1)
µν

+kβ∇̂βξ
(1)
µν ]

}
−2hαβ R̂α

µν
β

Γ̂αµν=Γαµν + 1
2
g (B)αρ[∇̂µhρν+∇̂νhρµ−∇̂ρhµν ]

+ 1
2f ′

[
δαν ∂µf ′+δαµ∂ν f ′−g

(B)
µν ∂αf ′−hµν∂αf ′+g

(B)
µν hαβ∂β f ′

]
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Geometric optics limit in Palatini

Leading order:
Null geodesics enjoy conformal invariance

kµ∇̂µkν = 0

Next to leading order:

2kβ∇̂βξ
(0)
µν + ∇̂βk

βξ(0)µν =
1

f ′
tµν

ξ
(0)
µν = AAµν where A is the amplitude, defined as A =

√
ξ∗µνξ∗µν

kα∇̂αAµν =
1

2Aγ(f ′)

[
tµν −Aµν(tρσAρσ)

]
∇̂ρ(k

ρA2) = AtµνAµν

Non-conservation of graviton number density:

∇̂µN
µ = AtµνAµν
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ξµν=CkkΘ
kk
µν+CllΘ

ll
µν+CmmΘmm

µν+CnnΘ
nn
µν+CklΘ

kl
µν+CkmΘkm

µν+CknΘ
kn
µν+CmlΘ

ml
µν+CnlΘ

ml
µν+CmnΘ

mn
µν

CAB −→ Amplitude ; ΘAB
µν −→ New basis tensors

Lorentz gauge condition

kµξ(0)µν = 0

Traceless condition

gµνξµν = 0

Source terms vanish in the geometric optics limit

ξ(0)µν = C(0)
mmmµmν + C(0)

ll lµlν

A,B={kµ,mµ,lµ,nµ}

mµ lµ=1, kµnµ=−1

Basis tensor

ΘAB
µν= 1

2
(AµBν+AνBµ)

(Θml )µν (Θml )
µν= 1

2

(Θnk )µν (Θnk )
µν= 1

2

(Θkm)µν (Θnl )
µν=− 1

2

(Θkl )µν (Θnm)µν=− 1
2

(Θkk )µν (Θnn)
µν=1

(Θmm)µν (Θll )
µν=1

Dalang, C., Cusin, G. & Lagos, M. Polarization distortions of lensed gravitational waves. Physical Review D. 105

(2022,1), https://doi.org/10.1103 252Fphysrevd.105.024005
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Evolution of GW amplitude

(Geometric Optics term with source)

2D̂CAB + ∇̂αk̂
αCAB =

2

f ′
tµνΘ̂

µν
AB

Optical Scalars:

S =

(
θ 0
0 θ

)
+

(
−σ1 σ2

σ2 σ1

)
where θ and σ = σ1 + iσ2 are the optical
scalars.

∇µkµ = trS = 2θ

where 2θ = 2
DA

dDA
dν

D̂ = k̃µ∇̂µ = D
dν

Palatini f(R)

CAB (ν)=
D(νs )CAB (νs )

D(ν)
− 1

2D(ν)

∫ ν
νs

D(ν)[γα
αµkµ−kα∂α lnf ′]CABdν+

1
2D(ν)

∫ ν
νs

D(ν)tµνΘ
µν
AB

dν

In GR

Ĉ(0)
AB(ν) =

C(0)
AB(νs)D(νs)

D(ν)

Amplitudes evolve independently

and no extra polarizations arise

in GO
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Conclusion:

Evolution of GW amplitude is theory dependent

Lensing induce errors in the estimated parameters

Modified gravity affects the evolution of gravitational wave amplitude and
also the polarizations in higher order corrections.

The gravitational potential of structures in the line of sight depends on
the theory of gravity and hence GW lensing

Vector and scalar polarizations arise in beyond geometric optics along with
the effects of Palatini f (R̂).
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