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Light bending by the Sun

α=
4GM

c2R
=1'' . 75

Albert Einstein
General 
Relativity
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Consequences:
gravitational lensing

Einstein ring

Eddington 1920

multiple images

θE=√ 4GMc2
DLS
DLDS



Gravitational lensing – geometric optics 

Light rays formalism Wavefront formalism 
(Fermat principle)

Lens    equation

geometrical term 

Fermat 
potential
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caustics

Travel time

Newtonian
potential at lens
plane

magnification

Observables:
* image positions 
and shape distortions

* time delay between images

* flux ratios 
magnification ratios

Einstein radius

Time delay distance

breaks down when



Gravitational lensing in wave optics limit  
Consider monochromatic wave

Propagation equation in presence 
of weak gravitational potential U
(Helmholtz equation)

Point mass

wave amplitude with lensing

without lensing 
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Amplification factor

Diffraction integral

SIS lens

Wave effects become important and significantly modify 
geometric optics predictions
 

Schneider P, Ehlers J and Falco E E 1992 Gravitational Lenses
(Berlin: Springer); 
Takahashi R and Nakamura T 2003 Wave effects in the
gravitational lensing of gravitational waves from chirping
binaries Astrophys. J. 595 1039–51 
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Diffraction integral in geometric optics limit
i.e. only stationary points of time delay 
contribute 

interference between images

magnifications in g.o. 

Summary
wave optics effects:
* diffraction
* interference
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Success comparable 
to the greatest triumphs of 
celestial mechanics in 
XIX century 
(discovery of Neptune)
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So far 90 
registered 
gravitational  
signals in 
O1-O3 runs

GW150914 first ever
GW170817 first NS-NS
GW190426 first BH-NS

Virgo
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The idea of  „standard  sirens”

Measure the strain h(t) 
and frequency drift df/dt 

2 equations for 2 unknowns: 
„chirp mass” M  &  distance D 

B. Schutz 1986
B.Schutz, A. Królak 1987

for cosmological sources 

t→(1+z ) t

f→
1
1+z

f

df
dt

→
1

(1+z )2
df
dt

The distance inferred is the luminosty distance             DL = (1+z) D

M c→(1+z )M c
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Strong gravitational lensing of GW

9

Credit: Kip Thorne 
Lorentz Lectures, Leiden 2009



arXiV: 1707.03412
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TITLE: GCN CIRCULAR NUMBER: 21692 
SUBJECT: LIGO/Virgo G297595: Gemini and VLT observations by GLGW Hunters 
DATE: 17/08/25 14:18:20 GMT 
FROM: Graham P Smith at U of Birmingham <gps@star.sr.bham.ac.uk> 
G. P. Smith (Birmingham), M. Jauzac (Durham), M. Bianconi (Birmingham), J. Richard (Lyon), 
C. P. L. Berry (Birmingham), W. M. Farr (Birmingham), R. Massey (Durham), A. Robertson (Durham), 
K. Sharon (Michigan), A. Vecchio (Birmingham), J. Veitch (Glasgow) 

The Gravitationally-lensed Gravitational Wave Hunters collaboration 
report observations of strong-lensing galaxy clusters located within the sky localisation of the LIGO/Virgo 
trigger G297595 (LVC GCN Circ. 21474). 

Refsdal supernova reprise ?

arXiV: 1803.07851

GW170814

Abell 3084

SMACS 
J0304.3-4401
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arXiV: 1802.05273

BH-BH detected by LIGO 
were so massive because
they were all lensed

Very unlikely… !

GW170809 i GW170814

are two strong lensed
signals … 

Nobel Prize 2006

arXiV: 1901.03190
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arXiV: 1901.02674

LVC rejects 
these claims … 

arXiV: 2105.06384
latest results for 
O1-O3 runs



Einstein 
Telescope

Increased sensitivity
great expectations

Big catalogs of inspiral events 
up to cosmological distances

Some of them would be 
gravitationally lensed
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Poland is one of 
5 founding countries
of E.T. 
Now at 2021 ESFRI
Roadmap



A. Piórkowska et al. JCAP10(2013)022   (NS-NS only)

Discussed in papers

X. Ding et al. JCAP12(2015)006 (relaxing intrinsic SNR=8 demand; magnification bias) 

M. Biesiada et al. JCAP10(2014)080 (full DCO: NS-NS, BH-NS, BH-BH)
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50 – 100 lensed events per year
BH-BH systems contribute 91 – 95%; 
NS-NS systems 1 – 4%

In agreement with
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The future – 
widen the frequency band of 
ground based detectors

LISA – 0.1 mHz – 100 mHz

DECIGO – 1 mHz – 100 Hz

DECIGO orbit 

Detector noise power 
spectrum density of different 
ground and space detectors

Kawamura, S., et al. 2019, IJMPD, 28, 1845001
Nakamura T., et al. 2016, Prog. Theor. Exp. Phys. 093E01  

1000 km

B-DECIGO smaller scale detector 
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DECIGO sensitivity 
will be significantly 
affetcted by unresolved
BH-BH systems

B-DECIGO affected 
much less

These GW
events
could have
been 
detected by
DECIGO
or
B-DECIGO

DECIGO and B-DECIGO

ET: r0 = 1917 Mpc
DECIGO  r0 = 6709 Mpc
B-DECIGO  r0 = 535 Mpc 

50 lensed events per year
few lensed events per year

only BH-BH systems



17



18

Sub percent – percent 
accuracy of H0 possible
with 10 lensed GW+EM
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Credit: F. Leclercq, A. Pisani , B.D. Wandeldt arXiv:1403.1260v1

Formation of the large 
scale structure 
induces non-zero curvature 
at local scales

It is important to measure
curvature with more local
objects

Carl Friedrich
 Gauss

Strong lensing and curvature of the Universe



Distance sum rule – valid in any FLRW metric

rule valid in flat FLRW metric

Strong lenisng systems 
offer us 
„degenerated triangles”

One can obtain Ωk if

dl, ds, dls are known

Observations:
zl , zs – known

Images -- >   dls / ds

Time delays -- > dl ds / dls

So: dl is measurable 
=================
ds – match by redshift some
standard candle (or ruler)This is a function of two redshifts, but within the FLRW metric 

it should be just a single number ! 21



If we observe strongly lensed GW signals and their EM counterparts

Advantages:
very precise measurement of time delay 
(however affected by microlensing and l.o.s. contamination)

Time delay distance – Fermat potential reconstructed from 
EM images of lensed host galaxy

EM images + spectroscopy of the lens

Sources are standard sirens
(up to magnification factor, which can be assessed from 
flux ratio and lens reconstruction)

Cosmic curvature in terms of 
measureable quantities

Uncertainty budget: covariances by propagating uncorrelated measurement 
uncertainties of the observables 

22
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Mock catalog:
100 lensed GW for ET
1000 lensed GW for BBO

Merger rates – 
from StarTrack pop syn code
masses and orientations sampled
randomly 

Lenses – elliptical galaxies, VDF 
from Schechter function fitted to 
SDSS DR3

Reconstruction and magnification 
uncertainties from the budget above

ET

BBO



24

In the fluid with shear viscosity

attenuated wave leads
to biased luminosity distance 
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attenuated wave leads
to biased luminosity distance 

lensed transitents (GW, SNIa) signal leads to very precise determination 
of „time delay distance”

To be determined by unlensed standard sirens 
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objective function fitted 
for beta

relation with DM physical parameters

it would be able to DM viscosity and differentiate 
cluster and small scale scenarios

1 cm2 g-1 = 1.8 barn GeV-1
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Diffractive GW microlensing

In case of light we observe 
fringes on the screen 

Screen 
– astronomical 
scale 

Usually this is just 
one single „y”

GW
monochromatic

Idea:
B.Paczyński 1986
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zoomed
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source

Galactic bulge 109 NS
Globular clusters 103 NS

Wave effects observable up to 3 Einstein radii

boosts
optical 
depth

disc lenses

w
1

3

9

w
1

3

9
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M22
projected
location 
close to 
Galactic 
bulge

Velocity dispersion of glob. cluster stars

ongoing work with 
Orest Dorosh & Adam Zadrożny

diffractive lensing might become a tool of looking for 
IMBHs in cluster centers

angular distance from the cluster center

for stars it is an obstacle,
for GWs crowding is not a problem !
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Interference of lensed GW – beat patterns

Assumptions: 
1. we observe GW signals
from both images I+, I- simultaneously 
for some time (ET – restrictive, 
DECIGO, LISA – typical)
2. lens: point mass or SIS

I+ I-

One can use h(t) = h1(t) + h2(t) as template in 
matched filtering

can be infered
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What can be extracted from beat patterns

matched filtering

Point lens of mass M

redshifted lens mass can be extracted 
just from GW signal

SIS lens with measured 

Time delay distance can be extracted 
without Fermat potential reconstruction 
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Conclusions

• New generation of ground-based detectors (ET) will considerably 
enhance the statistics of GW events – lensed signals will be detected

• Space-borne detectors sensitive at lower GW frequencies will create 
new synergies with ground-based detectors.

• Detection of inspiralling DCO in DECIGO for days and months before 
they enter  LIGO/Virgo or ET band – first constraints on chirp mass, 
spin and location. Large numer of cycles – possibility to constrain LIV 
theories, massive gravitons, non-standard gravity theories.

• Lensed GW signals accompanied by EM counterparts will be 
important for precision cosmology

• Wave phenomena – diffraction and interference of GWs from lensed 
images create new opportuinites 

• Lensing of GW in DECIGO band – unresolved multiple images in 
adiabatic inspiral phase, will allow to detect interference effects – 
beat patterns.
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Differences in 
lensing time delays
between images
registered in EM and GW 
enable to test 
the speed of gravitational
waves

See also

Multimessenger time delays 
from lensed gravitational waves

Tessa Baker and Mark Trodden
Phys. Rev. D 95, 063512 (2017)



Classically GW propagates with the speed of light c, but in some theories of 
modified gravity it can propagate with vGW  different from c

In a strongly lensed event time delays between images in GW 
and in EM   would be different.

This method is free from any assumptions regarding intrinsic timelag between EM 
and GW signal emission.

General Idea

35



The idea of seeking for the difference in time delays of lensed EM and GW 
signals as a way of testing the speed of GWs  is independent of many 
pre-assumptions inherent to other alternative methods. 

• It is free from any assumptions concerning moments of emission 
of GW and EM signals (intrinsic time lag)

•Does not rely on detailed analysis of waveforms – only on detection trigger 

•It does not really depend even on lens model (SIS served for illustration) –
if GW and EM signals propagate at different speeds 
(detectable with this technique)  it would be revealed as a difference of time 
delays anyway (EM and GW traverse the same lensing potential whatever it is).

•Only for qualitative interpretation of such a difference,  lensing potential should be 
known precisely – this can be achieved with dedicated follow up study of the 
lensing system in the optical.

36



37

The  same idea allows to 
test Lorentz Invariance 
Violation
(modified dispersion 
relation)
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Thank you !
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