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Quantum simulations of physics

Feynman, R. P. Simulating physics with computers. Int. J. Theor. Phys.
21, 467–488 (1982)
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Quantum computers and quantum systems

for one qubit
dim (H) = 2

for N qubits

dim
(
H⊗N

)
= 2N

for N = 50
dim

(
H⊗50

)
' 1015
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Quantum computers IBM Q
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IBM - Qiskit library
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Xanadu - Penny Lane library
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Quantum processors

Yorktown quantum processor
Melbourne quantum processor
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Quantum circuits

|0〉

|0〉

|0〉

|0〉
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Quantum circuits

One-qubit gates:

|0〉

|0〉 U

|0〉

|0〉

U3 =

(
cos (θ/2) −e iλ sin (θ/2)

e iφ sin (θ/2) e iλ+iφ cos (θ/2) ,

)

U3|0〉 = cos (θ/2) |0〉+ e iφ sin (θ/2) |1〉

Grzegorz Czelusta (JU) Quantum simulations of LQG September 13, 2022 9 / 60



Quantum circuits

Two-qubits gates:

|0〉

|0〉 U •

|0〉

|0〉

CX =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


CX |00〉 = |00〉

CX |01〉 = |01〉

CX |10〉 = |11〉

CX |11〉 = |10〉

Grzegorz Czelusta (JU) Quantum simulations of LQG September 13, 2022 10 / 60



Quantum circuits

Measurements:

|0〉

|0〉 U •

|0〉

|0〉

−→
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Quantum geometry

~C = ~L1 + ~L2 + ~L3 + ~L4 = 0
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Quantum geometry

[
Lia, L

j
b

]
= iδabl

2
0 ε

ij
kL

k
a

~C |I〉 = 0; |I〉 ∈ InvSU(2) (Hja ⊗Hjb ⊗Hjc ⊗Hjd )
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Spin-network states

|In〉 ∈ InvSU(2) (Hja ⊗Hjb ⊗Hjc ⊗Hjd )

|Γ, jl , In〉 =
⊗
n

In
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Single node

|I〉 ∈ InvSU(2)

(
H1/2 ⊗H1/2 ⊗H1/2 ⊗H1/2

)
|I〉 = cos

θ

2
|ι0〉+ e iφ sin

θ

2
|ι1〉
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Single node on qubits

|I〉 = cos
θ

2
|ι0〉+ e iφ sin

θ

2
|ι1〉 =

c1√
2

(|0011〉+ |1100〉)+

c2√
2

(|0101〉+ |1010〉)+

c3√
2

(|0110〉+ |1001〉)
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Single node on qubits

|I〉 =
c1√

2
(|0011〉+ |1100〉) +

c2√
2

(|0101〉+ |1010〉) +
c3√

2
(|0110〉+ |1001〉)

|0〉 H • • •

|0〉 U •

|0〉 V

|0〉

U =

(
c1

√
|c2|2 + |c3|2

−
√
|c2|2 + |c3|2 c∗1

)
V =

 − c2√
|c2|2+|c3|2

c∗3√
|c2|2+|c3|2

− c3√
|c2|2+|c3|2

− c∗2√
|c2|2+|c3|2


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Simulation on quantum processor

G. Cz, Jakub Mielczarek, ”Quantum simulations of a qubit of space”
Phys. Rev. D 103, 046001 (2021)
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Gluing tetrahedrons

Spin-network basis states are un-entangled |Γ, jl , In〉 =
⊗

n In
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Gluing tetrahedrons

squeezed states

|B, λl〉 =
(

1− |λl |2
)∑

j

√
2j + 1λ2j

l |B, j〉 (1)

maximally entangled state of spin j

|B, j〉 =
1√

2j + 1

j∑
m=−j

(−1)j−m |j ,m〉s |j ,−m〉t

projection on spin-network basis states

PΓ =
∑
jl ,In

|Γ, jl , In〉 〈Γ, jl , In|

|Γ,B, λl〉 = PΓ

⊗
l

|B, λl〉
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Gluing tetrahedrons

for j = 1
2 :

|B, j〉 =
1√
2

(∣∣∣∣12 , 1

2

〉 ∣∣∣∣12 ,−1

2

〉
−
∣∣∣∣12 ,−1

2

〉 ∣∣∣∣12 , 1

2

〉)
in qubit notations ∣∣∣∣B, 1

2

〉
=

1√
2

(|01〉 − |10〉)
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Dipole

∣∣∣∣Γ2,B,
1

2

〉
= PΓ

⊗
l

∣∣∣∣B, 1

2

〉
=
∑
k,l

ιm1m2m3m4

(k) ι(l)m1m2m3m4
|ιkιl〉

=
1√
2

(|ι0ι0〉+ |ι1ι1〉)
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New circuit for node

|I〉 = cos
θ

2
|ι0〉+ e iφ sin

θ

2
|ι1〉 =

c1√
2

(|0011〉+ |1100〉) +
c2√

2
(|0101〉+ |1010〉) +

c3√
2

(|0110〉+ |1001〉)
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New circuit for node

|0〉 Uθ,φ

W
|0〉

|0〉

|0〉

|I〉 = cos
θ

2
|ι0〉+ e iφ sin

θ

2
|ι1〉 =

c1√
2

(|0011〉+ |1100〉) +
c2√

2
(|0101〉+ |1010〉) +

c3√
2

(|0110〉+ |1001〉)
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Projector

W †
|0〉〈0|

|0〉〈0|

|0〉〈0|

Projection operator on intertwiner subspace, expressed in one-qubit
representation.
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Projector

|0〉

Uψ W †
|0〉 |0〉〈0|

|0〉 |0〉〈0|

|0〉 |0〉〈0|

Projection of state |ψ〉 on intertwiner subspace, expressed in one-qubit
representation. (∑

k

|ιk〉 〈 ιk |

)
|ψ〉
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Dipole

∣∣∣∣Γ2,B,
1

2

〉
=

1√
2

(|ι0ι0〉+ |ι1ι1〉)
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Dipole

|0〉

Uψ

W †

V †α1

|0〉 |0〉

|0〉 |0〉

|0〉 |0〉

|0〉

W †

V †α2

|0〉 |0〉

|0〉 |0〉

|0〉 |0〉
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Dipole

Variational algorithm

cost(α) = 1− Prob(q0q4 = 00)
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Pentagram

P |ψ〉 =
∑
ιki

{15j} |ιk1ιk2ιk3ιk4ιk5〉

where

{15j} =ιm12m13m14m15
1 ι m13m14m15

2;m12
ι m14m15
3;m12m13

ι m15
4;m12m13m14

ι5;m12m13m14m15
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Pentagram

|0〉

Uψ

W †|0〉 |0〉
|0〉 |0〉
|0〉 |0〉
|0〉

W †|0〉 |0〉
|0〉 |0〉
|0〉 |0〉
|0〉

W †|0〉 |0〉
|0〉 |0〉
|0〉 |0〉
|0〉

W †|0〉 |0〉
|0〉 |0〉
|0〉 |0〉
|0〉

W †|0〉 |0〉
|0〉 |0〉
|0〉 |0〉
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Pentagram

|0〉 Vα1

|0〉 Vα2

|0〉 Vα3

|0〉 Vα4

|0〉 Vα5
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Pentagram

|0〉 Vα1

|0〉 Vα2

|0〉 Vα3

|0〉 Vα4

|0〉 Vα5

|0〉 Vα6

|0〉 Vα7

|0〉 Vα8
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Decagram

8 qubits + 8 qubits → 10 qubits
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Simulations of spin networks
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Mutual information

I (ρAB) = S (ρA) + S (ρB)− S (ρAB)

S (ρ) = −Trρ ln ρ

C (OA,OB) =
1

||OA|| ||OB ||
(〈OAOB〉 − 〈OA〉〈OB〉)

1

2
C (OA,OB)2 ≤ I (ρAB)
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Mutual information: Decagram

I (ρAB) = S (ρA) + S (ρB)− S (ρAB)
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Page curve - random pentagram

Pairs of spins in random state on the links:

Entropy of subsystem:
NA = 2

ρ = TrA|Γ5〉
S (ρ) = −Trρ log ρ
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Page curve - random pentagram

Pairs of spins in random state on the links:

Entropy of subsystem:
NA = 3

ρ = TrA|Γ5〉
S (ρ) = −Trρ log ρ
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Page curve - random pentagram
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Random pentagram - spin 1
2
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Random pentagram - spin 1
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Random pentagram - spin 3
2
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Random pentagram - spin 2
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Random pentagram - maximally entangled links - spin 1
2
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Random pentagram - maximally entangled links - spin 1
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Random pentagram - maximally entangled links - spin 3
2
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Random pentagram - maximally entangled links - spin 2
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Summary

we can prepare a broad class of spin-network states on a quantum
register

measurements can be performed both on simulator and real quantum
processor

a number of required qubits is not much greater than the number of
nodes

entropies of subsystems and Page curve can be extracted

for low spins, typical entropy of a subsytem in random pentagram is
smaller than in random 5-qubit quantum system

entropy of subsystems in pentagram grows up to typical entropy of a
5-qubit quantum system if maximally entangled links are used

Thank you for your attention
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